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ABSTRACT. In this paper we introduce and we study Sobolev type spaces associated to Jacobi-
Cherednik operator on R. Next we define the generalized Besov and Triebel spaces and study
some of properties. As applications on these spaces we establish the Sobolev embedding, the
hypoellipticity for the Jacobi-Cherednik operator. We give some properties including some
estimates for the solution of the generalized wave equation and the generalized Schrédinger
equation. Also, some applications are given for these spaces.

1. INTRODUCTION

In this paper, we are interested in generalized spaces of Sobolev types. In the classical
case the theory of function spaces appears at first to be a disconnected subject, because of the
variety of spaces and the different considerations involved in their definitions. There are the
Lebesgue spaces LP(R?), the Sobolev spaces H*(R?), the Besov spaces B;q(Rd), the Triebel
Fliq(]Rd) spaces and others.

In this paper, we consider the differential-difference operator Tj, ;s, called the Jacobi-
Cherednik operator (cf. [4]), defined for a function f of class C! on R by

(1.1)
T f(a) = { F(a) + (k: coth(z) + k' tanh(z))(f(z) — f(—a:)) — (k+K)f(~x), forz#0
7 (2k +1)f(0) — (k. + k') f(0)
and where k > 0 and k¥’ > 0 are two parameters satisfying the following condition (C):
either ¥ =0 and 0 < k,

either 0 < k' < k. (©)

The one dimensional Cherednik operator (cf. [3]) is a particular case of T}, j. Such operators
have been used by Heckman and Opdam to develop a theory generalizing harmonic analysis on
symmetric spaces (cf. [6, 11, 12]). For recent important results in this direction we refer to [13].
We note also that the operator T}, 5 is a particular case of the operator A (cf. [10]) given by

where

A(z) = |z[* B(z), k>0,
B being a positive € even function on R, and ¢ > 0. The operator T} ;s corresponds to the
function A(x) = Ay i(x), where

App () = sinh® (|z]) cosh® (z), o=k + k.

For k > k' > 0 and k # 0, a complete spectral analysis of the Jacobi-Cherednik operator has
been performed in [1, 4].
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In the context of differential-differences operators, the generalized Sobolev has already been
studied in various settings. The rational Dunkl case was treated by Mejjaoli-Trimeche [8], while
Ben Salem-Dachraoui [2] studied the generalized Soblev spaces in the Jacobi setting theory. The
purpose of this paper is to introduce new spaces associated with the Jacobi-Cherednik operator:

the Sobolev spaces W7, (R), W7, (R), the Potential space H,"},(R), the Besov space B3FF (R)

and the Triebel space Fp‘sjéf K (R) that generalizes the corresponding classical spaces.

The paper is organized as follows. In §2 we recall the main results about the harmonic analysis
associated with the Jacobi-Cherednik operator. In §3 generalized Sobolev spaces associated with
the Jacobi-Cherednik operator are studied. Some properties including completeness and Sobolev
embedding theorems are established. Next, we define the generalized potential transform and
we study the generalized potential space. The §4 is devoted to define the Besov and the Triebel
spaces associated with the Jacobi-Cherednik operator and to give some of their properties.
In §5 we give some applications. Firstly we study the hypoellipticity for the Jacobi-Cherednik
operator. Some estimates of the solution for the generalized wave equation is given. We introduce
also the generalized Schrodinger equation, and we study the solution if the initial data belongs
to the generalized Sobolev spaces. Finally, we give practical real inversion formulas using the
theory of reproducing kernels for the generalized wavelet transform.

2. PRELIMINARIES

This section gives an introduction to the harmonic analysis associated with the Jacobi-
Cherednik operator. Main references are [1, 4, 13].

2.1. Jacobi-Cherednik kernel. In this subsection we collect some notations and results on
Jacobi-Cherednik operator and the Jacobi-Cherednik kernel.
In the following we denote by

C(R) the space of continuous functions on R.

C.(R) the space of continuous functions on R with compact support.
CP(R)  the space of functions of class C? on R.

CY(R)  the space of bounded functions of class CP.

E(R) the space of C'*°-functions on R.

S(R) the Schwartz space of rapidly decreasing functions on R.

D(R) the space of C'*°-functions on R which are of compact support.

S'(R) the space of temperate distributions on R.
Sk (R) := (coshz)™”S(R) the generalized Schwartz space.
1. (R)  the dual topological space of Sy i (R).
We define the generalized Laplace operator on R by
(2:2) Dy f(@) =T flx) = f'(@)+ (k+ k) cothaf'(x) + (k + k) f ()
k—Fk 4k’
+ —x) — .
(sinh2 x sinh2(23:)> (f( @) f($)>
For every A € C, let us denote by Gg\k’kl) the unique solution of the eigenvalue problem
Tioe f () = iAf(2),
(2.3) { Tode)

Proposition 1. ([4]). For every A € C, the eigenfunction equation (2.3) has a unique solution
of the form

2 (k—3.K' —3) pHiN d  (k—Lk-1)
@4 VeeR GV = o\ @) - e @)
1l 1 3 17,1
(2.5) = RN IR ) P )RR ) )

4k + 2
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where p =k + k' and wf\a’ﬁ) is the Jacobi function of index («, 3) given by

o 1 . 1 . .
(2.6) A @) = F(5(p+1iN), 5(p = iN); @+ 1; —(sinh())*)
where F is the hypergeometric function oF of Gauss.

Proposition 2. ([13]). Let p and q be polynomials of degree m and n. Then there exists a

positive constant C' such that for all A € C and for oll x € R, we have
0 0 kK n m _—o|x mAl||x
(2.7) Ip(5)a(5 )G (@)] < O [l (14 A e e lel Al

2.2. Opdam-Cherednik transform. For a Borel positive measure g on R, and 1 < p < oo,
we write L} (R) for the Lebesgue space equipped with the norm || - ||, defined by

1/p
flsgeer = ([ 1£@P du)) it o<

and Hf”Lﬁo(R) = ess sup,epr|f(z)|. When u(x) = w(x)dz, with w a nonnegative function on R,

we replace the p in the norms by w.
For k > k' > 0 with k # 0, and f € C.(R), the Opdam-Cherednik transform is defined by

(2.8) FHO) = /R @) G (—2) A (2)dz, YA € C.
Remark 1. For A € C and g € C.(R), we have
(2.9) F(9)A) = 2Fkpr(9e)(A) + 2(0 + iA) Fiwr (290) (A),

where Fi, 1y denotes the Jacobi transform, g. (resp. go) denotes the even (resp. odd) part of g,
and

Zoo() = [ gult)ar

—0o0

The inverse Opdam-Cherednik transform of a suitable function g on R is given by:

(2.10) Jg(x) = F'g(z) = AQ(A>G§k7k,)(x)(1 - z’i)f%ﬂc;l:(k)IQ

where

20~ (k + 5)T(iN)
TE(p+iN)T(5(k— K +1+4)N)
Remark 2. i) The function \ — m s continuous on R.
i1) There exists R > 0 such that Cy, Cy > 0 such that
C1IAPF < Jeppr (V)72 < Col APF,

Ck,k’()\) = AE C\’LN

when |\ > R.

Proposition 3. ([13]). The Opdam-Cherednik transform F and its inverse J are topological
isomorphisms between the generalized Schwartz space S (R) and the Schwartz space S(R).

Next, we give some properties of this transform.
i) For f in ka y (R) we have

(2.11) IFDezg @ < Mllzy @,
where
(2.12) dvg g () A

" 167 (M2
ii) For f in Sk (R) we have
(2.13) F(Drwy) = —y*F(f)(y), forally € R,
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Proposition 4. ([13]). i) Plancherel formula for F. For all f in Sy 3 (R) we have

(2.14) [ @ P A @ do= [ [IFOOF + FOER]dute)

Ry

where f(x) = f(—z).
ii) For all f,g in Sk (R) we have

(2.15) / F(2)g(—) Ap o () da = 2 / FOOF@E(

We denote by

%)dukﬁ (©).

D.(R) :{fED( ) fiseven}
and

Sk,k/,e(R) = {f € Sk,k/(R) : f is even}.

Corollary 1. i) Plancherel formula.
For all f,g in De(R) (resp . Sk e(R)) we have

(2.16) [ @@ A (e)dz = [ FENFGNdon ()

ii) Plancherel theorem.
The transform F extends uniquely to an isomorphism from Lik k“e(R) onto Lgk » (R).

2.3. Jacobi-Cherednik convolution.

Definition 1. ([1]). Let 2 € R and let f € Cp(R). For k > k' > 0, with k # 0, we define the

generalized translation operator ngk’k/) by

here

doz(z) it y=0
ddy(z) if =0

where ICy 1 (x,y, 2) is given explicitly in [1]. Moreover
supp(dpy) < [ = Jal = Iyl = lal = o[ | U [| 121 -
Proposition 5. ([1]). For a suitable function f on R, we have
) ) =" f ).
i) " fy)=fly).
iii) IR LKD) (KD kD)

. kk') (kK kK kK
iv) 7GR () = G ()G (y).

Kk,k/(mayaz)Ak,k’(z)dZ if .ZEy;éO
dul (=)

]

kK koK'
v) FE o) = GED @ F(H ).
vi) Tj k/( (kK ))f = (k K )(Tk wf) where Ty, i is the Jacobi-Cherednik operator (1.1).

Lemma 1. ([1]). For 1 <p < oo, fELZM,(R) and x € R, we have

(2.18) 155 F iy @) < Crwllfley, @)
k,k/ k,k!
where
D(k+5)T(K) .
(2.19) Cow =4 AT TwrGD) if  k>k >0,
3 if k=K >0.
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Definition 2. ([1]). For suitable functions f and g, we define the convolution product f *j j g
by

(2.20) f*hwgcw:=]gz&*”fvﬂﬁg@nAhM@ody

Remark 3. It is clear that this convolution product is both commutative and associative:
) frrwg=g*p f
11) (f *k,k’ g) *k,k’ h = f *k‘,k/ (g *k,k’ h)
Proposition 6. ([1]).
i) Assume that 1 < p,q,r < oo satisfy % + % —-1= % Then, for every f € Lik y (R) and
q T Y
g€ LAk,k’ (R), we have f 1 g € LAk,k’ (R), and
(2.21) ILf #rep QHL:,W ®) < Ck,k’”fHLik’k, (R)HgHLik’k, (R):
where Cy, i is given by the relation (2.19).
ii) Let 1 <p<q<2. Then
(2.22) Lik,k’ (R) *p g Li{‘m, (R) — Li]‘\k,k/ (R).
iii) Let 2 < p,q < oo such that 4 <p < q. Then
(2.23) 2 (R sp LY (R) = LY (R)

where ¢’ is the conjugate exponent of q.

iv) Let l<p<2andp<q< Lp Then

(224) LAk,k’ (]R) *k k! L*’Zk,k’ (R) — L%k,k’ (R)

Proposition 7. ([1]).
i) Let Dy(R) be the space of smooth functions on R supported in [—a,a]. For f € Dy(R) and
g € Dy(R), we have f #1r g € Doyp(R) and

(2.25) F(f #rp 9) = FHN)F ()N
ii) For f € Lik’k/ (R) and g € Lik’k/ (R), with 1 < p < 2 we have
(2.26) F(f #up 9) = FHN)F (9N

Proposition 8. Let f,g € L’24k,k’ (R). Then fxpu g € L"24k,k’ (R) if and only if F(f)F(g) belongs
to L,%k‘k, (R), and in this case we have
F(f #pr 9) = F(f)F(9)-
The proof of this proposition is a consequence of the two following lemmas.

Lemma 2. Let f € Ly (R),g € Lyk o (R) and assume that for all x € L}le y (R)nN L124k y (R)

we have

/f MMU@=2/MQH@@O—%M%M&
R i

where X (&) =X(—=&). Then f € L . (R) if and only if g € L?,k . (R), and in this case we have
F(f)=g ae.
Proof. This follows from an easy application of the Plancherel formula. O

Lemma 3. Let f,g € L% (R),x € Lg SR)NLE o (R) we have

2 vy ().

[ £ st )Mw(y_%/F OF @) OF D1 - 2
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; 3 C 1 2 2
Proof. First note the following general fact: if f € LAM, (R)n LAk,k’ (R) and g € LAM/ (R) then
F(f *kp 9) = F(f)F(9) ae.

This follows from the analogous fact for L}4 (]R) functions and the possibility to approximate
g in L?‘\k,y (R) with functions in L}%k’ (R)N LA o (R).

Next fix g € L2 y (R) and define on L}4k y (R)N LAk y (R)
the two functlonals ’

S1(f) = /R T oew 9OX@ Arw W)y, Salf) =2 /R FIOOFGEOFR0 - S e).

By the previous fact and Plancherels identity, S; and S2 coincide on Lhk y (R)n Lik y (R). It is
easy to show that both functionals are bounded with respect to the LQAk ., horm, and therefore

can be extended to the whole space Lik y (R), where they still coincide. O

An immediate consequence of Proposition 8 and the Plancherel formula we deduce the fol-
lowing.

Proposition 9. Let f and g be in L% (R). Then, we have

kK

1) [ 1f s @) PAri(@ide = [ [FAOPF@OF + FUNOPIF@OF]dri (©
R4

where both sides are finite or infinite.

Definition 3. The Opdam-Cherednik transform of a distribution T in S’y i (R) is defined by

(2.28) (F(1),¢) = (1,F1(¢)), forall ¢ € S(R).

Proposition 10. The Opdam-Cherednik transform F is a topological isomorphism from S’y i (R)
onto S'(R).

Let 7 be in 8’y 17 (R). We define the distribution Ay g7, by

(2.29) <Ak‘,k"7—a ’(ﬁ> = (7‘, Ak7k/1/}>, for all ¢ S Sk,k’ (R)
This distribution satisfy the following property
(2.30) F(Llppr) = —y*F(1).

3. SOBOLEV AND POTENTIALS SPACES

In this Section we establish the main properties of the Sobolev spaces associated with the
Jacobi-Cherednik operator.

Definition 4. Let s € R and 1 < p < oo, we define the space W7, (R) as

{ueSip®): 1+ Fu) e, ®)}.

We provide this space with the norm

(331) by = ([ (1 + 167 IF@EPd0E)

kK’

Proposition 11. i) Let 1 < p < oco. The space W;'v,(R) provided with the norm ||.||ys» (®R)
) kK
a Banach space.
ii) Let 1 < p < oo and s1,s2 in R such that s; > so then

Wi (R) <= WA (R).
iii) Let s € R and 1 < p < 0o. Then D(R) is dense in W}, k'( ).
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Proof. i) It is clear that LP(R, (1 + [£]?)*Pdvy i (€)) is complete and since F is an isomorphism
from Sy ;,(R) onto S'(R), W7, (R) is then a Banach space.

The result ii) is immediately from definition of the generalized Sobolev space. As in [15], §6,
we can obtain iii). O

Proposition 12. Let 1 < p < oo, and s1,s, S2 be three real numbers : s1 < s < so. Then, for
all € > 0, there exists a nonnegative constant C such that for all w in W7, (R)

(3.32) [ullw=, =

o7 (R) < CeHUHWI:},f(R) + 5|’U||W,j’2k’}’(R)-
Proof. We consider s = (1 — t)s1 + tsg, (with ¢ €]0, 1[). Moreover it is easy to see

ol ) < el el ey

Thus
lullwerg < (€ lullynr )~ Ellulls @)
< el + el e
Hence the proof is completed for C, = 5_ﬁ. O

A characterization of Wk k'( ), for s = m, a positive integer, is given below.
Proposition 13. Let m € N, then for 1 <p < o
WP (R) = {u € Spp(R):  F(A]u) e L

-

R), 0<j < m}
Proof. Let u € W:@ 7 (R). Using the formula (2.30) we have
L@l ©Pane©) = [ 1=V Fu©Pdne©)
< 1+ [€12)™P1F () () Pdv g (€) < oo
Conversely assume now that ]-'(Ak WU € LVk o (R), 0 < j < m. It is easy to see that there

m
exists a positive constant C' such that (1 + |£]2)™P < CZ €|?P. Then
§=0

cZ / (€2 F(u) (&) Pdvg o (€)

IN

/R (1 -+ [€2)™ | F () (€) Pl o (€)

- 0;0 | F el @pine < .

Proposition 14. Let p € N and s € R such that s > W, then
W2 (R) < CP(R).

Proof. Let u be in W7, (R) with s € R such that s > 2&£L,
We have

/ F () V)dvoge () = /R (14 AP0+ AR IF @) (0 [dv e (A).

Using Holder inequality we obtain

1

/ ()N [dvpe (V) < (/Ru FIAP) i ()

1

( /RU + INP)ZIF () )P (V)
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Thus from Remark 2, we deduce that there exists a positive constant C' such that

(3.33) Pz, |, @ < Cllullyz

Vi k!

(R)*

1 1 2
Then F(u) is in L, (R). Hence F(u) belongs to Ly, (R)nN Ly (R).
Thus from (2.10) we have

(k.k") p dA
= | F 1-y " e.x €R.
/R (u) (NG (2)( M)87r\ck,k/(/\)l2’ a.e.xr €

We identify u with the second member, then we deduce that u belongs to C'(R) and using (3.33)
we show that the injection of W,f,?, (R) into C'(R) is continuous.

Now let u be in Wkslf, (R) with s € R such that s > %ﬂ# with p € N\{0}. From (2.7), for
all x, A € R, and n € N such that n < p, we have

n ~(kk n
102G ()] < O™

Using the same method as for p = 0, and the derivation theorem under the integral sign we
deduce that

d\
v e /]: 2O @) M)877|Ckk'( A2

Thus D™u belongs to C(R), for all n € N such that n < p. Then we show that u is in CP(R)
and the injection of W} ’z, (R) into CP(R) is continuous. O

Definition 5. Let n be a nonnegative integer and 1 < p < oo, we define inhomogeneous Sobolev
spaces Wb (R) by:
WIZ/?’(R) = {f € Slk,k/( ): Akk’f c LAk (R),0<;< n}

endowed with the norm

11wy, @) Z 124, wfllen @

where Aék/ = Appr 00Dy is the ztemted of generalized Laplace operator.
Proposition 15. Let n be a nonnegative integer. W,?.’,f, (R) is complete when 1 < p < oc.

Proof. Let (f;); be a Cauchy sequence in Wk P (R). Therefore ((Ag )’ f1); is a Cauchy sequence
in Lp ,(R) j =0,...,n. If we denote by g; to the limit in Lp /( ) of (Agxr)? f)i, we have, by
the umqueness of the limit

(Dkw) g0, 0) = (g5, ), forall ¢ € Spw(R).
Then, f; — go in Wi (R) as | — oo. O

Now, we establish in a similar way to that in (cf. [2, 16]), the definition of the generalized
Jacobi potential and potentials spaces.

Definition 6. Let u € S ,(R) and s € R, we define the generalized Jacobi potential of order
s, as follows

Tiwlw) = F {2+ ) 2Fw))).
Definition 7. Let s € R and 1 < p < co. We define the generalized potentials spaces as
Hy? (R) = {¢ € S (R) : T (@) € LR, (R)}.
The norm in Hk w (R) is given by

H¢HH5P(R) = |’«7kflf/(¢)||LZkk,(R)'
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Lemma 4. Let f € S} 1, (R). Then
Tl (Tiw (1) = TS

and
Tow(f) =T
Proof. By definition J}f,,(f) = F~1 (A2 + 1)"2F(f)(N)) .
Then, 7
Tewl T () = FHO2 4+ )20+ )7RE()
= FH{W TR W)
= ;fo(f)
On the other hand, j,gk,( ) =F HF(fHHN) = O

Lemma 5. The generalized Jacobi potential j,;k/ is an isometry of H,‘zzg, (R) onto H,‘z}j’p(]R)
satisfying

! == s
1y = Vol e
Proof. Let ¢ € H}%,(R). By Definition 6 and Lemma 4 we obtain
15 Ollgsgoey = Wi GO0 = 1Tl w) = 19l

Now, let f € H;;f’p( ). Tip(f) € HYP(R) and jg’k,(jkfé,(f)) = f. Therefore we obtain
the result. O

Proposition 16. HZ’Z, (R) is a Banach space with respect to the norm H'HHZZQI(R)'
Proof. Let (¢n)n be a Cauchy sequence in H;7,(R). By the definition of H;%,(R) the sequence
{J, 5/ (én)} is a Cauchy sequence in Lik y (R). As Lﬁk y (R) is complete, it follows that there

y (R) such that J; /(¢n) converge to ¢ in LY (R). Thus, it is easy

exists a function ¢ in Lik
to see that ¢, — ¢ in H;7,(R) as n — oo, with g = J;7 1. (9). O

k!

Proposition 17. For s € R and 1 < p < 00, S (R) is dense in H7,(R).

Proof. Let f € H}7,(R). Then, J, 2 (f) € Lik y (R). Since D(R) is dense in Lik y (R), there
exists a sequence (¢;); € D(R) such that ’ 7

(3.34) ¢ = Teo(f)in L (R).

Next, we define g; = J;;,(¢;) = FH((N2+1)7%2F(¢;)(\)). From Proposition 3 we deduce
that
A= (A2 +1)72F(65)(N) € S(R).

Proposition 3 give that g; = F 1 (()\2 + 1)_5/2f(¢j)(A)) € Si i (R). Hence, by (3.34) we obtain

1/p
1 giller @ = (/\Jkk, — T ) @P A )dx)

lck’

1/p
= </R | T () (@) — ¢j(x)|pAk,k/(a:)dx> — 0, for j — oo.
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Proposition 18. For s > k+ % and 1 <p <2, J., maps Lik y (R) into L%k y
More precisely there exists g € Lik y (R) such that for all f € LpAk y (R), we have

i () = T *k g,

and there exists a positive constant C such that

||\7k_,sz(f)HL34k7k, ®) < CHfHLik}k/ (R)-

(R).

Proof. From properties of vy 5 (cf. Remark 2), we see that the function A — (14 A?)72 belongs
to

1
L2 (R)NLE (R), fors>k+ .

Vk,k’ Vk,k’ 2

Thus we deduce from Proposition 4 that there exists an even function g € Lik X (R) such that

(1+2%)72 = Flg)(V).
i) For p = 2, the function A — (14 A2)"2F(f)()) belongs to Lgk .
8, we deduce that g % 5 f belongs to L?L‘k y (R) and

F(g sk HN) = F@NFA) = 1+ 1) 2F (V).
On the other hand, we have

(R). Using Proposition

!/

F(Tm ()X = (L+A)T3F(F)(N).
We conclude by using Proposition 4 and Proposition 8 that 7, (f) = f *xx 9. Moreover, we
have
”jkflf/(f)nifik k,(R) = Hg ke k! f||%§‘k k/(R) = ||.7'_(9 k! f)”%g (Ry) + H]:(g *kv,k' f)”%gk’k/(RJr)

k,k!

IF@OFNIE @+ IFOFDIL e,

k,k

,
2 2 £\ 12
IFOs o IFOIE @ + WFDIE ]

s

2 2 ’
HJ?(Q)HL?;;M (R”HfHLE‘k,k/ ®)"

So, we obtain
—s 2\— 2
||jk7k,(f)HLik,k’ ® < |[T+A%)72 HLg;’k/ (R)HfHLik,k/ ®) < CHf”L%k’k/ ®R)-

ii) For p € [1,2), g € LZ‘M, (R) and f € LpAk,k/ (R). Using Proposition 4 and Proposition 7
ii), we prove
T () =96 [.
Finally, applying Proposition 6 ii), we obtain

ij_,ksffHLE,k ®) < CHfHLgk L ®

k'/
This completes the proof of theorem. O
Proposition 19. For s > k + % +t and 1 <p <2, then, we have
: £,2
H,i’,z, (R) C Hyy (R).
Moreover, there exits a positive constant C, such that for all u € H;’Z/ (R)

lullge2, gy < Cllullgzz, o
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Proof. Let w € H;,(R). Then, we have J,_ . (u) = f, where f € Lik . (R). From Lemma 5 and

Proposition 18 we can write

Teto(w) = T b (Ta(w) = £ *4p g,

/

where g is such that
(L4277 = Flg)(V).

Furthermore, we have
||u||H;:i,(R) = ||f *rp 9||L§4k’k,(R) < C||f‘|Lik7k/(R) < Cllullgse, @):
O

In the last of this section we assume that the Jacobi-Cherednik operator is the unidimensionnel
Cherednik operators with the root systems R = {—2a, —a, o, 2a} with « the positive root (cf.
4, 5)).

Now, our purpose is obtain the analogue of the Caldérons theorem for the Opdam-Cherednik
transform. For this, we need the following proposition.

Proposition 20. Let 0 <m < s/2, me N, 1 <p < oo. Then, A?k/j,ik, 18 a continuous linear
mapping of LpAk.’k,,e(R) = {f € Lik’k/ (R): fis even} into itself.
Proof. Applying the multiplier theorem given in [5] with
m(X) = (1A (N 4 1) 72,
the desired result is established. 0
We denote by

W,Z’,f,@(]R) = {f € W,Z’,f,(R) : f iseven}
and

H,f?fc,pe(]R) = {f € H,?;”f(R) o f iseven}.
Now, we are in conditions to demonstrate the Caldérén’s theorem, that is exposed as follows.

Theorem 1. Let n € N and 1 < p < co. Then, f € Wil (R) if and only if f € H,f?f’}"e(]R).

Proof. Let f € H.WP (R), then by definition, f = J2%(9), g € L¥,  .(R).

Ak’k/,e
Moreover, if m < n, m € N, by Proposition 20, AP, f = Akalj,f”,z, (9) € Lﬁlk,kue(R) and

||Aka/f”Lgk . R) = ||Akau7k2,2' (9) ||Lik . (R)
’ _ i —2n _
< CHSJHLQ&M (R) = Cij,k/ (f)HLZk,k’ ®R) = CHfHHZZf(R)-

Hence,
1wy, vy = > HAZ:Lk’fHL’;‘k LE®) S C”fHHZTZ?(R)
0<m<n ’
and therefore f € W,Z’,f,?e(R).
Conversely, we consider f € W,ZL ’,f,’ o(R). Then A7 f € Lik,k’ (R), for all m € N,
0 < m < n. By definition we have jk_lf,"(f) = (1 = Agw)"f and then taking norms we obtain

£ lmp ey = W2 Dl @ = 108k Py, w <C 3 18ES Ny w = Cllflwyz

kK’
0<m<n

g

(R)-
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s,k Kk’ s,k Kk’
4. Bpyg" , Fply’" SPACES AND BASIC PROPERTIES

Let 1 be a non-negative function in D(R) even, satisfying ¢ (£) = 1 for |[£| < % and ¥(&) =0
for |£] > 1. We define a function ¢ on R by

0(€) = w(5) ~(©).
Definition 8. For j =0,1,2,---, the operators S; and A; on S,’“k, (R) are defined by
FiH) = p(EIF(F), G=1,2,-

and put Ag = Syg. We call Ajf the j-th dyadic block of the generalized Littlewood-Paley decom-
position of f.

In this section we define analogues of the Besov and Triebel-Lizorkin spaces associated with
the Jacobi-Cherednik operator on R and obtain their basic properties.

4.1. Definitions. From now, we make the convention that for all non-negative sequence {aq }4cz,

the notation (3_, a;)% stands for sup, a, in the case 7 = co. Let s € R and 1 < p < co. For a

sequence {u;} of functions on R, we define

, 1
H{Uj}Hz;(Lgk L®) = ||U0\|Lgk L@t (Z(2JS||UJ||Lgk ®)?),

- K/
7>0

- 1
{ustlee  @yas) = luollzy, ® 1D @)l ®):
k,k! k,k! - k,k!
7>0
Definition 9. For s € R and 1 < p,q < oo, the inhomogeneous generalized Besov space
BSEF(R) is defined by

s,k k' o . — .
Bp,q (R) = {f € Sl/g,k’(R) : ||f||B;j§’k/(R) - ”{A]f}ng(Lik,k/(R)) < OO}

Definition 10. Let s € R and 1 < p,q < 0o, the inhomogeneous generalized Triebel-Lizorkin
space Fy¥* (R) is defined by

F (8) 1= {£ € St (®) 5 1l gy gy = WA, oy < 0}
As in [16], §6, we can obtain.
Proposition 21. Let s € R and 1 < p,q < 0o. Then D(R) is dense in Byt* (R) and FyF* (R).
4.2. Embeddings.
Theorem 2. (1) Ifs; < s2 and 1 <p,q < oo, then
B () B (R),
F2kk (R) — FinbF (R).
(2) IfseR,1<p<ooandl<q <q < oo, then
BSRHF (R) <5 Bk (R),

pq1 P,q2
kK’ kK’
-P—‘}i’ql7 (R) = F;”qQ’ (R) :

(8) ForseR and 1< p,q< oo, let r =min{p, q},t = max{p,q}. Then
s,k.k' s, kK’ s,k k'
(4.35) BybM (R) < FSFF(R) < Boy™ (R).
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Proof. The monotone character of [,-spaces and Minkowski’s inequality yield (1) and (2).
On the follow we want to prove (3). We must prove that

(4.36) BEK(R) C ESEF(R) € BSFV (R),
if p <gq, and

(4.37) BEF(R) € FobF(R) ¢ BSEF(R),
if g <p.

To prove the previous embedding we will use the monotony of the Ij spaces:
0 1
= {&: €= (€)7o & complex, [Iglly; = (D2 17)" <o}, 1<g<oo
j=0

and

= {&: €= (&), & complex, [[¢llis, = sup(27[¢;1) < oo},

JEN
and the trivial equality B35 (R) = FSFF (R).
First, we will prove (4.36). Let f € Fﬁé€ *(R)

o0 1

. iqs C£119 q

I vy = NS0flleg ey + (202” 145115, k/@“)
J= '

P

JSp . p
< lsofley, o0+ [| (12500, )7
p
Now, by using Minkowski’s inequality we obtain:
(o.]
js q —
1l orrrgy < 1SSy k,<R>+H(§_%2 VORI @ =l

< |[Sofllzr, o +|’AfHLP LRI
= [ISofllrz, e ) T 1185 lis LP L (®) :HfHB;:l;,k'(R)-

Then, to prove (4.37) we have

HfHB;:I;,k’(R) = HSOfHLgk’k, (R) t HAijLZ‘k,k’ R,13)
1o llus, o @a 12,717) e
’ 1
< VX q P
< lIsoflles, @ (22 (ISR ,(R))
= lISofllzz,_ m) +HAf\|l;(Lgkk, —HfHBsW

4.3. Lifting property. We recall that for f € S,/C,k, (R),

Flluwda)(€) = 235

)F(£)E), 9(6) = —€76(¢).

Then we can obtain

Proposition 22. Let s € R and 1 < g < co. The operator Ay i is a linear continuous operator
from B;:l;’k/(R) into Bs 2k k! (R), and from H;:z;’k/ (R) into HS 2k k! (R).

Proposition 23. Let s,t € R and 1 < q < oo. The operator \7,5 w 18 a linear continuous
injective operator from B3 qu F(R) onto B; qt kK (R), and from stl];k (R) onto H, qt F(R).



14 H. Mejjaoli /Generalized spaces of Sobolev types and applications

Proof. Since F satisfies (2.25), we can apply the same arguments used in the proof of Theorem
5.1.1 in [15]. 0

Corollary 2. (1) If s € R, then
(Hyio(R) = Hy " (R).
(2) If s € R, and 1 < q < 00, then

Kk —sk k!
(Byy" (R)) = B, 7" (R).

/
Proof. The first formula follows from Proposition 23 and the fact (L?le y (R)) = L124k y (R).

The second formula is implied by definition of inhomogeneous generalized Besov space and the
duality Theorem. O

4.4. Interpolation.

Theorem 3. (1) Let so #s1,0<0<1,s=(1—-0)so+0s1,1<p,q,q,q1 < 0. Then
(Bya™ (R), Bygt* (R))o.q = Byg™ (R).

(2) LetsG]R, ]-SpOaplSOOapO?épb 0<9<1; %:1p;09+pi1, then

kK kK k!
(Fpos (R), Fp3" (R)gp = 5 (R).

Po,2 p1,2

(3) Let 30751 € R 50 3& 515 1< bo,;P1 < oo, Po ?é b1, 0<0< ]-’ s = (]- - 6)50 +0317
5 = 1 0 + E’ then

7k7k/ 7k7k/ /

(Fpoy™ (R), Fpl5™ (R))a,p = By (R).

(4) Let sp,s1 €ER, sop#s1,0<0<1,s=(1—-60)sg+60s1,1<p,q,q,51 < o0. Then

kK’ kK’ Kk
(4.38) (Fpg ™ (R), Fpip™ (R))o,g = Bpg™ (R).

Proof. (1), (2), (3) follows from the arguments used in Theorem 8.1.3 and Theorem 8.3.3 in [15].
(4) follows from (1) and (4.35). O

As a consequence of real and complex interpolations, we can deduce multiplicative inequalities,
which will be needed in the theory of differential-difference operators.

Theorem 4. (1) If u belongs to B;:g’k/ (R)N Bf,:];’kl (R), then u belongs to BQSH1 —O)tkE (R) for
all 0 € 0,1] and

”UH 0s(1- Otk gy = HuHBskk’ Hu\ ;I‘;k’(R)'

(2) If u belongs to st]&,k (R)N Bf,’,]f,’ok (R) and s < t, then u belongs to Bﬁiﬂl*a)t’k’kl (R) for all
0 € (0,1) and there exists a positive constant C(t,s) such that

0
oy < Ol Ml g Il e

u belongs to 00 N oo / and € > 0, then u belongs to B’y / and there
3) If u bel BYEF (R) N BSERY (R) and € > 0, then u bel BYVF(R) and th
exists a positive constant C such that

C

HUHBs+a,k,k' R
HUHBS’If’k'(R) = ;HUHB;,&M(R) log, <e + M)
, X

lell gy @y
Proof. (1) is obvious from Holder’s inequality. As for (2), we write ||u||Bgs+(1_g)t,k,k/ as

(R)
G o)t 0 o)t
Z 2 (Os+1=01)| A ullpr ® + Z 2 (6sTA=00) || A ullze  (w)
<N - SN b k!
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where N is chosen here after. By the definition of the generalized Besov norms, we see that

j(0s+(1—0)t) | A . (1-0)(t—s
97 (0s+( ))HAJU‘|LQk7k,(R) < 2i(1=0)( )||“HB;3’;3“’(R)’

7 (0s+(1-0)t) )| A . —j6(t—s) ,
2 HAJUHLZ;@-,M(R) <2 ||UHB;§OI@ (®)

and thus, ||UHB951+(1,9>L]€7]€/(R) is dominated by
P,

, J(1-0)(t—s) , —j0(t—s)
ey T2 4l 2
j<N >N

o(N+1)(1-0)(t—s) 9—NO(t—s)
® 2o =1 sy T

<C u s ’
<Clull
Hence, in order to complete the proof of (2), it suffices to choose N such that

lull g @ N(t-s) lull gy @

el g ey el gy

As for (3), it is easy to see that HuHBS,k,k/(R) is dominated as
p,1

Z 2js||AjU||Lg (® T Z 2jSHAjUHLg (®)
JEN-1 r J>N wr
2—(N—1)€

<(N +1) +

el s+ 5o =7 Il peiv
Hence, letting

1 ”UH s+e,k, k!
N=1+ [, logy — 22 &)
9

9

U|| s,k k'
ull g gy
we can obtain the desired estimate. OJ

In the last of this section we assume that the Jacobi-Cherednik operator is the unidimensionnel
Cherednik operators with the root systems R = {—2«, —«, a, 2a} with a the positive root (cf.
4, 5)).

To obtain a new characterization of the generalized Jacobi potentials spaces, we need to state
the following lemma.

Lemma 6. ([5]). Let s € R and let {r;};en be the Rademacher functions (cf. [14]). Then, for
every p with 1 < p < oo and for all 0 < t < 1, there exists a positive constant C such that

|Vﬂmﬂmwwmmm5qmmmM”

,€

where
n1(§) ==Y 2%r;(t) (1 + £%) " 20;(8)
=0

and

m(©) = (L)
=0

Theorem 5. Let 1 <p < oo and s € R, we have

7k7k/ ).
F;,Z,e (R) = Hli}c)’,e<R)’

where

F;?fl (R) == {f € F;’;’kl (R): fis even}
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and

oy (R) = {f eHL(R): f iseven}.

Proof. We must see that exists a positive constant C' such that

1 N 9 3
(4.39) Az, @ < IS 2910P) I, ) < Cllfllige, ey
i=0 "

In a similar way to Proposition 17 we have that Sy, i/ (R) is dense in F;ff (R) for s € R,

1 < p < co. Then, it is not difficult to obtain that the functions f € Lp » (R) with supp(F(f))

compact are dense both in H;7, (R) and in F;§ f (R), for 1 < p < o0. T herefore it is enough
to prove (4.39) for a functions of this type. Moreover, we observe that in this case the infinite
sum in (4.39) is actually finite.

We first prove the right hand estimate. Let f € Hz’i, (R), then there exists g € LAk " (R)
such that f = J7;,(¢g). From Lemma 6, with n1, we have for all ¢t € (0,1)

\|Zr] 0294 fller ) < Cllfllaze, @-
3=0 o
Thus
1 e .
(4.40) /0 12 ri@29 85 Ml @it < Cllfllazs, )
i—0 ’

Using the Minkowski’s inequality and the right hand inequality of ( [14], Chapter V', Theorem
8.4, p. 213) with p = 1 we obtain

00 . 1 1 .
(St o = el IShomaal,

e [l(xmomas)

N

IN

. dt.
LAk,klve(R)

Now, by (4.40) we have
o0 1
(Do 2291a,12)°
j:

Therefore we achieve that f € F) 5 ek (R).

<C 5, .
Li‘k,k/,e(R) - ‘|fHHk’Z/7e(R)

For the converse inequality we will use duality. Let f € sz ; ek (R) and from Lemma 6 with
na(z) = (32720 %5) " gives
(@.41) 193 las,_, 0 < CllMlss,_ o
with

h=F (4 1gR) Z% NE)-

Now, consider u € L?“k y .(R) be a function such that supp(F(u)) is compact,
R
1,1 _
(;+7=1) and

1
(4.43) w(x)h(x)Ap g (z)dz > =||h||1p (R)-
R 2 Ap k!
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Let v a even function defined by F(v)(€) = (1+£2)2F(u)(£), then from (4.41),(4.43) and (2.16)
we obtain

Wl = I Dls,_
c / ) A (@)ds < C / F(u)(©)] | F(R)(€) [dvioe (€)

¢ [ iFw©l Zu HIER)EHOIF () Ol
R =

IN

IN

< ¢ [ 3 (12 F©ei) (27 IF RO dnw ()
j=0
Therefore, by Plancherel formula and the Cauchy and Holder inequalities we have

(4.44) 11 zzer

kk’

00 _ ) i 1
R)SCH(Z(22”!Ajf!2)2HLP X H(Z( “ \AjUIQ)ZHLgW(m

j=0 7=0

Then by the right hand inequality of (4.39) we achieve

00 s .
@d5) @A e, @ < Ol g = € [ (o)A (o)
j=0 ’ ’
Hence, combining (4.44), (4.45) and (4.42) the proof is finished. O

As a consequence of Theorem 5 and Theorem 1, we obtain the following result.

Corollary 3. Let s € N and 1 < p < oo then Fj‘;]zk (R) =Wt (R).

5. APPLICATIONS

In this Section we give some applications of the generalized potential and generalized Sobolev
spaces.

5.1. Hypoellipticity of Jacobi-Cherednik operator.

Theorem 6. Let P(—Ay ) Zaj —Apw), an # 0, a differential-difference operator with

constant coefficients a; and symbol P(\?) = Z a; NY L0, NeR.If
7=0

we Ly ,(R), P(=App)u=f, and f € L3 (R), then u€ H}(R).
Proof. Tt is easy to see that there exists R > 0 and a positive constant C such that
(5.46) |IP(\3)] > C|A\*, |\ >R.
We have
Ilpngy = [, O+ D (O IFE O3

If we consider R > 1, we have

R
sy = [ O+ P IF@O)E + F@O) ) ()

+ / (W 4+ D*"(|F () (AP + [F (@) (V) dvg i (N).
A>R
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Now, if 0 < XA < R, we use that (A2 +1)?" < (14 R?)?" and for A > R, (A2 + 1)?" < C|\*",
obtaining

R
< CO+RY™ [CIF@ME +IF@ M) ()

+ C A>R|A|4”(|J’7(U)(A)|2+IJ’T(TL)(A)IQ)de,k/(>\)-

2
u
s

Using again Proposition 4, the relations (2.13) and (5.46) we have
[ullF2n2 g < \u ) A () d + W4" (F@)NI? + [F @)D ) vy (V)
H .7 (R)
< c(uuuii o+ [ \P(MP)P(\H@(A)\M\f<a><x>\2>duk,k/w)
k, k!

< iy e+ [ 7P + 7 (Ptun) 0 P )

Again, by using Plancharel formula we obtain
2 2 _ Nagll2
[l sy < © (Il o)+ IP-Budulls, )
Now, we complete the proof using Proposition 17 that is, that Sy 4/ (R) is dense in H,f?f(R). O

Proposition 24. Let f € By’ K (R) then exists g € S 1 (R) such that

(= Lpp)"g=f
where I is the identity operator and m € N\{0}.
Proof. Let us consider f € By’ kK (R). We want to obtain g € Sy (R) such that
(I = Apw)g =T
Applying the Opdam-Cherednik transform we have
(A2 + 1)"F(g) = F(f)-

Now, using the inverse transform we get
FHO+ )™ F(g)) = TE).

On the other hand, by Proposition 23, we obtain that g € BS+2mkk (R). Thus the proof is
complete. ]

5.2. Generalized wave equation.
1 _
T

Lemma 7. i) For all p,q € [1, 0], % —-1>0,s,5€R, fe H;’i,(]R) and g € HZ,,;?(R)

then

’E\'—‘

forwg € Hy " (R),

and we have
15 5t 0l sy < Ot it sl
with Cy y the constant given by the relation (2.19).
i) Forall1<p<q<2 sseR, fe HZ:%,(R) and g € H,‘;:,;’{(R) then

[ e g € H;:f 9(R),

and we have
15 518 0]ty < C i, ool
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with C' is a positive constant.
iii) Let 2 < p,q < oo such that  <p <gq, s,s' €R, fe H1/(R) and g € H ;7 (R) then
forw g € Hy g (R),
and we have
”f *k7k/ gHHZt;/;Q(R) S C”f”H::i,(R) HgHHZ/;j/(R)’
wi is a positive constant, an q e conjugate composent of q.
ith C i it tant, and ¢’ th ugat t of
iv) Let 1<p<2andp<q<gz, ss€ER, fe Hp(R) and g € Hy j1(R) then
f i g€ Hﬁf “(R),
and we have
/ ’ < s, /
Hf *k,k g”H::’]—j 7‘1(R) = OHfHHk’Z/(R)||gHH:J’5(]R)7
with C is a positive constant.

Proof. The results are given by Proposition 6 and the definition of the generalized potential
spaces. O

This is the generalized wave equation where the unknown is a function u (with real values)
of (t,z) e R x R:
8,52u — Ak,k/u = 0
(W) Ul=0 = w € 7 (R)
8tut‘:0 = uj € H;:]’j(R)

Corollary 4. Let us define C := {5 eR, r <[ < R} for some positive v and R such that

r < R. We assume that ug and uy are two functions such that
supp F(uj) C C.

i) Forp=q=2,ue H,jj,;,s’oo(R) szf °(R), where a,b € R. Fora+s=b+s =c,

ol ey < © (ol ey + ol g ey )

/29
+ 72 q

+s, 522
ii) Forp#2andq+#2,u € H,i; P (R)+H, * (R), where a,b € R. Fora+s=s+b=c
Uu 2 < C’( U s + ||u s, )
[ HHZ:,j,TpP(R) luoll g2, @y + | IHHk’k’j(]R)

iii) Forall1 <p,g<r <2 ss R, uec HZZ,”(R) HZT,; "(R), where a,b € R. For
a+s=s+b=c
el @ < © (leollmg, @ + Tt ey )
iv) Let 2 < p,q,7 < oo such that § < p,q<r, s,s’ €R, ue H,?Z,”(R) HZZ? "(R), where
a,beR. Fora+s=5s+b=c

el @y < © (leollmz, @ + Tt ey )

v) Let 1 <p,qg<2andp <r <5 ,q<r<2 T s,s’ER,ueH,‘ij’%R)%—H,iZf/’T(R),
where a,b € R. Fora+s=3s +b=c

Il g,y < €

Proof. The results are immediately from Duhamel expression for the solution and Lemma 7. [J

woll gz, ey + Nl )
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5.3. Generalized Schrodinger equation. We consider the following equation where the un-
known is a function u (with complex value) of (t,z) € R x R

(S { atu—iAk7k/u =0
Ujt=0 = g

Theorem 7. Let g be in S’y jr(R). There exists a unique solution u € E(R; S’y 1 (R)) such that

(s { ou—ilgpu = 0, in D'(RxR)

Ut=0 = 9
Proof. Firstly we prove the existence. For t € R, we put
(5.47) up = F (e F(g)).
From (2.28) we have
(ur, ) = (F(g), e T F 1 (p)).

Thus we deduce that u; € E(R; S’y /(R)), and F(us) € E(R; S'(R)).
We recall that v is defined by

() = [ (Dt 5 € S(R. S (R).

Then for any o in S(R, Sy (R)), we have from (2.29)
(Ot — i D) = —(u, By + il ) = — /R (g, Deb(t,) + iy (2, )t
=~ [F), 7 (Gt ) + i)t
= —/&(6it'|2-7:(9)a(at—i-!2)}"1¢(ta‘)>dt‘

R
But
or(e P F (1,€)) = [0 — e F (€| e T
Thus
(Orue — ibpwu,¥) = = / <f(g),8t(e—“'-‘2f—1w(t, .)>>dt
= —ﬁ3t<f(g),e‘”"2f‘1¢(t, ))dt = 0.
R

Thus we have proved that u is solution of (S).
Now we prove the uniqueness, which equivalently proves that « = 0 is the solution of problem

{ ou—ilgpu = 0, in ER;Skw(R))
Ujt=0 = 0.
Indeed for all ¢ in S(R, Sk 7 (R)) we have

0= (Opu — il pu, ) = — /R<Uta (O + ilp g )Y (8, ) dt.

But

e, 0(t,.)) = () 0(8,.)) + e B2,

hence
(5.48) 0= —/R (ur, ()t +/R [, 0(t,.)) — i, At )]t
As ¢(—00,.) = 9(o0,.) = 0, then we obtain

(5.49) /R [ 0t,.)) — i, D (. )]t = 0.

Sl
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Moreover, using that .F(uil)) = (F(us)) and the relations (5.49),(2.13) we deduce
(5.50) /R [(F @)@, F1(, )+ i(F (), | PF ()] de = 0, Vo € SR, Sppr(R)).
If we take 1 such that F~l(¢, &) = eflé’ (&) y(¢) with ¢ in Sk (R), x in S(R), we obtain

(5.51) /R ((F )@, P 0) +i(Fu), | P o) |yt = 0, Vx € S(R).
Thus we deduce that
(552 (Flw) ) = (Fu)®, e o) +i(Fw), | P Pe) = 0, Vo € S (B).

Hence for all ¢ in S/ (R), the function ¢ — (F(uy), eitl-* ) is constant.
Finally, since ug = 0 then
(Flur), " 0) = (F(un), ) = 0, ¥t € R; Vo € Sp e (R).
From this we deduce that u = 0. U
roposition . Let g be in L , § € an < p < oo, the solution u gwen by the
P ition 25. L be in W1, (R R and 1 he soluti ' by th
Theorem 7 belongs to C(R; W%, (R)). For m in N, (ugm)) € C(R; W /" (R)) and we have

5.53) HutHW]:‘Z,(R) = HgHW]:’]f/(]R)v VteR
9.5 (m)| ’ . *

Proof. The formula (5.47) give that, for all ¢ in R,
Flu) = e " F(g).
Thus it is easy to deduce (5.53).

Now we will prove that for m in N, (ugm)) belongs to C'(R; W, .,"*(R)). Indeed, let (tn)n a
sequence that converge to ¢y in R, we have

i 2 i 2
||ut,, _“tou?xvljf,(u{) = /R(l + [¢[2)Pleitnlel” _ gitole] 1P| F (9) (&) [Pdu g ().
The dominate convergence theorem gives that
: _ P _
nlggo ||utn uto”w::i’,(]g) = 0.
On the other hand, from (5.47) we have
. _itlel?
Fluy™) = (=ile*)me " Fg).
From this we obtain
_ s 2 . 2
7 =y By, g = [ (L4 €271 — e 2 () €) P e 6)
Thus the dominate convergence theorem gives the result. O

5.4. Practical real inversion formulas for the generalized wavelet transform Sék’k,). In
this paragraph we give practical real inversion formulas. Using the harmonic analysis associated
with the operator T}, ;s we define and study in this subsection the generalized wavelet and the
generalized continuous wavelet transform.

Definition 11. A generalized wavelet on R is a measurable function h even on R satisfying for
almost all x € R, the condition

(5.54) 0<Cp= /OO yf(h)(m)ﬁ% <00
0
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Example 1. Let E;, t > 0, the heat kernel is defined on R by
(5.55) Ve R, Ey(z)=F e ™) (a).

d 1
The function h(x) = —aEt(x) is a generalized wavelet on R in S(R), and we have Cy, = 2

Proposition 26. Let a > 0 and h be a generalized wavelet in L124k . (R). Then there exists a
function hg in Lik y (R) such that

(5.56) Vy € R, F(ha)(y) = F(h)(ay).

This function is given by the relation

1
—F oD, 10F(h)

(5.57) ho= 2

and satisfies

s(a)
(558) Hha 2’Ak,k/ S W”hHZAk,k”
where | Al
Cl k’( A ) 1 x
s(a) = sup — ,and  Do(f)(z) = —=f(=).
) AER ’C}ﬁk/(il) ( ) \/ZL a
Proof. We use a similar ideas as in [9]. O

Let a > 0 and h be in Lik y (R). We consider the family A, ,, € R, of functions on R in
Lik y (R) defined by

(5.59) haw(y) = = 7hH ho(—y), y € R,

where 7~ ’kl, x € R, are the generalized translation operators given by (2.17).

Definition 12. Let h be a generalized wavelet on R in Lik X (R). The generalized continuous

’

wavelet transform S,(lk’k/) on R is defined for regqular functions f on R by

(5.60) SR (f)(a, ) = /R FW)haw() App (y)dy, a >0, z € R.

e Let h be a generalized wavelet on R in L% (R) such that F(h) € L (R). It is easily to
k,k' k,k

see that the generalized continuous wavelet transform S}(Lk’k’), is a bounded linear operator from

2t,2 . 2
Wi (R), t =0, into LAM/ (R), and we have

kK )
ISK40 1@ e, o < C@OIFMiz: , ol liaey, € Wi ).

e Let A > 0,¢ > 0 and h be a generalized wavelet on R in LzAk ., (R) such that F(h) € L3?  (R).

Vi k!

We define the Hilbert space Hi;k y (R) as the subspace of W,? t,;,Q (R) with the inner product:

_ (k,k") (k,k") 2t,2
<f7 g>7.[2:f4k,k/ - /\<f7 g>w}?f]5(}]{) + <Sh f(aa ')7 Sh g(a7 .)>Lik,k’ (R)> fa g€ Wk?k/ (R)
The norm associated to the inner product is define by:
2 o 2 (k,k") 2
I3, = Moy + 100 ey

We proceed as [9] we prove the following results.
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Proposition 27. Let t > 21“4—"'1 and h be a generalized wavelet on R in LzAk y (R) such that

F(h) € Ly (R). Then the Hilbert space 7—[22}6 y (R) admits the following reproducing kernel

7 GE@GE () Py dt
Wante) = | Sy a2 e @

Theorem 8. Let t > %T'H and h be a generalized wavelet on R in LE‘;@ y (R) such that F(h) €

Ly, (R).
i) For any g € Lik y (R) and for any X\ > 0, the best approzimate function I3 4 in the sense
. 2 _ olkE) 2 }
eI/I%l{?(R) {)\HfHW]fflﬁ(R) + g Sy f(a, .)”quk’k, (R)

_ * 12 (kK px 2
= AHfA,gHw]jf[ﬁ(ﬂg) +1lg =S, " fa,(a, .)”L‘%‘k,k’ (R)

erists uniquely and fj\kg is represented by

fig(a2) = /R 9 (0) @ (& 9) A (0)dy,
where ) )
F(h)(a€)GE) (2)GEM) (—y) 1P, d
i€ 8m|cp (&)

Qute) = | S o

ii) If we take g = S,gk’kl)f(a, .), then

frg—f as A—0, uniformly .

iii) Let § > 0 and let g, gs satisfy ||g — g(;HL%k L®) <. Then
* * 5
1fxg — f)\,g(;HWIfflﬁ(R) < NN
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