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Abstract

The class of limit distribution functions (df’s) of multivariate order statistics from
independent and identical random vectors with random sample size is fully character-
ized. Two cases in this study are considered, the first case is when the random sample
size is assumed to be independent of all the basic random vectors, and the second
case is when the interrelation of the random size and the basic random vectors is not

restricted.
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1 Introduction

The pioneer papers Finkelstein (1953), Tiago de Oliveira (1958), Gumbel (1960) and
Galambos (1975) gave the foundations for the multivariate approach to extreme value
distributions. Following these works several bivariate and trivariate extreme value models
began to appear in the literature. In fact, many works, e.g., Mikhailov (1974), Tiago de
Oliveira (1975), Marshall and Olkin (1983), Galambos (1987), Takahashi (1994), Barakat
(1990, 1997, 2001) and Barakat, et al. (2004, 2012) have been devoted to study the
asymptotic behaviour, as well as the conditions of the convergence of the bivariate and
trivariate extremes. In the last two decades much attention has been paid to multivariate
order statistics, especially the models for multivariate extremes based on extreme value
theory. These models have attracted a great deal of attention particularly in the area of
environmental extremes. For example, in the analysis of environmental extreme value data
there is often need to study joint inter-site extreme behaviour: examples are joint flooding

at various see ports, or at various rain gauges. If measurements of m characteristics



are taken on the same members of the population, then the observed random quantities
follow some type of multivariate distribution. Let this distribution of a random vector
X = (X1,Xy,..., X)) be F(x) = F(x1, 9, ..., ;). Consider a sequence of n independent
m—dimensional random vectors X ; = (X1, X2,y Xmj),J =1,2,...,n, with common df
F(x) = P(X1; < 21,X2; < 22,..., Xm,j < Zrp) and the survival function G(x) = P(X >
z) = P(X1; > x1,X0; > x2,..., Ximj > Tm). Let Fy(x,) and Gy(x,) be the possible
marginals of F(x) and G(x), respectively, where t = (t1,to,...,tx),k = 1,2,....m —1,1 <
ty <m, and x, = (x4, Tty, ..., 1, ). The order statistics of the kth marginal random sample
K15 Xkey2y oo Xty B =1,2,...,m, are Xg 1.0 < X oo < oo < X . Write Zy.,, and Wy,
to denote the random vectors (X1 n—k;+1m, s Xmn—km+1:n) A (X1 kyms oo, Xonken)»
respectively, where k = (ki, ..., k;,) are any positive integers (independent of n). Clearly,
any investigation of Zj,, can be easily carried over W, by turning to —X;. In many
biological, agricultural and military activities problem it is almost impossible to have a
fixed sample size, because some observations are always lost for various reasons. Therefore,
the sample size n itself is considered frequently to be a random variable (rv) v,. In this case
the random vector Zy,,, is called the random extreme vector. In this paper, the asymptotic
behavior of the vector Zj,,, is investigated, assuming that the random sample size itself
is a positive integer-valued rv v,, which weakly converges ( % ) to a nondegenerate
limit, as n — oo. Subsequently, operations and relations for vectors are understood
componentwise. Given a, b, z, y € R™, let ax +b = (a121 + b1, ..., 4T + by) and
z < y means z; < y;,j = 1,...,m. Moreover, for any suitable normalizing constants
ay, = (@10 mp) > (0,0,..,0) = 0 and b, = (b1.n, -, bun), let F(z) = F(a,z +
), G (2) = Glapz +by), F(z) = Filanz, +by), G (z,) = Gila,z; +b,) and
H<TL () = Hgn(a,z +b,) = P(Z@:n < a,z +b,). Finally, we adopt the abbreviations
max(ai, ..., a,) = /iy a; and min(ay, ..., an) = Ai_; a;.

The key ingredient in getting a suitable exact expression of Hy., is the realization of
the event F = {Xj,n_kﬁl:n < zj;,j=1,..,m} under certain collection of conditions C,, as
follows: Let z = (x4, ..., Zy) be a fixed point in R™ and define for iy, € {0,1},k =1,2,...,m,
the random events E;(z) = {X € R™ : X}, > ay,if i, = 0 and X < xy, if i = 1,k =
1,2,...,m}. The derivation of the df of Hy.,, for all rank vector k is mainly based on the
finding the probabilities of the events Fj;(x). Barakat and Nigm (2012) calculated these
probabilities by considering the set of indices i and denote Ig and Iil the sets of ranks
associated with the null and units subindex values, respectively (e.g., if i = (0,0,1,1), we

get I) = I},

0011 = (1,2) and I} = I(loo 1) = (3,4)). In this case the probabilities of



these events can be easily evaluated for i # (1,1,...,1) in terms of the marginal survival

function of X as P(E;(z)) = Pi(z) = Gp(z )+ X (-1)rddq
+ Icr}

card(I) refers to the cardinality (number of elements) of the set I. Barakat and Nigm

where
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(2012) have used the above idea to introduce the following two theorems.

Theorem 1.1. For any extreme rank vector k = (ki, ..., kp) in R™, we get

k=1 k-1 (Grolzp)+ 2 (‘me(DGI? ur(Zo ur))™
. < R (S : :

Hipn(z) =n! Z Z Z H 7!

i11=0 11, =07;€Cpn i€{0,1}™ -

)

(1.1)
where C, = {r; € Nt © 3 rp=mn, Y r =1y, j=12.,m} and Q; =
i€{0,1}™ 1€Q;
{1 = (il,ig, ,’Lm) € {0, 1}m : ij = 0}.
Theorem 1.2. For any suitable normalizing vectors of constants a, = (a1n,....amn) >0

and b, € R™ and an extreme rank vector k = (ki, ..., ky,), we have

H () 5 Hy(z), (1.2)

where Hy(z) is a nondegenerate df if and only if, for all x for which the univariate
marginals of Hy(xz) (Hg, (1) = Hi(x1,0), Hy,(x2) = Hg(oo,x2,00), ..., Hy, (Tm) =

Hi (00, ) are positive, the limits

”G?? (z70) = hyo(zpo), Vi€ {0,1}"™, asn — oo, (1.3)
nGg?uI(&IguI) — hIEUI@]Eu[)a VIC Iil, 1€ {0,1}"/1, as n — oo, (1.4)

are finite, and the function

k1i—1 ko—1 km—1

Hy(z) =Hy(z) > > o > >

i1, =0 i1,=0  i1,=0 r;€C

(hlg(glg) + Z (_1)card(1)hlgul(£lgul))ri

c1}
11 o (1.5)
i€0,.1}m/1 i
is a nondegenerate df, where Hy(z) = exp(>. (—1) 3 By (Tiy s oy 5,)
- j=1 1<i1 <ig <...<ij<m
(note that hi,,...i,,(Tiys -, Ti,) = h(z) = hpo(z)) and C = {r; e N* :+ 3" rj =iy, j =

i€Q;
1,2,...,m}. The actual limit df of Zy., is the one given by (1.5). Moreover, the compo-

nents of Zy., are asymptotically independent if and only if hi, i, (xiy,%5,) =0, for all

1< <10 <m.



Remark 1.1. If, we let each component x; of x in Hy(x), except a¢,1 < t,j < m,t # j,
tend to infinity, we obtain the ¢th univariate marginal of Hy(x). Namely, Hy,(z:) =
1 =T, (he(ze)) = ktil %e_ht(“),t =1,2,...,m. In view of the Extremal Types The-
orem (see, Galamblz):s? 1987) the function h:(x:) can take one and only one of the three
types hgl)(xt) =uz; % x>0 h?) (@) = (—2¢)%, 24 < 0; and h§3) (x¢) = e~ ®*, where a > 0.
Remark 1.2. For all integers ki, k2, ..., kr,, the limit Hy(x) is continuous in z (since, the
univariate marginals Hy, (z¢), t = 1,2, ..., m, are all differentiable). Hence, the convergence
in (1.2) is uniform with respect to . We conclude this section by introducing a lemma,

which is due to Helly and it will be used in the next section. Moreover, it is independent

of the number of dimensions (see Feller, 1979).

Lemma 1.1. Every sequence of df’s {F,} possesses a subsequence {F, }, that converges
to an extended df F (by the extended df we mean that F(oo) — F(—o00) < 1). Moreover,
a necessary and sufficient condition for such a limit to be a proper one is that {F,} is
stochastically bounded (for the definition see Feller, 1979, p. 247). Finally, F, % Fif

and only if the limit of every convergent subsequence equals F.

2 Asymptotic Properties of the Random Extreme Vector,
when the Random Sample Size and the Basic rv’s are

Independent

Throughout this section we deal with the weak convergence of different multivariate ex-
treme order statistics, when the sample size itself is a rv v,, which is assumed to be

independent of the basic random vector. Consider now the following assumptions:

B (@) Y Hy(a), Al

An(nz) = P(2" < 2) 2 A(z), 8]

n
where Hj(z) is a nondegenerate df and A(z) is a df with A(+0) =0,

o0

() = P2, <o) 45 Wile) = | Hlhpp(e), hugor(zrpu))dA(),  [C]

k1—1 km—1

ﬁ&("«'hlg@lg)vZhlgul@lgul)) = Hi(z,z) Z Z Z

i11=O 11,, =0 7‘160

I (zhyo(zr0) + 21 (_1)Cmd(1)2hlgu[(glgul))ﬁ
TZ‘! ’

ie{01)"/1 '




Hi(z,z) = exp Z (1) Z zhiy i (Tiys s @)

j=1 1< < <...<;<m

Theorem 2.1. The following implications hold:

where in the third implication, A(x) is assumed to be a nondegenerate df.

Remark 2.1. The continuity of the limit df Hy(z) in [A] implies the continuity of the
limit Wy (x). Hence the convergence in [C] is uniform with respect to z.

Remark 2.2. It is natural to look for the limitations on v,,, under which we get the relation
Hy(z) = Vi(z), Vz. In view of Theorem 2.1, the last equation is satisfied if and only if the
df A(z) is degenerate at one, which means the asymptotically almost randomlessness of
Vp. In practice, this limitation is satisfied, when the rv v, has a Poisson distribution with
mean n, or v, has a binomial distribution(p =1 — %, n). Moreover, in view of Theorems

1.2 and 2.1, we deduce that the components of the vector Z,gngn = (Ziw, — bn)/a, are

asymptotically independent if and only if h;, 4, (24, 2i,) =0, for all 1 < iy < iz < m, and
A(z) is degenerate df at one. Throughout the proof, due to Remark 2.2, we assume that
A(z) is a nondegenerate df.

Proof of the implication [A] + [B] = [C] : First, we note that Héng (z) can be written

in the form (see Barakat and Nigm, 2009)

k1—1 ko—1 km—1

Hé"qz(£>: Z Z Z Z F<n>n721e{0,1}M/;n(£)(1+0(1))

i1, =001,=0  i1,,=0 07

(ntr? () + Sren (_1)Card(1)”G§§>UI @rpun)™

11 o , (2.1)

i€{0,1}™/1 B
where C; = {r; e N*: > r;<n, Y r=1i,,j=12..,m}—=C={reNt:
(0.1 i,
Y. ri=11;,j=1,2,..,m}, as n — oo,

ZGQ]'
n
nG<> 'j($i17“'7xij)

F(n)n*Zze{O,l}M/l@(£>: (1 + Z(—l)‘j Z 1 yeeeyl

j=1 1<d1<ia<...<i;<m

)"*Zze{o,l}m/;’l,

n

Now, by using the total probability theorem and by the independence of v, and
XDXQ? "'7&717 we get

B @)= Y HIY(@)P. = ). (2.2)



Assume that z = [2], where [f] denotes the greatest integer part of 6. Thus, the relations
(1.1) and (2.1) show that the sum in (2.2) is a Riemann sum of the integral
o0
H,im () = / M,inyz (z,2)dAn(nz), (2.3)
o k

Wn

where

k1—1 ko—1 km—1

M) = 3 > Y S RO R0 A ) (14 (1))

i1,=0i1,=0  i1,,=0r,eC,

(nG5 (@po) + Yorep (~D)“ D enGly) (@ronr))'e

I

1-6{071}7n/l (2

Appealing to the condition [A], Theorem 1.2 and Remark 1.2, we get

n

M (2,2) 25 Hy(2hp(2p0), 2hiour (@po0r), (2.4)

where the convergence is uniform with respect to z over any finite interval of z.

Now, let ¢ be a continuity point of A(x) such that 1 — A(¢) < €. Then
[ AkCehglan), o) 44 <1 -4 < (25)
Moreover, due to (2.5) and the condition B), we get for sufficiently large n

[ M ) ) < 1= A00) < (1= A+ (AQ) ~ Aulnc) <22, (20

In order to estimate the difference H ,inlzn (z) — ¥(x), we first estimate

¢ ¢
| M 2 aannz) — [ Faletip (e shigon(apon))dAG).
o - 0 C : :
By the triangle inequality

¢ ¢
‘/ M/S:ZZ (z,2) dAn(nz) —/ HE(ZhI;)@Ig)aZhl?u[@]?u]))dfl(z) (2.7)
o - 0 tot t :

¢ ¢ .
< ’/ Mé’iﬁ (2, z) dAn(nz) —/ Hy(zhpo(zp0), zhpoyr(zpo0r))dAn(nz)
0 2 0 i i i z

_l’_

)

¢ - ¢
/ HE(»’«’hIg(&I?)aZh[?u[@]?u[))dAn(m) —/ Hk(ZhIlO(&I?),Zh]?u[@[?u]))df‘l(z)
0 ot = t 0 ot t :

where the convergence in (2.4) is uniform over the finite interval [0,(]. Therefore, for

arbitrary € > 0 and for sufficiently large n,

S 5(An(n<) - An(o)) S €. (2'8)

¢ ~
[ 2) — HCehplan) s o laAG)




In order to estimate the third term in (2.7), we construct Riemann sums which are close to
the integral there. Let IV be a fixed number and 0 = (p < (1 < ... < {y = ¢ be continuity
points of A(z). Furthermore, let N and ¢; be such that

¢
| Eulehigarg). igon(eppon)dnnz)

N
- ZﬁE(CthE @Jg)a Cihlgul(ﬁlgul))(An(nCi) — An(nGi—1))| <€
i—0
and :
| Fetag ). hagon wrpo)d )
N ~
- ZHE(Cl’hIE (z70), Ghpour(z o)) (A(G) — AlG-1))| < e
i—0

Since, by the assumption A, (n¢;) % A(&), 0 <i < N, the two Riemann sums are closer
to each other than € for all n sufficiently large. Thus, once again by the triangle inequality,
the absolute value of the difference of the integrals is smaller than 3e. Combining this fact
with (2.8), the left hand side of (2.7) becomes smaller than 4e for all large n. Therefore,
in view of (2.5), (2.6) and (2.4),

‘Héngn( ‘/ (z,2)dA,(nz) / Hk zhlo(xlo) thoUI(onUI)) dA(z)

" /< M (2, 2) dAn(n2) + /< " By (@), 2hyour () A(2) < Te
This completes the proof of the first part of the theorem. O
Proof of the implication [A]+ [C] = [B]: Starting with (2.4), we select a subsequence
{n'} of {n} for which A,/(n’z) converges weakly to an extended df A’(z) (i.e., A'(c0) —
A’(0) <1 and such a subsequence exists by the compactness of df’s). Then, by repeating
the first part of the theorem for the subsequence {n’}, with the exception that we choose
¢ so that A'(00) —A'(¢) < €, we get U(z) = [ e~U=2) g A'(z). Since the two limits Wy (z)
and Hy(z) are df’s, we get Wg(00) = 1 = Jo T dA(z) = A'(00) — A’(0), which implies that
A'(z) is a df. Now, if A,,(nz) did not converge weakly, then we can select two subsequences
{n'} and {n”} such that A,/ (n'z) % A'(z) and A, (n"2) % A"(z), where A’(z) and

A"(z) are df’s. In this case, we get

k x):/o ﬁE(Zhlg @Ig)a Zh[?u[(xlgul))dA,(Z):/o ﬁE(ZhIE @IE)» Zhlgul@fgul))dAN(Z)~

Thus, let (zg — 00, ..., T, — 00) (say), we get
/OO T, (zh1(z1))dA(2) = /OO Ty, (zh1(x1))dA” (2). (2.9)
0 0

7



Let L'(t) = [ T, (tz) dA'(z) and L (t) = [° Ty, (tz) dA”(z), where T (tz) = Z (=) o~
Evidently L’(t) and L”(t) are analytic functions on the region R = {t:0 < |t| < oo} N{t:
Real(t) > 0}. In view of (2.9) we deduce that

L'(hi(z1)) = L"(h1(x1)), V real values of z. (2.10)

Since the function hq(z1) is continuous and hj(—o0) = +00, hi(4+00) = 0, the equation
(2.10) shows that the two analytic functions L’ and L” coincide on some interval contained
in R. Thus by the uniqueness theory of analytic functions, we deduce that L' and L” are
coincide on the region R, which implies A’(z) = A”(z). This completes the proof of this
part. [
Proof of the implication [B] + [C]+ = [A]: We can assume, in view of Remark
2.1, without any loss of generality, that the df Wy (z) is continuous. Therefore, in view
of Lemma 5.2.1 in Galambos (1987), the condition [C] will be satisfied for all univariate

marginals of W (z), i.e. we have

ki:vn

(@) 5 W, (), i=1,2,..c.,m, (2.11)
where Uy, (z;) is the ith univariate marginal df of Wy (z). We shall now prove

H" (1) Y5 Hy(2), i=1,2,..,m. (2.12)

05T
In view of Lemma, 1.1, we first show that the sequences {Zé:wn}, 1 =1,2,...,m, are stochas-

tically bounded . If we assume the contrary, we would find €;1,¢;2 > 0 such that at least

one of the relations

(a) n@o P(Z]g)n > I‘Z) > €1 > 0, V2;,>0,2=1,....m,
(b) T, (2 <) >e2>0, ¥ a; <0, i=1,..,m,

is satisfied. The assertions (a) and (b) mean that the sequence {Z,i:wn}n, i=1,..,m,is
not stochastically bounded at the left (—oo) and at the right (+00), respectively. Let the
assumption (a) be true. Since A(x) is nondegenerate df, we find 9 > 0 and 5 > 0 such
that

P (2—" > B) > gg, for sufficiently large n. (2.13)

Using the well known inequality, for i = 1,2, ...,m,

Pzl 22) = P (2" 2 w), W= (2.14)

We thus get the following inequalities, for sufficiently large n,

Pz ) =)= > P (20> w) P =)

s>[npB]



> T (Vn = [nﬂ]) > el (Z]g >[nﬂ]

>x>, i=1,2,...m

(note that P (v, > [nB]) > P (v, > nf3)). Therefore,

K3

i (2" > ) > e T P2 o> ).
T P20 2 w) 26> 0, weget [ P(Z)), >

x;) > e, > 0, which contradicts the right stochastic boundedness of the sequence

Now, if we find &} > 0 such that

{2, n> _}n and consequently contradicts the relation (2.11). However, if such an & > 0
does not exist we have Tim_ P(Z]i:w[n 52 x;) = 0, which in view of the first relation (3.10)
of Lemma 3.1 in Barakat (1997) leads to the following chain of implications (V z; > 0)
P(Z" o > 2i) = 0 = T ([nBGin(z:) = 0 = [nB]Gin(i) = 0 = nGin(xi) = 0
(since nGjp(xi) = 0) = I'y, (nGip(z)) — 0= P(Z,g:wn > x;) — 0, which contradicts the
assumption (a). Consider the assumption (b). Since A(x) is a df we can find a positive

integer v and real number « > 0 such that

Py, <7) > a, for sufficiently large n. (2.15)

Therefore, in view of (2.15) and the inequality (2.14), we have

n
Pz <w)> Y P(Z{" <w)Pv,=s)>P(Z" < x@-)P(% <)
SZV;’;lki

>04P(Z<> <z, i=1,2,...,m

Hence, we get Tim P(Z,i’:i/n < @) >« Tim P(Z/,i:wW < ;). By using the second
relation (3.11) of Lemma 3.1 in Barakat (1997) and applying the same argument as in
the case (a), it is easy to show that the last inequality leads to a contradiction (the last
inequality, in view of the assumption (b)), which yields that the sequences {Z,i:»n}n, 1=
1,2,...,m, are not stochastically bounded at the left. This completes the proof that the
sequences {Z;:ib}n, 1=1,2,...,m, are stochastically bounded. Now, if H ,i:L)n(:cZ) did not
converge weakly, then we could select two subsequences {n'} and {n”} such that H 1272, (x;)
would converge weakly to H,;Z (x;) and H,i:l;;),, (x;) to another df H,:Z (xi),i=1,2,....,m

In this case we get (by repeating the first part of Theorem 2.1 for the univariate case and

for the two subsequences {n'},{n"})

¥, (o) = [ (1= T (2l (w0)))dA(z) = /0 (1= T (b (20)))dA(2).

However, Lemma 3.2 in Barakat (1997) shows that the last equalities, cannot hold unless

hi(x;) = h!(x;). Hence the relation (2.12) is proved.



For accomplishing the proof of the last part of Theorem 2.1, we have to prove the
relation (1.4). Since (2.12) implies (1.3), the elementary inequality G, (z) < Gin(x;), i =
1,2,...,m, yields that, the sequence {G,(z)}, is bounded. Therefore, we can select a
subsequence {n'} of {n}, for which the relation (1.4) is satisfied. Let us repeat the first

part of Theorem 2.1 for this subsequence. We get

Uile) = [ Buehyplay),shpoenu))dAG) (216)

where the function hjo(z0) in (2.16) may depend on the actual subsequence {n’}. Ob-

serving, however, that

0 ~ . )
mff&(hfg @Ig)a hzguz@lguz)) >0, if m is even,

0 ~ ) )
mHﬁ(hlg (Ezg)a hfgul@lgul)) <0, if m is odd,

for all values of hjg(glg), for which 0 < hfg@fg) < ANty hi(z) < o0, @ =1,2,...,m.
Hence, the functioniffﬁ(ihlg (zp0), h[?u[@l?u[)& is étrictly monotone in fjo(z o), or in other
words, the function ITIE(hI:Q (QI:Q), hI:pU](gI:pU[)) is uniquely determined b;r hI:? @1?), where
h;, i =1,...,m, are fixed z;nd b < h}g (Elzg;) < A%, hi < co. This fact, with I:em;na 3.3 in
Barakat (1997), lead to a contradict;on ;f we assume that the limit A o (z f?) depends on
the subsequence {n'} and at the same time consider the representation 7(2.176). Hence, the

proof of Theorem 2.1 is completed. O

3 Asymptotic Properties of the Random Extreme Vector,
when the Interrelation of the Random Size and the Basic

rv’s is not Restricted

When the interrelation between the random index and the basic variables is not restricted,
parallel theorem of Theorem 2.1 may be proved by replacing the condition [B] by a stronger
one. Namely, the weak convergence of the df A, (nz) must be replaced by the convergence
in probability of the rv “» to a positive rv 7. However, the key ingredient of the proof
of this parallel result is to prove the mixing property, due to Rényi (see, Barakat and
Nigm, 1996) of the sequence of order statistics under consideration. In the sense of Rényi
a sequence {X,} of rv’s is called mixing if for any event & of positive probability, the

conditional df of {X,}, under the condition £, converges weakly to a nondegenerate df,

10



which does not depend on &, as n — oo. The following lemma proves this property for the

sequence {Z ling In-

Lemma 3.1. Under the condition [A], the sequence {Z,ing}n is mizing.

Proof. The lemma will be proved if one shows the relation P(Z,ing < z | Zgz <

x) % Hy(z), for all integers ¢ = (V" k), (Viz, ki) + 1,.... The sufficiency of the
above relation can easily be proved as a direct multivariate extension of Lemma 6.2.1.

of Galambos (1987). However, this relation is equivalent to

£)

Pz > x| 25 > z) Y Ti(), (3.1)

k:n

where, Tj(z) is the survival function of the limit df Hy(x), i.e.,

m—1
Tp(z) =1+ Y (-1) > Hy(c,) + (—1)™ Hy(z),
j=1

where 1 = (21,...,%5),¢, = (C1,..,Cm), ¢y = Ty,

; and ¢ = 00, Vs # 15,5 = 1,2,...,m.

Therefore, our lemma will be established if one proves the relation (3.1). Now, we can

write
P2 > x| 2} > 2) = P(Z) > 2.2\ < x| Z{5) > x)
(n (n) (€)
+P(Zy, 222y 2| Zyy 2 z). (3.2)

Bearing in mind that all vectors are independent and identical, the first term in (3.2) can

be written in the form

P2 > 2,28 <2 | 28 > ) = P2, > 2,20 <2 | 2 > 2)

ki(n—t) = Z k:(n—¢) kit
where
Zn-t) = B0 Zitip o i)
ZZET?H_K) = ((k1th largest of X141y X1,(042) v Xin) —bipn)/aim,
ZI:2<:”(>n—£) = ((koth largest of Xo (641), X2,(642)> -+ Xon) —ban)/azn,
Z,:fnn%n_ﬁ) = ((kmth largest of X, 041y Xom,(042) oy Xmn) — bmon)/@mn-

Therefore, in view of (3.2), we have

Pz 2212} > 2) = P(Z) , > 1) - Aula), (3.3)
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where An(z) = P(Z{0 > 2,24 > o | Z)5) > x) = P(Zyy_p > 2,244 > x| Z}) > ).

By using the well-known inequalities ZZf(nnl o < Zlinrz and P(E2(E3) — P(E1[E3) <

P(E5) — P(Ey), for any three events Eq, Fs and Es, for which F1 C Es, we get

) = P(Z ) > @). (3.4)

Y

0 < An(2)P(Z{5) >

(n
) < P(Z,,

18
3

On the other hand, by virtue of the condition [A], it is easy to prove that

w3 Pty = 2) = Jing, P

ey = 2) = Ti(z) (3.5)

(not that nGgm(mi) — hi(z;)) = (n — 1)G§n>(xi) — hi(x;), V X/s for which h;(x;) <
o0, i = 1,2,...,m and nGém(gt) = hy(zy) = (0 — 1)G§n>(§£) — hy(xy), Vz,'s for which
hi(z;) < o0). By combining the relations (3.3)-(3.5), the proof of the relation (3.1) follows
immediately. Hence the required result. O
Considering the facts that the normalizing constants, which may be used in the multi-
variate extreme case are the same as those for the univariate case, and the limit df Hy(x)
is continuous, we can easily by using Lemma 3.1, show that the proof of the following
theorem follows without any essential modifications as a direct multivariate extension of

the proof of Theorem 2.1 in Barakat and El Shindidy (1990).

Theorem 3.1. Consider the condition
Un/n — T, in probability, as n — oo, [B]

where T s a positive rv. Under the conditions of Theorem 2.1, we have the implication
[A] + [B] = [C].

Acknowledgment. The authors are grateful to a referee for several helpful comments.
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