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1 Introduction

Let {T,;n > 0} be a classical supercritical Galton-Watson branching process with offspring
distribution {b,;n > 0} and mean m := fozo nb,,1 < m < oo. Define S,, = T;,/m", it is
well known that there exists a nonnegative random variable S such that S = lim,,_, o, S, a.s..
C.C.Heyde (cf. [10]-[12]) derived the central limit theorem (CLT) and the law of the iterated
logarithm (LIL) for {T,,;n > 0}:

(I) Suppose that 77 := Var(Ty) < oo and P(S > 0) = 1. Set 72 := Var(T,),r > 1, then

VT (T — m'Ty) % N(0,1) (n — o0),
(m? — m)Er VT Em(S — 8,) % N(0,1) (n — o0).

(IT) Suppose that E(T}) < oo, then

Toir —m"T,

limsup(liminf) —— — = 1(—1) a.s. on {S > 0},
n—)oop( n—oo )(2TT2Tn logn)z - { ;
n *Tn
lim sup(lim inf) m"S =1(-1) a.s. on {S > 0}.

n—oo - m00 " (272(m2 —m)~1T), logn)z

Similar limit theorems for a classical Galton-Watson branching process with immigration
were studied in [13].

A branching process in a random environment is a natural and important extension of the
Galton-Watson process, it is a class of non-homegeneous Galton-Waltson process indexed by a
time environment, which has been studied by many authors, see[1-3],[5-6],[14-15], [19-22].

In this article, we consider the Galton-Watson branching process with time-dependent im-
migration in the varying environments(IGWVE) defined as following:

Definition 1.1. Let Zy =1 and for any n > 0,

Zn
Zn+1 = an,j + Yn+1 a.s.,
j=1
where {&, j;n > 0,7 > 1} are independent and have the same distribution in row, {Y,,n > 1}
is a sequence of independent random variables taking values in N and independent of {,, ;;n >
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0,7 > 1}, then {Z,,n > 0} is said to be a Galton-Watson branching process with time-
dependent immigration in varying environments. Particularly, if for any n > 1, ¥,, = 0, then
{Z,,n > 0} is said to be a Galton-Watson branching process in varying environments(GWVE).

Throughout this paper we assume that the variances of {&, ;;n > 0,j > 1} and {Y,,,n > 1}
exist. Define p, = F(&,;),02 = Var(&, ;) and v, = E(Y,,), we assume that

P(,1=0)=0, co>pu, >1, 00 > vy, 02 > 0.

Our first main result is the following growth rate of IGWVE.
Theorem 1.1. Let {Z,,n > 0} be an IGWVE. Define m,, = H?:_Ol iy Wy = Zp [y, m >
1, then {W,,,n > 1} is a nonnegative submartingale. If

a::Z;:Tn<OO’ (1)

then there exists a nonnegative random variable W with E(W) < oo such that W, =25 W.
Furthermore, if

b :=sup Z < 00, (2)

2
n>1 j=n ﬂ'jmn,j—n

n+k—1 L?
where my, ,, = [[;_, " i, then W;, — W.

To prove the CLT and the LIL for IGWVE, we need the following two decomposition results.
(A) For any fixed n > 0,7 > 1 one has

Zn
Ty = ZXT(ZZ + Yo, as.,
j=1

where {X}gl,j > 1} are i.i.d. and independent of Y,, .. The variances of {X,%,j >1}and Y, ,
exist. We define m,, , = B(X"), on, = Var(X$)), mn, = E(Y,,), 0z, =Var(Ya,).
(B) For any fixed n > 0 one has

Zn
Zp—maW =Y (1-=V)+1, as.,
j=1

where {Vrgj);j > 1} are i.i.d. and independent of I,,. If (2) is satisfied, then the variances of
{VTSJ ), j > 1} exist. Furthermore, if

Vi

¢ :=sup < 00, (3)

n>0 Mn k—n

k=n+1
then the variances of I,, exist. We define o2 = Var(V,El)), = E(I,),0% = Var(1,).
Using the above two decomposition results we obtain the CLT and the LIL for IGWVE.
Theorem 1.2. Let {Z,,n > 0} be an IGWVE. If Z, L, , (2),(3) are satisfied and
52
0<d= égfo ﬁ, (4)
then for any fixed » > 1, when n — co one has
Zn+?” - mn,an

On,rvV Zn

Ly —ma W 4

d
— N(0,1), — N(0,1).
0.1, = SNO)
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Remark 1.1. Note that Z,, > 1, a necessary and sufficient condition for Z, L2 50 s

oo

> (1= P(ény =1)) = +o0,

n=0

which imply Z, Ei oo(c.f.[17]).
Assume that there exists a constant 0 < § < 1 such that for any r > 1,

() 2o () 2o
an_mnr Vn _]-
supF | | —— <oo, supFE||— < o0. (5)
n On,r n On
For any n > 1 and r > 1, define
Zn+r — My an Zn - mnW
wr(@) =P 22 <), Qulz)= ——F—<1z], —co<zr<oo. (6
Qurte) = p (Bl <0 Qu) = p (B <) (6)

Theorem 1.3. Let {Z,,n > 0} be an IGWVE. If Z, £ 400 and (2)-(5) are satisfied,
then there exists constants {C,,r > 1}, C' and D such that

p[Qur () — 0@)| < €, (28 w0 [ (2:)] ™)

1
2

5up|Qu () — ()| < DE (Z;%) e [E (Z{%ﬂ . (8)

Theorem 1.4. Let {Z,;n > 0} be an IGWVE. Suppose that there exist five constants
o, B, 7,7,0 with 8 >a >1,7>~v>0and 0 < <1 such that for any n > 0,

1

< <B, P8 <T, i{E(Zn)Foo (9)

n=0
If (3) and (5) are satisfied, then

Z n+r — Mn, an

lim sup(lim inf) ————— :1 —-1) a.s; 10
limsup(liminf)—m =1(-1) a.s.. (11)

Remark 1.2. If (9) is satisfied, then Z,, =5 400, (2) and (4) are true.

2 A growth rate for IGWVE

In order to prove Theorem 1.1 we need the following lemma:
Lemma 2.1. Let {X,,,n > 0} be a GWVE. For any fixed n > 0,7 > 1 one has

n+r Z X

where {Xr(ﬂ,j > 1} are i.i.d. and independent of X,,. Furthermore,

n+r—1
M X(J) H 14,
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=Var X(jl = (Mp,)? .
(XD = (man? 3

+r—1 2
53'
n
j=

>

n

Note that m, 0 =1, mp1 = pin, X9

2 _ 52
n1*§n,j and an71f5.

n

Proof. Let X ,<L]7)~ be the size of the rth generation of GWVE starting with the jth particle
at time n. The first result in Lemma 2.1 following from Definition 1.1. Similar to Proposition
4 and Proposition 6 in [8], the rest of Lemma 2.1 is true . O

Proof of Theorem 1.1. By our basic assumption it is obvious that W,, is integrable for
all n > 1. By the independence of {Y,,,n > 1} and {£, ;,n > 0,5 > 1} one has

Z
E(WTL+1|WnaWn—17"' 7W1) == E( ot |Zn7ZYL—1a"' 7Z1>
- g

anrl
(Z gn,] + Yn+1> |Zn
My, :

Zn n Zy,
= —Jrv+1 > =W,

s Mp+1 Mp

which means that {W,,,n > 1} is a nonnegative submartingale.

Let X,, be the size of the original GWVE at time n and Uy, (k < n) be the number of
descendants at time n of the particles that immigrated in generation k, then

—Xn+ZUk,n7 (12)
k=1

where U, , = Y,,. Let G be the o—field generated by {Y,,,n > 1}, by the independence of
{Y,,n > 1} and {&, ;,n > 0,7 > 1} one has

E(W,|G)=E (ﬂZ;’Jg) —E (ii:) +E (; U’“n” |g> (13)

Now for k < n, the random variable Uy, is the size of the (n — k)th generation of ordinary
GWVE starting, however, with Y, particles at time k. Therefore, by the independence of
{Y,,,n > 1} and Lemma 2.1, its conditional expectation is just Yymg ,—r. According to (13)
and Lemma 2.1, one has

" Yy N
E(W, =1 E —_— d E(W, E —_—
(Wal6) + = my, a me

k=1

Since (1) is satisfied we know that {W,,,n > 1} is L'-bounded. By the convergence theorem
of submartingale (see [9] Theorem 2.5), there exists a nonnegative random variable W with
E(W) < oo such that W,, 225 W.

In order to prove the last result in Theorem 1.1, we only need to prove that{W,,,n > 1} is
L?-bounded (see Theorem 7.6.10 of [4]). In fact, by (12) and the independence of {Y,,,n > 1}
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and {&, ;,n > 0,7 > 1} one has

E(Wrﬂg) = K ey Xn+ZUk,n |g

2
1 n
= B{— X2 42X, Y Upn + (Z U,m) G
n k=1

S

k=1

k Y,

i=1 "1

S1O> x9 ) e

k=1 \j=143 k1Y,

1 " Y
= —E(X? 2§:7
m2 (X5) + k:1mk+

Z(YkVar k17)1 k) +ZY( lilr)L—k))Q

k=1

1 L 1
= —EBX)H+2) =4+ —

n

where X]ij,‘)sz is defined in Lemma 2.1, it is the size of the (n — k)th generation of GWVE
starting with the jth particle immigrated at time k . By the Lemma 2.1 one has

1 n Vg 1 n n
2y _ 2 2 2
EWy) = 7%E(Xn) +2 Z . + el {Z(Ukakmk) + Z(vkmk,nk)}
k=1 k=1 k=1
—~ Uk S Uk Thmk
= E(X2)+2 Z + o R |
k My n—k
< b+2a—|—ab+a< 0,
which means that {W,,,n > 1} is L?>-bounded. We complete the proof. 0

Remark 2.1. (1)-(3) are obviously satisfied for a classical supercritical Galton-Watson
branching process with immigration which have finite second moments. In fact, in this case,
{&n,;,n>0,j > 1} are ii.d. and {Y,,n > 1} are also i.i.d..

3 The CLT for IGWVE

In order to prove Theorem 1.2 we need the following lemmas.
Lemma 3.1. Let {Z,,n > 0} be an IGWVE. For any fixed n > 0,7 > 1 one has

ZTI,
Zniw=> XU +Y,, as, (14)
j=1

where {Xr(fl,j > 1} are ii.d. and independent of Y,, ,.. Furthermore,

n+r n+r

W”yrzE(Yn,T) = Z l/imi,’ﬂﬁbf*h 977, —Var Z vio. zn+r 7 (15)
i=n+1 i=n+1

Proof. Similar to Lemma 2.1, let Xfﬂ,)n be the size of the rth generation of the ordinary
GWVE staring with the jth particle at time n. Let Uy, be the number of descendants at time

n of the particles that were immigrated in generation k. Define Y, , = Z;Tl +1 Uk ntr. Then
Zn,
gy = ZXU) + Yo, as.
j=1

By the independence of {Y,,,n > 1} and {&, ;,n > 0,7 > 1} we know that {XT(Ljr,j > 1} are
ii.d. and independent of Y, .
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Let G be the o—field generated by {Y,,,n > 1}. Similar to the calculation of (13) we have
n—+r n+r U
( n r‘g ( Z U n+r|g> = Z Y B X]E; ntr— k)
k=n-+1 k=n-+1

So by Lemma 2.1 we have E(Y,, ,) = Zk ~ i1 VEMEntr—k- On the other hand, by the indepen-
dence of {Y,,,n > 1} and {§nd,n > 0,7 > 1} one has

n+r n+r
Var(Y,,»1G) = Var( Z Uk7n+r|g> = Z Var(Ugn+r|G)

k=n+1 k=n+1
n—+r ;C:n,+1 Y; n—+r
(g (1)
= Z Var Z kazl+r_k|g = Z YiVar(X; At — )
k=n-+1 jzlJFZ?:_i.H Y; k=n-+1
So by Lemma 2.1 we have Var(Yy,) = > 32" w07, ,,_,. We complete the proof. O

Lemma 3.2. ([8]) Let {X,,n > 0} be a GWVE. Define V;, = X,,/m,, for all n > 1, then
{Vn,n > 1} is a nonnegative martingale and there exists a nonnegative random variable V' such
that V,, 2% V when n — oo.

Lemma 3.3. Let {X,,,n > 0} be a GWVE. Define VTEJ,«) = m— where Xr(f,), and my, , are

defined in Lemma 2.1, then {VTEJ,«), r > 1} is a nonnegative martingale and V(] ) @ V(j ) when
n, j fixed and r — oo. Then for any fixed n > 1 one has

Xn
Xp—mpV = Z(l — V)Y as.,
j=1

where V is defined in Lemma 3.2, {V(j),j > 1} are i.i.d. and independent of X,,.
Furthermore if (2) is satisfied, then Vysjr) “5 V9 when n ,j fixed and r — oo, E(V( )) =1,

Var(V(]) Z 2
G BT

n,j—n

Proof. Similar to Proposition 5 and Corollary 2 of [8], we know the first result in Lemma
3.3 is true. Then the second result following from Lemma 2.1. Using the same idea of Theorem
1 in [8], we can prove the last result. O

Lemma 3.4. Let {Z,,n > 0} be an IGWVE. For any fixed n > 0 one has

ZTI,
Zy—m W =Y (1-VP)—1I, as., (16)
j=1

where {V,Ej),j > 1} are i.i.d. and independent of I,,. Furthermore, if (2) and (3) are satisfied,

(oo} (oo} 2
Vi 143%%
T =E(L,) = ) e 0p =Var(l,) = > kan (17)
k=n+41 ’ k=n+41 )

Proof. Applying Theorem 1.1 one has that for each n > 1,

. Dy .
lim =" = lim Wyyp =W a.s..
=00 M4y r—00
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So by Lemma 3.1 one deduce that

Z’I’L T .
Zy—m,W = Z,—m, lim 22 = lim |Z, — § X0+ Y,
=00 My4p r—00 My 4y
Zn €]
X’I’L s Y’ﬂ '8
- 1 1— , ; 18
LS [ e o 1)

By Lemma 3.3 one has

Zo [ )] s
_ nr| _ _ j
Tlggloz; 1 — z; [1 Vv } a.s.. (19)
j ’ i=

One the other hand, define T, , % = ZZ::H_I Uk ntr/My,r for each 7 > 1. Let F, .

be the o—field generated by {Y,, -+ ,Ynir,& j,n—1<i<n+r—1,5 > 1}. Note that by
Lemma 3.1 one has

1 n—+r n—+r v
k
E(Tn,r) = m E VM ntr—k = § m < c,
T k=n+1 k=n+1 nk—n

which means that {T}, ,,r > 1} is L'—bounded. Now

an n+r+1 e
E(Tn7r+1|‘7:-”77‘) = B (—H|]:n T) = (Zk e k +rt+l |]:n,r

My, r+1 my 41
1 n+r f=n+1 Yi
} : } : (7
= m E Yn+T+1 + Xk,nJrrJrlfk |‘7:TL77‘
n,r+1 k=n+1 j:1+Z’,"*1+1 Y,
="
1 n—+r §=n+1 Y;
— } : 2 : (@)
= m E(Yn-i-r-i-l) + Xk,n+r7kE(€n+T’1)
n,r+1 k=n+1 j=1+4 +1 Y;
i=n

Yo Un4r+1
= — +
My, r mn,r+1

3

> Tn,r:

which means that {7}, ,,7 > 1} is a nonnegative submartingale with respect to Fy, ,,7 > 1,
then there exists a nonnegative random variable I,, with F(l,,) < co such that

lim 75, , =1, a.s.. (20)

r—00

By (18), (19) and (20) we obtain (16).
Now by Lemma 3.1 one has

2 2
E(Tn,)” = Var(Ty,)+ (E(Th,r))
1 n-+r n+r 2
2
= m2 Z Vkak,n+r—k + Z VEMEn4r—k
[ St k=n+1
n+r 2 n+r 2
< Z Y Tkntr—k n Z Vk
— 2 2
k=n-+1 mmkfn mk,n«#rfk k=n+1 Mp,k—n
< be+P < 00,
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2
which means that {7}, ., > 1} is L?—bounded, so T}, L, I, when r — oco. Thus,

oo

E(I,) = lim E(T,,)= Y —=%

r—00 m _
ja— n,k—n

n+r vk 0,]% i [eS) UICO'Q
Var(l,) = lim Var(T,,) = lim g . 2’”‘”‘ = [—k] )
r—00 r—00 e Mnpk—n Mg pir_k ket 1 Mp k—n

We complete the proof of Lemma 3.4. O

Now we consider a double sequence of random variables {(, j,j > 1,n > 1}, where for any
n>1,{¢.;,j > 1} are iid.. Let {N,,n > 1} be a sequence of random variables taking values
inZy :={1,2,---}, where N, P, 5 and for any n > 1, {¢n,;,j > 1} and N,, are independent.
Define

Nn
SNn - Z C’n,j7
j=1
then we have the following result:
Lemma 3.5. If E((, ;) =0 and Var({, ;) = 1, then one has

5]]\\[]_2 i>N(0,1),n—>oo.

Proof. Since {(,, j,j > 1} have the same distribution, we can set
on(t) = E (exp (itCn,5)) -
Note E((n,;) = 0 and Var(¢,,;) = 1, according to (3.8) of [18] P101, one obtains

¢ (0)
2

+O(%),(S%0).

52—1—0(52):1—8

@n(s) = @n(0) + ¢,,(0)s + >

For any fixed t and k large enough

%(;E):pim(;k). (21)

Since for any n > 1, {N,,,(,,j,j > 1} are independent, we have

E <Cxp <f j%)) - gE <exp <f 5%) N, = k) P(N, = k)
— liE <exp <zﬁj%)> P(N, = k)
_ g:l <E (Cxp (wcﬁl)))k P(N, = k). (22)

Fix t € R := (—00,400), note that (1 — £ + o(1))" — ™ (n — 00), so there exists a
constant M = M(g) > 0 such that for any k& > M one has

(-5 (@) - (-5)

(23)
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Since N, = 0o, for any £ > 0, there exists a constant N = N(g) > 1 such that for any
n > N one has P(N,, < M) < §. Thus, when n > N, by (21),(22) and (23) one has

A i(exp (th>> o (‘@‘
- B (12))) ()

k=1
< Eleees) (s

=N
g 13
< - 4Z -
< 2+ ZP W =k)
k=M+1

This means the characteristic function of Sy, /+/N,, convergent to that of a standard normal
random variable, so by Lévy continuous theorem we complete the proof of this lemma.O
Proof of Theorem 1.2. By Lemma 3.1, for any n > 0,r > 1 we have

Zn
Dy — My p iy, = Z(Xr(ﬂ —Mpy) + Yo, a.s.,
=1

where {Xff},j > 1} are i.i.d. and independent of Z,,, E(X,,,)") = m,, ., VaT(Zr(f;Z) =02,

According to Lemma 3.5, if we can prove that Y}, /oy V2, L. 0 when r fixed and n — 0,
then we complete the proof of the first part of Theorem 1.2. In fact, for any € > 0,

P Yor E(P Yor |Z < i E !

T — L . i

ourZn — oneZn =) ) = @02, T\ 2,
Note that Z, s 0 and Zy, > 1, for any € > 0, there exists two constants N, M > 0 such that
1/M < ¢/2 and P(Z, < M) < ¢/2 for all n > N. When n > N,

1 1 1 1

Since (2),(3) and (4) are satisfied, then

Yn,r be 1

By Lemma 3.4, for any n > 1 one has

Zn
Ly — ma W = Z (1 — Vrfj)) -1, a.s.,
j=1

where {V}Ej);j > 1} are ii.d.and independent of Z,, E(Vrgj)) =1, Var( ng)) = 2. Similarly,
according to Lemma 3.5, if we can prove that I, /o, Z, £, 0 when n — 00, then we complete
the proof of the second part of Theorem 1.2. In fact, for any € > 0,

Pz =) - Gz em)) <2 (z)
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Note that Z,, = 00, (2)-(4) are satisfied, then

I, be 1
>e| < — . — )
P(an\/Z_n_€>_62d E(Zn)—>0, n — 00

We complete the proof of Theorem 1.2. O

4 Convergence rate in the CLT for IGWVE

In order to prove Theorem 1.3, we need following lemmas.
Lemma 4.1(c.f.[7]P322). Let {X,,,n > 1} be a sequence of independent random variables
with E(X,,) =0,n=1,2,---. Define

n Ln
Ln=> Xj, Gu@)=P|——2—x<z| n>lLzcR,
= Var(Ly)

If there exists an arbitrary small constant 1 > ¢ > 0 such that

n
200 =" BIX; T < oo,
Jj=1

then there exists a constant A such that

sup |G (z) — ®(2)| < Al"ff‘s[Vaqa(Ln)]—(1-5-5/2)7

where ®(x) is the standard normal distribution.

Lemma 4.2. Let {¢, ,j > 1,n > 1} be a double sequence of random variables with mean
zero and variance 1, where for any n > 1, {(, ;,j > 1} are i.i.d.. {N,,n > 1} is a sequence of
integer valued random variables with P(N,, — oc0) = 1, as n — oo. For any n > 1, N,, and
{Cn,j,j > 1} are independent. {k,,n > 1} is a sequence of strictly increasing positive integers.
Define

i ~

. n _ I

L, = § Cnoj> Gn(z) =P (L < 77) .
]:1 k7l

N o~
. n N L,
Ln:jz::ICn,jv Gn(f)zp(m<$>
If there exist two constants § and M > 0 such that for any n > 1,

Tn = E(|C7z,j|2+5) < ]\/[7
then there exists a constants C' (not depend on {k,}) such that

>

sup|Ga(z) — B(2)| < Cha?,  sup|Gulz) - @(x)| < CE(N, ). (24)

Proof. Let C' = AM, where A is chosen in Lemma 4.1, then using Lemma 4.1 we have the
first inequality of (24). As for the second inequality, since for any n > 1, N,, and {&, ;,7 > 1}

are independent, so
N oo
P (Zi:l < x) — P(x)
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By the first inequality of (24), one has

~CE(Nyf) = C_ngP(Nnj)i(cv.ji)P(N”j)

IN
[~
VN
v
VN
07
I
o
IN
N—
|
&
&
N———
e
=
\
A\
Q
&5
—~
=
e

We complete the proof. O

Lemma 4.3. Assume that {¢,;,7 > 1,n > 1},{N,,n > 1} satisfy the conditions of
Lemma 4.2. Let {n,,n > 1} be a sequence of independent random variables with E(|n,|) < co
and for any n > 1, n,, is independent of {(, ;,j > 1} and N,,. Define

N, ~
~ n ~ L
Jj=1 Nn

then for any sequence ¢,, of positive constants one has

sup [, (x) = ®(2)| < CEWN; ) + € Bma) BNy #) + - (25)

Proof. Let ®(x) be the distribution function of standard normal distribution. By Lemma
4.2 and the independence of n,, and {{, ;,j > 1} one has

—CE(N:?) = —CY 3PN, =j)
j=1

= —Cij‘g [/_Z dP(j~ %1, < y)] P(Nn = j)

0 [e%e] J
< V {P (jizgm Sx—y> —@(w—y)}dP(j%nn <y)| P(N, = j)
j=1 -0 i=1
< CE(N,?) (26)
But,
Vo =Y. / {P (Jézén,i<x—y> —@(x—y)}dP(j%nnsw P(N, = j)
j=1 L/~ i=1
oo [ J
= > P(J_é ( Cm+nn> <x>—P(C+j‘5nn<x) P(N, = j)
=1L i=1
= > |P (j‘i (Zgn,i +nn> < z|N, :j> ~ P(C+j 0, < 2Ny = j)| P(N, = j)
j=1 L i=1

1
(s (Beren) 22) o
i=1

= Hu(z) = P(C+ Ny P, < ), (27)
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where ¢ has the standard normal distribution and is independent of #,,. By (26) and (27),

~ 1 _s
sup |H,(x) — P(C + Ny 2, < )| < CE(Ny 2). (28)
Now for any €, >0
PCH+Nan,<a) = P(CH+ Na2n <2, N 2 0o < )
+ P+ Na T < 2, Na ¥ ] > e)
_1
< P <x+e€,)+ P(Np 2 |na| > €n). (29)

Similarly, we have

_1 1
P(C+ Np2np>a) < P((>x—€y)+ P(Np 2 |nn| > €n),

or equivalently,

P+ N i < @) 2 PCS = e0) = PNy ¥ ] > ). (30)

Also, by mean value theorem, we know that

sup|[P(C <o =€) = P(C<a)] = sup|®(z —en) — ()
= sup®(a(x))e, < %n (31)
Similarly,
sup |P(¢ S @+ e) — P(C < )| < T (32)
By (29)-(32) and Markov inequality one has
Ay = sup|P(C+ No P < ) = @(a)| < PN ol > ) + 5

< BN ) + 5 = 6 BNy ) E(nal) + 5 (33)

By (28) and (33) one obtain (25). We complete the proof of Lemma 4.3. O
Lemma 4.4. Let {Z,,n > 0} be an IGWVE. If (2)-(5) are satisfied, then there exists
constants {C,,r > 1} and D such that for any sequence {e,,n > 1} of positive constants,

U |Qur(2) = 0(a)| < OB (20 %) + (o) 'mus B (207) + 5, (34)

o

_38 _3
sup |Qn () = ()| < DE(Z: ) + (en0n) 1B (27 ) + 5. (35)
xT
Proof. By Lemma 3.1 one has

Zn  y(4)
Zn+r - mn,an Xn,?" - mn,r Yn,r
= + a.s.,
On,r j=1 On,r On,r

where {X,(f;l;j > 1} are i.i.d. and are independent of Z,, and Y, ,. Furthermore,

(3) _ (3 _
E (Xn,r mn,r) =0, Var <Xn,'r mn,r) =1
On,r On,r

Note that Y}, , is independent of Z,,, by Lemma 4.3 and (5) we obtain (34).
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Similarly, by Lemma 3.4 one has
Ty —maW 21—V,
- —+

On - On On
Jj=1

where {Vn(j ); j > 1} are i.i.d. and are independent of Z,, and I,,. Furthermore,

() _q @) _q
E <n> =0, Var <n> =1.
Onp On

Note that I, is independent of Z,,, by Lemma 4.3 and (5) we obtain (35). O
Proof of Theorem 1.3. Note that by Lemma 3.1, for any n > 1,7 > 1, one has

n4+r n4+r
Tn,r Zi:n+1 Vi m+r—i 1 v; c
= <= <=
On,r n4r—1 512 d imnt1 Mnpi—n d

My, r Zj:n W2 -
M, j—n
and by Lemma 3.4, for any n > 1 we have
o0 v;
Tn - Zi:n-‘rl Mii—n < C
On 52 - d’

Z .
— 2
J=N M, j—n

1
Taking €, = [E (Zn_%” “in (34) and (35), C = ¢/d + 1/2, one obtains Theorem 1.3. O
5 The LIL for IGWVE

In order to prove Theorem 1.4 we need the following lemmas.
Lemma 5.1. For any £ > 0 one has

oo

Z[lfq)((l+s)(210gn)% ] < oo and Zlf ((1—¢)(2logn)?)] = co. (36)

n=2

Proof. For any € > 0, one has

L= d((1+)(2logm)}) = /(°C Lo Sa< 3 r

1+€)(2log n)2 27T

m=mg
< ; \/% —melget N; < emo) (37)
where my = [(1 +¢)(2log n)%} —1land N = \/%e’”ﬁ. When n is large enough one has
\/(1—0 < % SO
—®((1+¢)(2logn)?) < NZ ( T > < 2N = O(n~(1+9)%), (38)
i=0

so we obtain the first formula of (36).

1—®((1—e)(2logn)?) = /<:><210gn>é \/%e—ﬁdt > en~ (179 (39)

where ¢ is some positive constant. We obtain the second formula of (36) by (39). O
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Lemma 5.2. Let {Z,;;n > 0} be an IGWVE, then for any fixed r > 1, {Z,,;n > 0} is an
IGWVE. If (2)-(5) are satisfied, then

1
s S\12
2

SUP Q. (2) — B(x)| < O (Z? ) +C [E(20)] (40)

where C,. and C are defined in Theorem 1.3.
Proof. For any fixed r > 1, let Z!, = Z,.,,, by Lemma 3.1 one has

Zrm Z,,
7/l+1 = ZT”+T = Z X'r(“ZL),’r + YI"IL,T = Z Xﬁgy,)’r + }/TTL,’IV
j=1 Jj=1

and for any n > 0, {Xﬁ%),r,j > 1} are i.i.d. By the proof of Lemma 3.1 one may see that
{Xﬁﬁ%,«,j > 1} are independent of {Z{,Z5,--- ,Z]} and Y.y, {Yin,r,n > 0} are independent
and for any n > 1, Y,,, , is independent of Z}, so {Z,,;n > 0} is in fact an IGWVE.

(40) is derived from Theorem 1.3. O

Proof of Theorem 1.4. We only need to prove the limsup part because of symmetry.
Note that (2) and (4) are satisfied by (9). According to Theorem 1.3 and the assumption that

1
_5\13
> o {E (Zn 2)} * < 00 one has

S Sup Qs () — B(a)]| < o0, (41)
n=1 %
By Lemma 5.1 one has that for any € > 0,

i [1 - o((1 +€)(210gn)%)] < o0,

n=2

so applying (41) one obtains

o0

> [1-Qur ((1+2)210gm)} )] < . (42)

n=2
Using (42) and Borel-Cantelli Lemma one has

Zn+r - mn,an

limsup—— <1 a.s.. (43)
n—00 (20’%,7.Zn logn)f
and
Z - Z
liminf 2ot —Mnrfn o g (44)

n—eo (202 .7, log n)z
Fix r = 1. For any 0 < e < 1,n > 2, define
A, = {Zn — tine1Zn1 > (1 = €)0n_1(2Zp_1 log(n — 1))%} ,

we know that A,, € 0(Z1,Zs,- -+, Zy). Observe that

Z’Vl
P(An+1|Z1a Za, -+ aZn) = P (Z(fnz - Nn) + Yo > (1 - E)5n(2Zn 10gn)2|Zn>
i=1
Zn
> P (Z(gm- — ) > (1= €)6,(2Z, logn)? |Zn>
i=1
1 _ 4
> 1—@((1—5)(210gn)5) -CZy2, (45)
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where the last inequality is derived from Lemma 4.3 when N, is a constant. By Lemma 5.1,

i [1—@((1—5)(2103‘71)%)} = 0. (46)

n=2

Nl=

_s
According to the assumption that > {E (Zn 2 )} < 00, (45) and (46) one has

> P(Ania|Zy, Za, -+, Zn) = o,
n=1

then by the extension of Borel-Cantelli lemma (cf.[16] Corollary 7.20 ) one has P(A,, i.0.) =1,
which implies

Zn - nZn
lim sup 1~ 4

Ll T Hnfn g s, (47)
n—oo (202Z,logn)z

Given r > 1, we use Z], to denote Z,,,. Then by Lemma 5.2 one has that {Z],n > 0} is an
IGWVE. Applying the method for the proof of the case » = 1 to the process {Z],n > 0},

/ /
Z7L+1 - anﬂ"Zn

lim sup - >1 a.s.,
n—oo (202, .7 logn)>
which means
. Zyntr — Mypp.o Ly
lim sup e T > 1 a.s..
n—oo (202, . Zrnlogrn)?

But for any fixed r > 1,

Zn+r - mn,an Zrn+r - mrnJ'Zrn

limsup —————— > limsup - >1 a.s. (48)
n—oo (202 ,.Zy,logn)? n—oo (202, . Zpylogrn)z
Finally we derive (10) from (43) and (48).
According to Theorem 1.3 one has
Z sup |@Qn(z) — ®(z)| < oo, (49)
n=1 %
but Lemma 5.1 tells us for any € > 0
Z {1 - ((1 +¢)(2 logn)%ﬂ < 00,
n=2
so by (49) one has
Z {1 —Qn ((1 + 5)(210gn)%)} < 00.
n=2
Thus by the Borel-Cantelli Lemma,
Zn — my W .. Zn — my W
limsup—m1 < a.s. and liminf —ml >—-1 a.s. (50)
n—oo (2027, logn)? n—oo (2027,logn)2
As for the lower bound, first note that
W —Zp My Zinr — Zn My 3 e — M W
liminf —22 "2 < i nf T Ty g e T = I, — I, (51)

n=oo (202 Z,logn)z ~ n—ee (202Z,logn)z  nooe (2027, logn)z
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but by (10) we have

. o
I < —inf —"—  a.s., (52)
n OpMin,r

recalling the assumptions that for any &k > 1, a < up < 8, 72 < 5,% < 72 and the definition of
On,r and o, one derives

St T
j=n+r u? Mp j—n

_ On,r
1— Ky > Imr g -
OnMp, r E;’On 271
= KM, j—n

Z l—KlOéiT, (53)

where K7 and K5 are two positive constants. Now we consider I5. One sees that

1
2

_ Zn+r 1
Mg Zner =W Zpgr =W e | [ T } (54)
(2027, logn)? (2024, Znirlog(n+1))z | 2= Mpy0p]
so according to (54) we have
o2 3
I, > —sup [”Hz} a.s., (55)
n | Mproy
but sup,, # < a " and
2 oo T 2
g = T—n—r T
sup 47 < Z]‘Zo” C <5 = K. (56)
n Op D jen FrATE
Since r is arbitrary, by (51)-(56) one has
W —-Z
liminfmn—n1 < -1 a.s,
n—oo (2027,logn)?
which implies
Ln — w
lim sup n — Mn a.s.. 0O

n—oo (202Zylogn)z
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