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Abstract

The Hermite matrix polynomials have been generalized in a number of ways and many of
these generalizations have been shown to be important tools in applications. In this paper we
introduce a new generalization of the Hermite matrix polynomials and present the recurrence
relations and the expansions of these new generalized Hermite matrix polynomials. We also
give new series expansions of the matrix functions exp(xB), sin(zB), cos(zB), cosh(xB) and
sinh(zB) in terms of these generalized Hermite matrix polynomials and thus prove that many
of the seemingly different generalizations of the Hermite matrix polynomials may be viewed as
particular cases of the two-variable polynomials introduced here. The generalized Chebyshev
and Legendre matrix polynomials have also been introduced in this paper in terms of these
generalized Hermite matrix polynomials.
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1 Introduction

The theory of generalized matrix Hermite polynomials has earlier been developed by Batahan [1],
Defez and Jédar [2], Jédar and Company [7], Jédar and Defez [11, 12], Khammash [14] and Sayyed,
Metwally and Batahan [18] and more recently by the second author [15, 16]. Important connections
between orthogonal matrix polynomials and matrix differential equations of second order appear in
3,4, 7,8,9, 10, 13, 19], and their orthogonality properties in [20].

The aim of the present paper is to introduce a new generalization of the Hermite matrix poly-
nomials. An explicit representation and an expansion of the matrix exponential in a series of these
matrix polynomials are obtained. The properties of the generalized Hermite matrix polynomials of
two variables such as the recurrence formulas, which permit an efficient computation of matrix func-
tions, are also established. By exploiting this family of matrix polynomials, we give the definition
of the generalized Chebyshev and Legendre matrix polynomials.

Throughout this paper for a matrix A in CV*¥ | its spectrum o(A) denotes the set of all the
eigenvalues of A. We say that A is a positive stable matrix [5, 11] if

Re(z) >0, forall z € o(A). (1.1)

If A(k,n) and B(k,n) are matrices on CN*¥ for n > 0, k > 0, it follows in an analogous way to the
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proof of Lemma 11 and 10 of Rainville [17] that

0 oo o (2]
SN Akn) =)0 A(k,n — mk),
n=0 k=0 n=0 k=0 (1 2)
> B(k,n) = B(k,n —k)
n=0 k=0 n=0 k=0

for a positive integer m and similarly, as for the above equation, we can write

oo 7] 0 oo

Z ZA(k,n) = Z ZA(k,nJr mk),

n:(;ok:()n n:(O)f:OOC (13)
> Y B(k,n)=>> B(k,n+k).
n=0 k=0 n=0 k=0

The next section is devoted to the theory of generalized Hermite matrix polynomials, treated within
the context of the point of view so far developed.

2 Generalized Hermite matrix polynomials

Let A be a positive stable matrix in CV*¥ satisfying (1.1). We define the generalized Hermite
matrix polynomials of two variables by the generating function

o0
tn
F(z,y,t,A) = Z EH,L7m7p(x,y,A) = exp (xtp\/mA - ytml>, [t| < ooand |z| < oo (2.1)
n=0 "

where F(z,y,t, A) regarded as a function of the complex variable ¢ is an entire matrix function,
therefore has the Taylor series about ¢ = 0 and the series obtained converges for all values of z, y
and t with p and m being relatively prime integers. Using the first equation in (1.2), and letting
n—)%—i—mkz—m?kweget

exp (:L'tpm _ ytm1> _ i i (_]—)kyk($\/M)ntnp+mk

e nlk!
[

Thus, from (2.1) and (2.2), we obtain an explicit representation for the generalized Hermite matrix
polynomials of two variables in the form

[%] (—]_)kyk n—mk
Hn,m,p(‘xa y,A) = n! —(I v mA) P (23)
k=0 k!F("‘pj"’“ + 1)

with the restriction that "_ka > —1. In addition, we can write

Hypnp (2,9, A) =y Hpy (”3 LA) =y Hyom (“"”MA). (2.4)

Before getting into the main body of the paper, it is easily seen that some important properties of
the generalized Hermite matrix polynomials H,, ., ,(x,y, A) are as follows:
(A) Multiplication Properties:

Hn,m,p(xaayaA) = Q%Hn,m,p (aftz,y“%l), (25)



a%Hnym,p(x,y,A) = Huymp <am,a$y,A>7 (2.6)

(2]
(1= )" Hy g mp(2, A)
Hn m 5 ,A =n! 1M,y , o
) ,p(x y,A)=n kgo H(n — mh)! 2.1)
nH X A) = '% yk<1 — um)kH’ﬂ*mk:,m,p(x,y7A) (2 8)
u n,m,p uP s Y, =n: 2 kl(n — mk)' ) '
(B) Addition Properties:
(2] .
Hyomop(x + 2,y,A) = nl (zv/mA) ffn—kp,m,f(x,y, A) (2.9)
k=0 k!l(n — kp)!
and
5] Nkk
Hyomp(2,y +w, A) = n! Z (=) w*Hp—mkom p(T, y, A) 2.10)

pors kl(n —mk)!

where o and v are constants.

The above relations will be used, along with other relations to derive new properties of the family
of functions generated by (2.1) as given by the following theorem.

Theorem 2.1. The generalized Hermite matrix polynomials satisfy the following relations

n Hk: m,p( 7 gy;A)an,m (gx7 §y7A>

Hymplaz, By, A) = nly oG 7 (2.11)

= m A n m ’A
Hyomplax + Bz, py + vw, A) = n! Z Hym.p(B2, Vwk'(; — kl;' olaw; 1y, 4) (2.12)
~ ! !

and

n Hk’,m,p <BZ, 7;,Ly-l2-l/w 3 A) Hn—k,m.p (Oél‘, uy-iz-uw ’ A)
. ' (2.13)

Hn,m7p(0£x+527ﬂy+7/w>*’4) =n: § : kl(n_k)l
k=0 i '

where a, B, | and v are constants.

Proof. By using (2.1), consider the series

co n Hn km,p( z, gyaA)Hk m,p( x, 23/71‘1)75” Hn,m,p(ng gyyA)Hk,m,p (gxagyaA>tn+k

Kl(n — k)] =22 kin!

0o n,mp(% agyvA>tn oS} Hk,m¢p<(2¥xv gyaA)tk

- nl > k!

n=0 =0
. Hpmplox, By, A
= exp (amt”m — Byt™ 1) -y A 7,,(04?5 By, A)
n.
n=0

from which by comparing the coefficients of t™ on both sides of the identity, we get (2.11). Further
by considering the series

Z Z n k,m,p ﬁz rw A)Hk m,p(Oéx ,Uy7 i io: Hn Jm,p ﬁZ rw A)Hk: "L(ax ,Uy,A)tTH—k
n=0k=0 n=0 k=0
Hym A)t Hy m, sy, ANtk
= Z N2 OZZ rw, ) Z k, 7P(a]‘:’.' 12 ) = exp I:thp m _ thml] exp [axtp A /mA _ Myt’m[}
k=0 .
N o~ Hpm : ,A)n
= exp [(az + B2)t" VmA — (uy + vw)t™I] = == plaz + 5;' py + vw, A)
n=0 .



and comparing the coefficients of t", we get (2.12). Lastly by considering the series

+rw +rw
oS n—k,m,p (6'27 #yg ,A> Hk,m,p (am, ,uy2 7A> "

ZZ El(n — k)!

n=0 k=0

Hn,m,p <Bza My—gyw ) A) Hk,m,p <O¢:C, “y—gyw ) A> thrk

- i i kln!

oo Hnmp (BZ7 #y;l’w ) A) 1" o Himp (0433, uyng ) A) tk

- Z n! Z k!

n=0 k=0
(o9}
H A
= exp ((am + BV mA — (py + l/w)tml> 3 Humplow & By v 4)
n:
n=0

and by comparing the coefficients of ¢, we get (2.13), thereby establishing the Theorem 2.1. O

In the following corollary, we obtain same properties of generalized Hermite matrix polynomials
as follows.

Corollary 2.1. The generalized Hermite matriz polynomials satisfy the following relation

T+ 2z m —n - I_Ik,m7 (ZvyvA)ank,m, (x;y7A)
Hyomp (W,y, A> =nl(V/2) Z L R(n — k). P . (2.14)
—o ! !

Proof. Now, from the properties of exponential matrix (1.2) in addition (2.1), we can write

m

exp (ztp\/ mA — ytmI> exp (ztp\/ mA — ytmI) = exp (th —y(t %)mI)

= (t ) x—l—z ,
= ( ) Hn M,;D( ™ ) ZZ nm,p LL’ y»A)Hk:,m,p(zvyaA)t vtk

n'
n=0 n=0 k= O

n

Z |Hn kmp(x yvA)Hk,m,p(ZvyaA)tn

by comparing the coefficients of t", we get (2.14) and the proof of Corollary 2.1 is completed. [

3 Recurrence relations

Some recurrence relations have been deduced for the generalized Hermite matrix polynomials. At
first, we record the following theorem.

Theorem 3.1. The generalized Hermite matriz polynomials Hy m p(x,y, A) satisfy the following
relations

or vVmA) n!

( n
Hyom y 7A = Hyrpm 5 ;A ; <r<|- 3.1
Opr ™ »(z,y, A) (n—rp)! pomp(@, Y, A); 0<r [p] (3.1)
and
o" (=1)"n! n
—Hpm ’ aA = ————Hy\ yrm 3 7A 5 <r<|—| 2
S gl ) = i A 02 (2 5:2)

Proof. Differentiating the identity (2.1) with respect to x yields

— 1
tPv/mA exp <xtp vVmA — ytml> Z —'— nom,p(T,y, A" (3.3)



From (2.1) and (3.3), we have

oo

— 1 " 10 m
mAzoaHn,m,p(x,y,A)t = Z n! 8 nmp(x yaA) .
n=
Hence, by identifying the coefficients in t”, it follows that
O (g A) = —" mAH (z,y,A); n> (3.4)
6ZE n,m,p\L, Y, - (n — p)| n—p,m,p\L, Y, 3 gy .
Iteration of (3.4), for 0 < r < [2], implies (3.1). The proof of equation (3.2) is similar to that of
equation (3.1) and thus the proof of the Theorem 3.1 is completed. O

The following corollary is a consequence of the Theorem 3.1.

Corollary 3.1. The generalized Hermite matriz polynomials satisfy the following relations

am ap
—Hpmp(x,y,A) — (-1)P(VmA)" —H,, yp(z,y,A) = 0. (3.5)
oz™ AyP

Proof. By (3.1) and (3.2) the equation (3.5) follows directly. O

According to (3.5), it is clear that, for the special case, when m = 2 and p = 1 the Hy, 1 p(2,y, A)
are the natural solutions of the heat partial differential equation [1, 15] . The above three terms
recurrence relation will be used in the following theorem.

CN><N

Theorem 3.2. Let A be a matrix in satisfying (1.1), then we have

xp VvmA my
Hymp(@,y,A) = (n—1)! |:(n_p)!Hn—p,m,p(Iaya A) - mHn—m,m,p(xa y, A).  (3.6)

Proof. Differentiating (2.2) with respect to « and ¢, we find respectively

0 m 19 n
%F(x,y,t,A):tp vVmAexp (:Etp\/Myt I) = Zn'@ Hy o p(z,y, A)t

and

0
aF(:z:7 y,t, A) =(xp tP~1 VmA — myt™ ) exp <xtp vVmA — ytml>
Therefore, F(x,y,t, A) satisfies the partial matrix differential equation

(zp P71 VmA — mytmfll)g—F — PV mAaa—lz =0
x

A

n m,p(-’l7 Y, A)

this, by using (2.2), becomes

- mA n n+p—
> Dy nm (@, At Pl =apvim AZ 3 Hromop (@, 9, )07
n=1 n= O
my O _
S gt A

and identifying coefficients in t"*tP~1, we get

VmA
mHn,’m,p(x,y7 ) _xp\/iﬁai n m,p(x Y, A)

my 0

= m 1) op e (T A):



Then for n > m and n > p, it follows
1 xp O

——Hum Y A) ==~ Hpm 'Y, A
(TL— 1)| ’ 7P(‘T Y ) n! Ox B m(x Y ) (3 7)
my(VmA) ! 0 A '
m o n—m+p,m,p($a Y, )
Using (3.4) and (3.7), we get (3.6). Finally, the proof of Theorem 3.2 is completed. O

4 Expansions of some elementary matrix functions in terms
of the generalized Hermite matrix polynomials

Now, we use the expansion of the generalized Hermite matrix polynomials together with their prop-
erties to prove the following result.

Theorem 4.1. Let A be a positive stable matriz in CN*N satisfy (1.1), then, we have

3
s

[
(aVmA)" =

]

3

n!

myk]{np—mk,m,p(xaya A), —oo <z < oo. (4.1)

~
Il

0

Proof. In view of (2.1), one gets
exp (xtp \/mA> (ytml> Z Hn mp(T,y, A)

which can be written, by applying (1.2), in the form:

= (zvVmA)™ n L (yt™I)F SN
exp (xtp \/mA> = Z %t P = Z y A ) Z ﬁHn,m,p($7y7A)
< ! — b=l
y n,m,p x » Y, A) n+mk
A t (4.2)

3
Il

0k

3
Il

M
OM8

[

3
s

3|

kanp mk m,p(x yvA) tnp
kl(np — mk)! '

Mz

0 k=0

3
I

Expanding the left-hand side of (4.2) into powers of ¢ and identifying the coefficients of ¢"? on both
sides gives (4.1). Therefore, the expression (4.1) is established and the proof of Theorem 4.1 is
completed. O

We now propose to give the following new series expansions of some elementary matrix functions
like exp(zB), sin(xB), cos(zB), cosh(xB) and sinh(zB) in terms of the generalized Hermite matrix
polynomials for matrices satisfying the spectral property

[Re(A)| > [Im(A)], forall A€ o(B). (4.3)
(see [6]).
Theorem 4.2. Let B be a positive stable matriz in CN*N satisfying (4.3), then

exp(zB) = exp(y Z Hym p<x Y, Bz> —00 < 2 < 00, (4.4)

cos(xB) = exp ( ) Z Hgnp’ m.p <x Y, — BQ>; —00 < T < 00, (4.5)
n:O

sin(zB) = exp ( % > Z Honpt1,m,p <CL’ Y, — Bz) —o00 < x < 00, (4.6)
= an —|— 1)!



o0
1
cosh(zB) = exp(y Z Hgnp,,,w, (m Y, BQ>; —00 < T < 0 (4.7)
n—O
and
sinh(zB) = exp( )i#H z le ; —00 < T < 00 (4.8)
- Py e (271 n 1)| 2np+1,m,p 5 Y, m ) . .

Proof. Let A= L B? By the spectral mapping theorem [6] and (4.3), it follows that

o(A) = {;bQ;b € a(B)},Re@b?) = ;{ <Re(b)>2 - (Im(b))Q} >0,beo(B). (4.9

Thus A is a positive stable matrix and taking ¢ =1 in (2.1), A = %BQ gives

oo

1
exp (xB yI Z o Hymp (ac Y, B2> (4.10)

Therefore, (4.4) follows.
Considering (4.1) for the positive stable matrix A = L B2 it follows that

2np
1
2n _ 2n k 2
I =DB" E k' 2np mk H27Lp_mk7m,p<$ Y, — B)

Taking into account the series expansion of cosh(zB) and (1.3), we can write

oo %]
BQn yk 1 )
Bt = 2 g oo (2.0, 15°)

n=0 k=0

[\

cosh(zB) = Z
n=0

k
o Han ‘32
k(?np) e ( m )

Z 2np,m,p <LE Y, — B2>

=1 1
= exp(y) Z mHgn%m,p (:c, v, mB2>.

n=0

I M8 I ME%
?r‘@? WM8

Therefore, (4.7) follows. By similar arguments we can prove the relations (4.5), (4.6) and (4.8).
Moreover, the convergence of the matrix series appearing in (4.4)-(4.8) to the respective matrix

functions exp(zB), sin(zB), cos(zB), sinh(xB) and cosh(zB) are uniform in any bounded interval

of the real axis. Therefore, the result is established. O

In the following theorem, we obtain another representation for the generalized Hermite matrix
polynomials as follows.
Theorem 4.3. Suppose that A is a matriz in CN*N satisfying (1.1). Then

Proof. Tt is clear by (2.1) that

oy o b -y v oA
exp ( (VrpA) &um) exp (a:t mpA) = Z SN exp (xt mpA)

n=0

- (_1)nyn mnp m
=ZTt P exp (at? \/mpA) = exp (@t \/mpA — yt™P I

<1

- Z Hn ,mp,p .’13 ya A)tn = Z 7|an,mp,p(x7y7A)tnp'
— (np)!
Thus by identification of the coefficients of ¢"P in both sides gives the representation (4.11). O



By recalling that the generalized Hermite matrix polynomials H,, , ,(x,y, A) are also defined
through the operational identity, the inverse of (4.11) allows us to conclude that

VA n_ ex Y o x
(l’ mpA) - (np)' P <(\/W)m 8wm>HnP,mP»p( ,y,A). (412)

In the following corollary, we obtain another expansion formula for the generalized Hermite matrix
polynomials as follows.

Corollary 4.1. For the generalized Hermite matriz polynomials the following identities hold

(np+ kp)! n! k! y om

H, m va: Hppom 77A | Hpp s 77A
p+kp, ,P(x Y ) (n—|—k)' (np); (kp)' P, P,P(x Y )exp (W)m o™ kp, P»P(x Y )

(4.13)

and
z am
Hypmpp(,y +2,4) = exp <_ (\/TTpA)nlaxT,T)an,mp,p(xvya A). (4.14)
Proof. From Theorem 4.3, we get directly the equation (4.13) and (4.14). O
) g y q

5 The generalized Chebyshev matrix polynomials

Next, the generalized Hermite matrix polynomials of two variables H,, ,, p(2,y, A) will be exploited
here to define a matrix version of the generalized Chebyshev polynomials of the second kind.
Suppose that A is a matrix in CV*¥ satisfying the condition (1.1). By (2.3) it follows that

1 [ (]

—(—1)k(yt)k (xtm)%mdt. (5.1)
k=0 k!r(“pmk + 1)

Since the summation in the right-hand side of the above equality is finite, then the series and the
integral can be permuted. Also, in view of

exp(—t)Hmm,p(xuyt,A)dt:/ exp(—t)
0

— (m—p)k o0 ne(mop

F(”(mp)ﬂ) :/ exp(—t)t" 5 dt (5.2)
p 0
we can write
o (2] (1)’“F(”(m”)’“ + 1>y’c
P n—mk

- exp(—t)Hp,m,p(xt, yt, A)dt = (xvmA) > . (5.3)
™ Jo k=0 k!F(";”’“ + 1)

Hence, the generalized Chebyshev matrix polynomials of the second kind can be defined by

p
Un,m,p(xayyA) = Z
k!l“("‘;’m + 1)

(zvVmA) 7 (5.4)

k=0

or, by using the integral transform of the generalized Hermite matrix polynomials as below

1 o0
Ui,y A) = /O exp(—t) Hy oy (t, yt, A)dt. (5.5)

In a similar way, we define the generalized Chebyshev matrix polynomials of the first kind as follows

(2] (_1)kp(n—(17;j)"~‘>yk
Tn,mm(xa Y, A) = nz

k=0 k:!r(”;"’“ + 1)

(zVmA) 5 (5.6)



and

1 oo
Tomp(z,y, A) = ] / exp(ft)tlenym’p(xt,yaA)dt;n >1, Tomplz,y,A) =1. (5.7)

m=1"J,

6 The generalized Legendre matrix polynomials

The generalized Hermite matrix polynomials will be utilized here to define a matrix version of the
classical Legendre polynomials. The Legendre polynomials [17, p. 157(2) and p. 161(3)] are defined
by

[5n] [in]
R (DB )k (o) I (—1)R(2n — 2k) a2k
Py(z) = kz:% El(n — 2k)! = 2"kl(n — 2k)!(n — k)1 (6.1)

Let A be a positive stable matrix in CV*¥ satisfying the condition (1.1). By using (2.3) it follows
that

dt

[ ] n—mk

2 o0 n u 7]_ ok A P n—m
, / ¥ Hyy (3t y, A)dt =— e tin 'Z( y (@vimd) ¥ s
n: f ’I’L\/’TT 0 k=0 k|1—\<n—pmk + 1)

2 [%] (—1)kyk(1' ,7mA) n—pmk " 7t2 o Mk
=0 k!r("pmk + 1) 0

Mg\:

k k % n— mk 0o
(zvmA) / e_752 : kdt
k:: k|r(n mk:_|_1> 0

Since the summation on the right-hand side of the above equality is finite, then the series and the
integral can be permuted. From the definition of Gamma function, we have

o0 2 2nomk 1 _(2n—mk 1
t—r dt==-T(—m+= 6.3
/0 ‘ 2 ( 2p + 2 (6.3)

and applying Legendre duplication formula by Srivastava and Karlsson [21]

2n—mk
2n—mk 1 ﬁF( p +1)
N *2) " = (6.4)
L —mk
2 > 1—\<2n2pL )
or
2n—mk 1 1
I'f —— = - .
(5 +35)=v(5) oo ©5)
2p
Then
oo (7] ko ko [Ty Bk
2 n 2 —1 A p n—m
: 4 Hy(at, g, Ayt — —= S DY @vmd) / et dt
Tbﬁ 0 Trk:O k|r(npmk:+1> 0

v V(5 )
VT = k,r(n mkH) ZQWP(M> (6.6)

2p

3] (—D’“P(%;;"k + 1>yk(xm> e
- = P"»”hp(‘ra Y, A)

= 22n mkk|]_"<n mk+1)r<2n2pmk)




Hence, the Legendre matrix polynomials can be defined by

- (‘”’“F(%;"’“ + 1)yk<xm)”:*
.P'r7,,7n,p(1'7y7 A) = Z —
k=0 277 k! F(”;”k - 1)F<2nmk>

2p
or

n—mk
p

] (=1)*(3) 20_ma " (2v/mA)

k=0 k! F(";ﬂk + 1)

or by using the Hermite matrix polynomials of integral representation in the form

Pﬂ,m’p(xv Y, A) =

2
nly/m

There are many way of investigating the generalized classes of Hermite matrix polynomials. Starting
from the modified forms of the generating function of ordinary Hermite matrix polynomials is one
of these direct methods and clearly some directions to develop more researches and studies in that
area. The results of this paper are original, variant, significant and so it is interesting and capable
to develop its study in the future.

o]
Pn»m’P(:uy?A) = / e_t2t%Hn,m,p(xt7y7A)dt'
0

7 Open problem

One can use the same class of new integral representation, operational methods and orthogonality
property for the new generalized Hermite matrix polynomials with p and m are integers or not inte-
gers. Hence, new results and further applications can be obtained. Further results and applications
will be discussed in a forthcoming paper.
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