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1 Introduction

Frames were first introduced by Duffin and Schaeffer [12] in the context of nonharmonic Fourier
series. Outside of signal processing, frames did not seem to generate much interest until the
ground breaking work of Daubechies, Grossmann, and Meyer [11]. Since then, the theory
of frames began to be more widely studied. Traditionally, frames have been used in signal
processing, image processing, data compression, and sampling theory. Recently, frames are
also used to mitigate the effect of losses in packet-based communication systems and hence to
improve the robustness of data transmission [3], [14], and to design high-rate constellation with
full diversity in multiple-antenna code design [15]. We refer to the monograph of Daubechies
[9] or the research-tutorial [4] for basic properties of frames. Recently, generalized frames were

studied in papers [1] and [16].
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An important example about frame is wavelet frame, which is obtained by translating
and dilating a finite family of functions. Wavelets were introduced relatively recently, in the
beginning of the 1980. They attracted considerable interest from the mathematical community
and from members of many diverse disciplines in which wavelets had promising applications.
Daubechies, Grossman and Meyer|[11] combined the theory of the continuous wavelet transform
with the theory of frames to define wavelet frames for L?(R). In 1990, Daubechies[10] obtained
the first result on the necessary conditions for affine frames, and then in 1993, Chui and Shi[6]
obtained an improved result. After about ten years, Casazza and Christensen [2]| established
a stronger condition which also works for wavelet frame. Recently, Shi and his co-authors [20,
23, 25| obtained the necessary conditions and sufficient conditions of wavelet frames.

Another most important concrete realization of frame is Gabor frame. Gabor systems (Weyl-
Heisenberg systems) were first introduced by Gabor[13]. They are generated by modulations
and translations of a finite family of functions. In 2007, Shi and Chen[24] established some new
necessary conditions for Gabor frames. These conditions are also sufficient for tight frames.
In paper [21], Li, Wu and Zhang presented two new sufficient conditions for Gabor frame
via Fourier transform. The conditions they proposed were stated in terms of the Fourier
transforms of the Gabor system’s generating functions, and the conditions were better than
that of Daubechies. Furthermore, in paper [22], Li, Wu and Yang established a necessary
condition and two sufficient conditions ensuring that the shift-invariant system is a frame for
L?(R™). As some applications, the results are used to obtain some known conclusions about
wavelet frames and Gabor frames.

In paper [7], authors introduced wave packet systems by applying certain collections of
dilations, modulations and translations to the Gaussian function in the study of some classes of
singular integral operators. In paper [17], authors adopted the same expression to describe any
collections of functions which are obtained by applying the same operations to a finite family
of functions. In fact, Gabor systems, wavelet systems and the Fourier transform of wavelet
systems are special cases of wave packet systems. Wave packet systems have recently been
successfully applied to some problems in harmonic analysis and operator theory [18, 19].

In paper [17], authors examined in detail both the continuous and discrete versions of wave
packet systems by using a unified approach that the authors have developed in their previous
work. They gave a classification of the wave packet system to be a Parseval frame. They
constructed a very general example of wave packet frame. In paper [5], authors considered wave
packet systems as special cases of generalized shift-invariant systems and presented a sufficient
condition for a wave packet system to form a frame. They also presented certain natural

conditions on the parameters in a wave packet system which exclude the frame property. Then,



they gave a characterization of the wave packet system to be a Parseval frame. At last, they
provided several examples which the dilations do not have to be expanding and the modulations
do not have to be associated with a lattice. In paper [8], authors introduced analogues of the
notion of Beurling density to describe completeness properties of wave packet systems via
geometric properties of the sets of their parameters. In particular, they showed necessary
conditions for the wave packet system to be a Bessel system. Also, they obtained the necessary
conditions for existence of wave packet frames and provided large families of new, non-standard
examples of wave packet frames with prescribed dimensions.

Except for above three systems mentioned, composite dilation wavelet systems and shearlet
systems have widely studied recently. People can refer to the review [26] for further knowledge
about all reproducing systems generated by finite functions.

Since both Gabor systems and wavelet systems are some particular examples of wave packet
systems, people ask naturally: how do we construct some examples of wave packet systems
such that they possess simultaneously both Gabor systems and wavelet systems’ advantages
and, however, overcome their shortcomings? In need of applications, how do we develop the
algorithm as classical multiresolution analysis in the setting of the wave packet systems?

So far as we know, few results are known about these problems. This impels people to make
great efforts solve them.

The main goal of this paper is to consider the necessary conditions and sufficient conditions
of wave packet frames in higher dimensions. We establish some necessary conditions and
sufficient conditions for the wave packet frames of the different operator order in L?(R") with
matrix dilations of the form (Df)(z) = \/qf(Ax), where A is an arbitrary expanding n x n
matrix with integer coefficients and g = |detA|. At first, we give a necessary condition for
the wave packet system to be a frame, which is a generalization of classical wavelet frame
and Gabor frame. Of course, our way combines with some techniques in wavelet analysis and
time-frequency analysis. In particular, we use some thoughts of C. K. Chui and X. L. Shi [6] in
classifying the necessary condition for the Gabor frame. Also, we discuss necessary conditions
for other wave packet frames with the different operator order. Secondly, we deduce a sufficient
condition for the wave packet system to be a frame in L*(R"). Also, we fuse some ways in
wavelet analysis and Gabor theory and we mainly borrow some thoughts in classifying the
sufficient conditions of the wavelet frame in papers [20,21, 22, 23, 25].

Let us now describe the organization of the material that follows. Section 2 is of a prelim-
inary character: it contains various notations and some facts about the frame and the wave
packet system. In Section 3, we establish some necessary conditions for all kinds of wave packet

frames with the different operator order in L?*(R™). In Section 4, we give a sufficient condition



for the wave packet system to be a frame in L*(R").

2 Preliminaries

Let us now establish some basic notations.

Throughout this paper, we use the following notations. R" and Z" denote the set of real
numbers and the set of integers in n dimensions, respectively. L?(R") is the space of all square-
integrable functions in n dimensions, and - and || - || denote the inner product and norm in
L?*(R™), respectively, and [?(Z™) denotes the space of all square-summable sequences.

For v = (21,29, -+, 2,) € R", define |z| = \/x%+x§+-~-+x%. We denote by T" the

n-dimensional torus. By LP(7™) we denote the space of all Z"-periodic functions f (i.e., f is
1-periodic in each variable) such that [ |f(z)[Pdx < +o0.

We use the Fourier transform in the form

fw) = [ fajerdr, 1)

where - denotes the standard inner product in R", and we often omit it when we can understand
this from the background. Sometimes, f(w) is defined by Ff.

The Lebesgue measure of a set S C R™ will be denoted by |S|. When measurable sets X
and Y are equal up to a set of measure zero, we write X=Y.

Let F, denote the set of all expanding matrices. The expanding matrices mean that all
eigenvalues have magnitude greater than 1. For A € E,,, we denote by A* the transpose of A.
It is obvious that A* € E,,. Let GL,(R) denote the set of all n x n non-singular (or invertible)
matrices with real entries. For B € GL,(R) we denote by B~! the invertible matrix of B. For
the sake of simplicity, we denote (A*)~! by AF*.

Let us recall the definition of frame.

Definition 1 Let H be a separable Hilbert space. A sequence {fi}ien of elements of H is a
frame for H if there exist constants 0 < C' < D < oo such that for oll f € H,

ClfIP <X 1< f. fi> P < DIfII* (2.2)
=1

The numbers C, D are called lower and upper frame bounds, respectively(the largest C' and the
smallest D for which (2.2) holds are the optimal frame bounds). Those sequences which satisfy
only the upper inequality in (2.2) are called Bessel sequences. A frame is tight if C = D. If

C =D =1, it is called a Parseval frame.



Let Ty denote the synthesis operator of f = {f;}ien, i.e., Tf(c) = X, ¢; fi for each sequence
of scalars ¢ = (¢;)ien. Then the frame operator Sh = T(Tj(h) associated with {fi}ien is a
bounded, invertible, and positive operator mapping of H on itself. This provides the recon-

struction formula

h=> <hfi>fi=> <hfi>f,VheH (2.3)
=1

i=1
where f; = S~1f;. The family { fz}ze ~ is also a frame for H, called the canonical dual frame of

{fitien- If {g;}icen is any sequence in H which satisfies

h:Z<h,gZ>fZ:Z<h,fz>g“\V/hEH, (24)
i=1

i=1
it is called an alternate dual frame of {f;}icn-

In this paper, we will work with three families of unitary operators on L?(R"). Let A € E,,
and B,C € GL,(R). The first one consists of the dilation operator D, : L*(R") — L?(R")
defined by (D4)(z) = ¢'/?f(Ax) with ¢ = |detA|. The second one consists of all translation
operators Ty, : L*(R") — L*(R™), k € Z", defined by (T f)(x) = f(xz — Bk). The third one
consists of the modulation operator Ec,, : L*(R") — L?*(R"), m € Z", defined by (Ec,. f)(z) =
2TOmT (1),

Let P C Zand Q C R". Let S = P x Q. Then, we have S C Z x R". Again, let
{A,: A, € P} C E, and B € GL,(R). For the function ¢ € L*(R"), we will consider the wave
packet system W defined by the following

V= {wp, v, m(®) | Da,BETppip(x), me Z", (p,v) € S} : (2.5)

Let A, = Ai(j € Z),S = Z x {0}. Then, we obtain the wavelet systems. On the other
side, we can get the Gabor systems when the set {A, : A, € P} only consists of the elementary
matrix E. This simple observation already suggests that the wave packet systems provide
greater flexibility than the wavelet systems or the Gabor systems.

By changing the order of the operators, we can also define the following one-to-one function
systems from S x Z" into L*(R"™):

U= {4y 0 m(@) | DaTsmEsi(z), me 2", (pv) €S

Y

={Up v m@) | EDaTomt(x), me 2", (p,v) €S
L, vom(@) | ETsmDa(a), me 2", (pv) € S
{¢p, v, m(x> | TBmDApEyw(x), m € Zn, (p, I/) cSs

\112
A , (2.6)
\1/4

}
3
}
b
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V= {4 0 m(@) | TpmB,Da(z), me 2", (pv) €S}

Then, we will give the definitions of the wave packet frame and the frame wave packet.

Definition 2 We say that the wave packet system V defined by (2.5) is a wave packet frame

if it is a frame for L>(R™). Then, the function v is called a frame wave functions.

For other wave packet systems W' (1 < ¢ < 5) defined by (2.6), we can define the corre-
sponding wave packet frames and the frame wave packets like definition 2.

In order to prove theorems to be presented in next section, we need the following lemmas.

Lemma 1  Suppose that { fx}2] is a family of elements in a Hilbert space H such that there
exist constants 0 < C < D < 400 satisfying (2.2) for all f belonging to a dense subset D of
H. Then, the same inequalities (2.2) are true for all f € H; that is, {fi}12} is a frame for H.

For proof of Lemma 1, people can refer to the book[9].

Therefore, we will consider the following set of functions:
D = {f € L*(R"): fe L™(R") and f has compact support in R\ {O}} (2.10)
The following result is well known, we can find it in [9].
Lemma 2 D is a dense subset of L*(R").
The following useful facts can be found in paper [5, Lemma 2.2].

Lemma 3 Let A€ GL,(R), y,z € R" and f € L*>(R"). Then the following holds:
(1) (T,fy = E~yf. (E-f) = T.f. (Daf) = Dy f;

(2) T,E.f =e ™ YE.T,f, DaE,f = EaeyDaf, DaT,f = Ta-1,Daf;

(3) (T,E.fy=e ™ VT,E_,f;

(4) (DaT,fN€) = E_azyDa: f(§) = |det A7z f(Afg)em2mi4 7 e,

3 Necessary Conditions of Wave Packet Frames

We firstly give some existing results of wavelet frame and Gabor frame in real line R.

Let a and b be the real numbers with a > 1,b > 0,1 € L?(R), and the system ¢, () :=
{a%w(ajx — kb)}, kez be a wavelet system. In 1990, Daubechies[10] proved that if the system
¥ r(x) forms a wavelet frame in L?(R) with bounds C' and D, then



—+oco
</ W d <bDlna

and

0 7 2
bClna g/ O 1 < Dona. (3.1)

S
In 1993, C. K. Chui and X. L. Shi [6] established the following improvement if ¢(x) is a
frame wavelet:

bC<Z|wa3 ) <bD, ae. w. (3.2)

JjEZ
Let a and b be the real numbers with a > 1,b > 0,9 € L*(R), and the system G,, () :=
{e?mamzq) (3 — kb) }, kez be a Gabor system. O. Christensen [4] introduced that if the system
G x(z) forms a Gabor frame in L?*(R) with bounds C and D, then

bC < N lh(w —am)|> < bD, a.e.w. (3.3)
meZ

Motivating by the fundament works in (3.2) and (3.3), we will give a necessary condition of
wave packet frame W defined by (2.5) for higher dimension with an arbitrary expansive matrix

dilation in the following.

Theorem 1 Suppose that wave packet system {Da, E, Tt (%) }}mezn, (v v)es defined by (2.5)

is a frame with frame bounds A; and A,, then we have

bA; < D w — )2 < b4y, ae. w, (3.4)

(p, V)ES

where b = |detB].

Proof. Because wave packet system {Da, E,Tpn ()} mezn, (pv)es is a frame with frame
bounds A; and As, for all f € L?(R"),we have

AP < X2 X 1< f Da,ETpatp > [P < Ao fI% (3.5)

(p,v)eS mezZ"

Let f € C.(R) and f have compact support.



Let ¢, = |detA,|. According to Lemma 3 and Plancheral theorem, we have

Y > | < fiDaETpntp > |

(p,v)€S mEZ

= Y N | < Ff, FDAETomt > |

(p,v)eS meZ™

= ( z): z; | < f. Dy T E_pndb > | (3.6)
p,v)ES meZL™

_ / pr )e2m'Bm(A§,w—u)dw|2

peP I/EQ meZ"

= YaX Y1 A*w+u>>¢<w>e2“3m“’dw|2

peP VEQ mEZ™

where we change variables by w’ = Alﬁ)w — v in the last equality.

We assert:

S oY X[ FA ) iw)em i daf?

pEP  vEQmeZ™ - (3.7)
= Z qg | Z f(A;(ijBﬁs—l—V))w(w—l—Bﬁs)Fdw.
(p I/ ES Bﬁ [0 1] ) sezmn

For fixed (p, v) € S, we have

/Bu(oln S f(Ax(w + Bis + 1))i(w + BPs)|dw

seZn -
= A*(w + Bs + v))(w + B's)|dw
oo 5 it + 5
= FIA® h(w)|d
GZZ; s B 0]) | f(Ap(w + V) (w)|dw (3.8)

= /Rn|f(A;(w+l/))12( o
([ 17+ )Pt o)}

o0,

IN

A

where the fourth inequality is obtained by using Cauchy-Schwarz’s inequality.
Thus we can define a function £, : R — C by
F(w)= > f(A;(w + Bis + V))zz(w + B%s), a.e. w. (3.9)
seZn
F,(w) is B*T"-periodic, and the above argument gives that F,(w) € L'(B*[0,1]"). In fact, we
even have F,(w) € L*(B*0,1]"). To see this, we first see that
[Fp@) < X0 1f(Ap(w+ Bfs + )P 3 [d(w + Bs)P. (3.10)

sezn sezZm

Since f € C.(R), the function w — ¥, yn f(A;(u) + B's + v))|? is bounded. According to
above argument, we easily get F,(z) € L%(B*[0, 1]").

8



Then, according to the definition of F,(w), we have
/ f(A;(w +v)) A(w)e%iBm‘“dw
Rn

= F A* P 27riBmwd
Z /;ﬁ5+3ﬁ([0’1]n) ‘f( P(w + V))w(w)e W

sezn

= Z f(A;(w + Bls + V))'lzf(w + Btis)627riBmwdw

S B0

= / (Z f A* (w+ Bis + V))@(w + Bﬁs)> p2miBmw g
Bﬁ([071}7l cZn

= Fy(w)e*™Bmedy.
mmm>ﬁ)

Parseval’s equality shows that

miBmw 1
> e = |y () P

mezn BH01]™) BA([0,1]")

Combining (3.11),(3.12) and the definition of F,
Z |/ fA* w+1/)) ( )2m‘Bmwdw‘2

mezZn

1 A
_ . ﬁ .
b B )|S§nf(Ap(w+Bs+V))¢(W+B s)|2dw.

w), we obtain that

So, we obtain (3.7). Thus, we complete the assertion.
Choose wy € R to be Lebesgue point of the function »_ W(Af)w — )%

(3.11)

(3.12)

(3.13)

Letting B(e)

(3.14)

(3.15)

(3.16)

(p,v)eS
denote the ball of radius € > 0 about the origin and € be sufficiently small, define f, by
p 1
fe(w) = XB(e) (W — wo).
[ B(e)]
Therefore, we obtain
Lfell? = Il fel? = 1.
Thus, we have
. 1 .
¢Aﬁw—y2:1im/ V(A w — v)|Pdw
S e =i TR 2 )

From the definition of f, (3.5),(3.6) and (3.7), we have

1
— V)%
Lo |B<>|(,,,,Z)€S'w( o vl

= X [ ISP (AR - v)Pd

8(0,1])
(p,v)eS ~
= > Qp/ DI (A (w + B's + )¢ (w + Bs)|*dw
(pes IBHONM  sezn

= b Y S | < fo DaESTomt) > |2

(p,v)eS mezZ™

< bAQa

(3.17)



where the third equality is obtained by changing variables w' = A% (w + v).
Let € — 0, using the definition of Lebesgue point, we get

S [P(Awy — v)[? < bA,. (3.18)
(p,v)es

According to the definition of Lebesgue point, by the similar technique of C. K. Chui and
X. L. Shi [6], we obtain
S Y (Abwy — v) [ > bA,. (3.19)

(p,v)es
We leave the assertion to readers.
Comparing with (3.17) and (3.18), by changing variables by w = wy, we have (3.4).

Therefore, we have completed the proof of Theorem 1. O

Remark 1  In particular, let A the elementary matriz E in the Theorem 1, then, we obtain
the necessary condition of the Gabor frames as the following, which is a generalization of the

known result [4] in higher dimensions.

Corollary 1 Let B,C € GL,(R). Suppose that the Gabor system {EcTpm(x)}kmezn is

a frame with frame bounds Ay and As, then

bA; < 3 [d(w — Ck)[> < bAy, ae.w, (3.20)

kezn

where b = |detB].

On the other side, let P = {A7 : j € Z,A € GL,(R)} and Q = {0} in the Theorem
1, then, we obtain the necessary condition of the wavelet frames as the following, which is a

generalization of C. K. Chui and X. L. Shi [6] in higher dimensions.

Corollary 2 Let A € E,, B € GL,(R). Suppose that wavelet system { D) T ()} jez. mezn

is a frame with frame bounds A; and As, then

bA; < S [(AYw)[? < bAy, ae.w, (3.21)

jez

where b = |detB].

In the following, we will discuss necessary conditions for other wave packet frames ¥’ (1 <
i <5) defined by (2.6) with the different operator order.

For wave packet systems W', from Lemma 3, we have
D, TpmE(x) = e > P™ Dy B, Tppib(z). (3.22)

10



If wave packet system {Da Ty E, ()}t mezn, (p,v)es defined by (2.6) is a frame with frame
bounds A; and A,, then, from Theorem 1 and (3.22), the inequality (3.4) holds.

For wave packet systems U2, from (2) of Lemma 3, we have
E,Da, T (x) = Da, Eat, Tpmy (). (3.23)

If wave packet system {Da, TpmE, ()} mezn, (p1)es defined by (2.6) is a frame with frame
bounds A; and As, then, in the same way, the inequality (3.4) holds.
Then, from Theorem 1 and (3.23), we have

Corollary 3 Suppose that wave packet system { E, D a, Tpmt) (%) }mezr, (p,v)es defined by (2.6)

is a frame with frame bounds Ay and A,, then we have

bA; < > | —))? < bAy, ae w, (3.24)

(pVES

where b = |detB].

For wave packet systems W' (1 < 3 < 5), according to the same reason, we have

EVTBmDAplp(x) = DAPEAﬁuTAmew(x)- (325)
TpmE,Dab(z) = e 2™ 4B Dy Eye, Ta gt (7). (3.26)
TomDa, E,p(x) = e > P Dy EaTa pmth(). (3.27)

The problems turn into being more complicated because all of three equalities are involved
in the operator T4, p,,. We can not obtain directly the results from Theorem 1. We will discuss

them in the future.

4  Sufficient Condition of Wave Packet Frames

Not all choices for 1, A,, v and B lead to the wave packet system { D4, E,T5m (%)} jez, kmezn
to be a wave packet frame, even if ¢ satisfies (3.4).

In this section, we will derive a sufficient condition for the wave packet system to be a frame
in L?(R").

Theorem 2 Suppose that wave packet system { D a, E,Tpm () bmezn, (p,v)es is defined by (2.5).
Define the constants Cy, Cy as the following
} > 0,

(4.1)

wERM | ies (p.0)ES s€Z™M {0}

¢ ::%{mf [ S WA= XY (e = )l Ak — v+ B)

11



C’2::1{Sup{z S [k — )[(Akw — v+ BPs)

b weR™ p I/ cS sezmn
where b = |detB|. Then, the wave packet system {Da, E,Tpm) () tmezn, (v, v)es @5 a frame with
frame bounds C1, Cs.

} < 00, (4.2)

Proof. By Lemma 1 and Lemma 2, it suffices to show that Theorem 2 holds for all f € D.
To do this, we need to estimate the series
Z Z | < f7 DAPEVTBm,Qb > |2- (43)
(p,v)eS mezZ™
Because f € D, the number of £ is finite, so (3.6), (3.7) and the Fourier transform inversion

formula imply that
Z Z | < f> DAPEVTBmw > |2

(p,v)€S mMEZ™

= Y K > fl (A w+Bﬁs+V))1Z(w+Bﬁs)\2dw
(pyes /B0 o7
(p;es b Josoum ezz:nf (w4 B's+v))p(w + B's) (4.4)
> f (A (w + Bim + v))Y(w + Bfm)dw
mezZm
= > q[;,, f(A*(w+u) [Z f( (4 w+Bﬁs—|—V))12(w—l—Bﬁs) dw.
(p,v)€S SEZ™

Then, by (4.4) and changing variables w’ = Ajw, we can write
Z Z | < f> DAPEVTBm,lvD > |2
(p v)esS mezm

- Y ¥ / Flw+ As)d(Afw) f(w + AZBEs + A)d(Alw + Bis)dw — (45)

(pu €S sezZmn
= Q1+ Qq,

where,

O‘lr—l

Z / Flw+ Ay (Abw)Pdw (4.6)
,V)ES

and

~

Z > / Flw + A (Afw) f(w + AZBs + Asv)(Alw + Bls)dw.  (4.7)

(p v)eS seZm\{0}
Thus, we can rearrange the series (J9 as

Q, — —ZZ 3 / Flow+ Az f(w+A;u+A;Bﬁs)<@E( W) (Akw + Bs )>d

veQ pEP seZ™\{0}

= _Z > / ijA*Bti (Z¢ w—u@z( uJ—l/—l—Bﬁ ))dw,

pEP seZm\{0} veQ

(4.8)

12



where the second equality is obtained by changing variables w' = w + Ajv.
Let

Z¢ w—yw(Af)w—V—i-Bﬁs).

veQ
According to Hélder’s inequality and (4.8), we have

Q@ < 35 X [ (FOWA@DIf @+ 485, @) do

b b seZm\{0}

< 1y s [ F@Pa@ls [ 1+ ABRAw)]

pEP ezm\{0}

Therefore, by (4.10) and Cauchy-Schwarz’s inequality,

Q2| < JZ/ A ()] dw

peP sEZ"\{O}
Z/ Flwt B Y A w)|dw.
pEP seZn\{0}

Combining with (4.11), we get:

A *Bfg)|2 dw = Aw 2 w— A Bt o
| 1w+ B PIA@)de = [ |f@)FAw = A;B)ld

and _
Ag(w— ArBs) = Qw(AIﬁ,w —v— Bﬁs)iﬁ(Af)w — V)
ve
= Z @E(Af,w — u)@E(Agw — v — Bts)
veQR
= A (w).
By changing variables s’ = —s, we can obtain we obtain
Yo ALwl= > AWl
seZm\{0} seZm\{0}

Thus, we have

@ < 23 [P Y @)

pEP sezZ\{0}
< —Hf||2supZ > 1AW
Rpep sezn\{0}

According to the definition of Ag(w) and (4.15), we get

Qs < Hf||2supZ SIS (Afw — v)(Afw — v + Bs)|

WER pep sezn\{0} veQ

—||f||2supz S ST (AR — v)|[d(Afw — v + Bls)|.

pEP se€Z"\{0} pEP veQ

IN

13

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)



From (4.6), we easily obtain

Q1] < —IIfIIQSup > (Aw -y (4.17)

weR (p, V)ES

Combining with (4.5), (4.16) and (4.17), we have

> | < fi DaETpnt > |?

(p,v)eS meZ"

< —IIfIIQ{Su}g[Z > [9(Afw — )| (Abw — v + Bs)

(p,v)eS s€Z™

} (4.18)

In the similar way, we can get

> N < f, DaETpntp > |

(p,v)eS mezZ™

> —||f||2{mf { S A - - Y Y [ — v)|[i( Ak — v + BPs)]
(

p,V)ES (p,v)eS seZ™\{0}

(4.19)

That is to say, if the constants C7, Cy are defined by (4.1) and (4.2), the wave packet system
{Da, B, T8m (%) tmezn, (p,v)es is a frame with frame bounds C, Cs.

Therefore, we have completed the proof of Theorem 2. O

In particular, let A the elementary matrix £ in the Theorem 2, then, we obtain the sufficient

condition of the Gabor frames as the following, which is a special case of Corollary 6.3 in paper
[22].

Corollary 4  Let B,C € GL,(R), g(x) € L*(R"). Define the constants Ay, Ay as the fol-

lowing

=it ¥ (196 = Bm)P = X 19(6 — Bm)llg(¢ — B+ CR)]) >0,

mezn k#£0

Azzsgp( > Y 13- Bm)llge—Bm+CR)|) < +oc,

mezZn keZm

then, Gabor system { EciTpmg(T)}kmezn is a frame for L*(R™) with frame bounds Ay and As.

On the other side, let P = {A7 : j € Z,A€ E,,} B=F and Q = {0} in the Theorem
2, then, we obtain the sufficient condition of the wavelet frames as the following, which is the

case of a single generator of Corollary 5.3 in paper [22].

14



Corollary 5  Let ¢)(x) € L*(R"), A € E,. Suppose that the constants C, D satisfy

C =it 3 (19 (€)= X IB(APOI(AY (€ +m)l) >0,

JE€EZ m#£0
D=sup (X SIHAVOIHA(E+m)) < +oc,
€ Nmeznjez

then wavelet system { D\ Tpp(z) | j € Z, k € Z™} is a frame for L*(R™) with bounds C' and D.

Remark 2 Note that O. Christensen and A. Rahimi [5] presented a sufficient condition for
a wave packet system W' defined by (2.6) to form a frame by making use of the theory of
generalized shift-invariant systems. In this paper, we devoted to classifying the wave packet
system U defined by (2.5), which includes the corresponding results of wavelet analysis and

Gabor theory as the special cases.

Acknowledgements. The authors would like to express their gratitude to the referee for
his (or her) valuable comments and suggestions that lead to a significant improvement of our

manuscript.

References

1 A.Abdollahi and E. Rahimi, Generalized frames on super Hilbert spaces, Bull. Malays. Math.
Sci. Soc. (2) 35 (2012), no. 3, 807-818.

2 P. G. Casazza and O. Christensen, Weyl-Heisenberg frames for subspaces of L*(R). Proc.
Amer. Math. Soc., 2001, 129: 145-154.

3 P. G. Casazza and J. Kovaéevié, Equal-norm tight frames with erasures. Adv. Comput. Math.,
2003, 18: 387-430.

4 O. Christensen, An introduction to frames and Riesz bases, Birkhauser, Boston, 2002.

5 O. Christensen and A. Rahimi. Frame properties of wave packet systems in L*(R?). Adv.
Comput. Math., 2008, 29: 101-111.

6 C. K. Chui and X. L. Shi, Inequalities of Littlewood-Paley type for frames and wavelets.
SIAM J. Math. Anal., 1993, 24: 263-277.

15



7

10

11

12

13

14

15

16

17

18

19

20

21

A. Cordoba and C. Fefferman. Wave packets and Fourier integral operators. Comm. Partial
Differrential Equations, 1978, 3, 979-1005.

W. Czaja, G. Kutyniok and D. Speegle. The Geometry of sets of prameters of wave packets.
Appl. Comput. Harmon. Anal., 2006, 20:108-125.

I. Daubechies, Ten Lectures on Wavelets, in: CBMS-NSF Regional Conference Series in
Applied Mathematics. vol. 61, STAM, Philadelphia, 1992.

I. Daubechies, The wavelet transform, time-frequency localization and signal analysis. IEEE
Trans. Inform. Theory, 1990, 36: 961-1005.

I. Daubechies, A. Grassmann and Y. Mayer, Painless nonorthogonal expansions. J. Math.
Phys., 1986, 27: 1271-1283.

R. J. Duffin and A. C. Schaeffer, A class of nonharmonic Fourier series. Trans. Amer.
Math. Soc., 1952, 72: 341-366.

D. Gabor, Thoery of communications. J. Inst. Elec. Engrg., 1946, 93, 429-457.

V. K. Goyal, J. Kovaévi¢ and J. A. Kelner, Quantized frames expansions with erasures.
Appl. Comput. Harmon. Anal., 2001, 10: 203-233.

B. Hassibi, B. Hochwald, A. Shokrollahi and W. Sweldens, Representation theory for high-
rate multiple-antenna code design. IEEE Trans. Inform. Theory, 2001, 47: 2335-2367.

A. Khosravi, M. Mirzace Azandaryani. G-frames and direct sums, Bull. Malays. Math. Sci.
Soc. (2). Accepted.

D. Labate, G. Weiss and E. Wilson. An approach to the study of wave packet systems.
Contemp. Math., Wavelets, Frames and Operator Theory, 2004, 345: 215-235.

M. Lacey and C. Thiele, LP estimates on the bilinear Hilbert transform for 2 < p < oo.
Ann. of Math., 1997, 146: 693-724.

M. Lacey and C. Thiele. On Calderon’s conjecture. Ann. Of Math., 1999, 149: 475-496.

D. F. Li and X. L. Shi, A sufficient condition for affine frames with matriz dilation. Analysis
in Theory and Applications, 2009, 25: 66-174.

D.F. Li and G. C. Wu, Two sufficient conditions in frequency domain for Gabor frames.
Applied Mathematics Letters, 2011, 24(4): 506-511.

16



22 D. F. Li, G. C. Wu and X. H. Yang, Unified conditions for wavelet frames. Georgian Math-
ematical Journal, 2011, 18(4): 761-776.

23 X. L Shi and F. Chen, Necessary conditions and sufficient conditions of affine frame, Science
in China (Series A), 2005, 48: 1369-1378.

24 X. L. Shi and F. Chen. Necessary conditions for Gabor frames. Science in China (Series A),
2007, 50(2): 276-284.

25 X. L. Shi and Q. L. Shi, A new criterion of affine frame. Chin. Ann. of Math. (Series A),
2005, 26: 257-262.

26 G. C. Wu and Y. D. Zhang, Reproducing systems generated by finite functions. Information
Technology Journal, 2012, 11(6): 666-672.

17



