CONTINUOUS GABOR TRANSFORM FOR SEMI-DIRECT PRODUCT OF LOCALLY
COMPACT GROUPS
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ABSTRACT. Let H be a locally compact group, K be an LCA group, 7 : H — Aut(K) be a continuous homomorphism
and G = H x, K be the semi-direct product of H and K with respect to the continuous homomorphism 7. In
this article we introduce the 7 x 7-time frequency group G,yz. We define the 7 X T-continuous Gabor transform of
f € L%(G-) with respect to a window function u € L?(K) as a function defined on G, 7. It is also shown that
the 7 X T-continuous Gabor transform satisfies the Plancherel Theorem and reconstruction formula. This approach is
tailored for choosing elements of L?(G;) as a window function. Finally, we indicate some possible applications of these
methods in the case of some well-known semi-direct product groups.

1. INTRODUCTION

In [15] Gabor used translations and modulations of the Gaussian signal to represent one dimensional signals. The
Gabor transform, named after Gabor, is a special case of the short-time Fourier transform (STFT). It is used to
determine the sinusoidal frequency and phase content of local sections of a signal as it changes over time. The function
to be transformed is first multiplied by a Gaussian function, which can be regarded as a window, and the resulting
function is then transformed with a Fourier transform to derive the time-frequency analysis. The window function
term means that the signal near the time being analyzed will have higher weight. The Gabor transform of a signal
z(t) is precisely defined by;

—+oo
(1.1) Gl{z}(y,w) = / a(t)e ™Y em2mivt gy

—0o0
Due to (1.1) the Gabor transform of a signal z(t) is a function defined on R x R called the time-frequency plane.
There is also standard extension of the continuous Gabor transform of a signal x(t) on R™ which is defined for

(y,w) € R" x R by (see [9, 16])
(12) G{z}(y,w) = / w(t)e Ity I e 2miwt g

Since the theory of Gabor analysis based on the structure of translations and modulations (time-frequency plane),
it is also possible to extend concepts of the Gabor theory to other locally compact abelian (LCA) groups. For more
explanation, we refer the reader to the monograph of Grochenig [17] or complete works of Feichtinger and Strohmer
[8] and also [7] in the case of finite abelian groups. The continuous Gabor transform for LCA groups is closely related
to the Feichtinger-Grochenig theory (coorbit space theory). In view of voice transform and the coorbit space theory,
the continuous Gabor transform for an LCA group G is precisely the voice transform generated by the Schrodinger
representation of the Weyl-Heisenberg group associate with G (see [4, 5, 6, 19]).

Many locally compact spaces and locally compact groups which are used in mathematical physics and also various
topics of engineering such as the n-dimensional unit sphere, Heisenberg group, affine group or Euclidean groups are
non-abelian groups or they are homogeneous spaces of non-abelian groups (see [10, 13, 21]). Although most of those
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non-abelian locally compact groups can be considered as a semi-direct product of an LCA group with another locally
compact group. The theory of harmonic analysis for semi-direct product of locally compact groups is a significant tool
in the theory of wavelet analysis (see [1, 12, 18, 23]). We recall that in the classical theory of harmonic analysis for
non-abelian locally compact groups (see [3, 10, 24, 26, 27]) we lose many useful results and basic numerical concepts
in abelian harmonic analysis of LCA groups (see [10, 25]), which play important roles in the usual Gabor theory of
LCA groups. If G is a non-abelain locally compact group via a natural approach, modulation by a character will
be replaced by a modulation by an equivalence class of an irreducible representatlon of G (see [14]) and the natural
candidate for the generalization of the time frequency plane will be G x G where G stands for the set of all equivalence
class of irreducible continuous unitary representations of G. It is clear that this extension will not be appropriate from
the the numerical computational aspects and also application viewpoints. Thus, we need a new approach to find an
appropriate generalization of the continuous Gabor transform which be useful and also efficient in application.

This article contains 5 sections. Section 2 is devoted to fix notations including a brief summary about harmonic
analysis of semi-direct product of locally compact groups also standard Fourier analysis and Gabor analysis on LCA
groups. In section 3 we assume that H is a locally compact group and K is an LCA group, 7 : H — Aut(K) is
a continuous homomorphism and G, = H x, K. We define the 7 x 7-time frequency group G,«= and the 7 x 7-
continuous Gabor transform of f € L?(G,) with respect to a window function u € L?(K). We also prove a Plancherel
and inversion formula for the 7 x 7-continuous Gabor transform. To choose elements of L?(G., ) as window functions
we define the the 7 ® 7-time frequency group G g7 and also the 7 ® 7-continuous Gabor transform in section 4. As an
application, we study this theory on the affine group, Weyl-Heisenberg group and the Euclidean groups in section 5.

2. PRELIMINARIES AND NOTATIONS

Let H and K be locally compact groups with identity elements ey and ex respectively and left Haar measures dh
and dk respectively, also let 7 : H — Aut(K) be a homomorphism such that the map (h, k) — 73,(k) is continuous from
H x K onto K. There is a natural topology, sometimes called Braconnier topology, turning Aut(K) into a Hausdorff
topological group(not necessarily locally compact), which is defined by the sub-base of identity neighborhoods

(2.1) B(F,U) = {a € Aut(K) : a(k),a (k) € Uk Vk € F},

where F' C K is compact and U C K is an identity neighborhood. Continuity of a homomorphism 7 : H — Aut(K)
is equivalent with the continuity of the map (h, k) — 7,(k) from H x K onto K (see [22]).

The semi-direct product G, = H X, K is the locally compact topological group with the underlying set H x K
which is equipped by the product topology and also the group operation is defined by

(2.2) (h, k) %, (W, K') = (B, kmp(K'))  and (B k)™t = (=Y, mpor (1)),

If Hy = {(h,ex) : h € H} and K; = {(em,k) : k € K} then K; is a closed normal subgroup and H; is a closed
subgroup of G,. The left Haar measure of G, is dug, (h, k) = §(h)dhdk and the modular function Ag_ is

Ag, (h k) = 6(h)An(h)Ak(k),
where the positive continuous homomorphism ¢ : H — (0, 00) is given by ([21])
(2.3) dk = 6(h)d(m(k)).

From now on, for all p > 1 we denote by L”(G,) the Banach space LP(G, i, ) and also LP(K) stands for LP(K, dk).
When f € LP(G,), for a.e. h € H the function f;, defined on K via f, (k) := f(h, k) belongs to LP(K) (see [11]).

If K is an LCA group all irreducible representations of K are one-dimensional. Thus, if 7 is an irreducible unitary
representation of K we have H, = C and also according to the Schur’s Lemma there exists a continuous homomorphism
w of K into the circle group T such that for each k € K and z € C we have 7(k)(z) = w(k)z. Such homomorphisms
are called characters of K and the set of all characters of K denoted by K. If K equipped by the topology of
compact convergence on K which coincides with the w*-topology that K inherits as a subset of L>*(K), then K with
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respect to the poinAt wise product of characters is an LCA group which is called the dual group of K. The linear map
Fr : LY(K) — C(K) defined by v — Fx(v) via

(2.4) Fﬂ@@ﬁﬁW%iLMMRTM,

is called the Fourier transform on K. It is a norm-decreasing *-homomorphism from L' (K) into Co(K ) with a uniformly
dense range in Co(K) (Proposition 4.13 of [10]). If ¢ € L*(K), the function defined a.e. on K by

(2.5) &m:éwmmmm

belongs to L>°(K) and also for all f € L'(K) we have the following orthogonality relation (Parseval formula);

(2.6) / Fk)o(k)dk = / Flw

The Fourier transform (2.4) on Ll(K )N L*(K) is an isometric transform and it extends uniquely to a unitary iso-
morphism from L?(K) onto L?(K) (Theorem 4.25 of [10]) also each v € L'(K) with v € L*(K) satisfies the following
Fourier inversion formula (Theorem 4.32 of [10]);

(2.7) v(k) = /ﬁﬂ(w)w(kj)dw for a.e. k € K.

The fundamental operator in standard Gabor theory is the time-frequency shift operator. If K is an LCA group, the
translation (time-shifts) operator is given by Tsv(k) = v(k — s) for all k, s € K and also the modulation (frequency-
shifts) operator is given by My (k) = w(k)v(k) for all w € K, k € K. The time-frequency shift operator is defined on
the time-frequency plane (time-frequency group) K x K by o(k,w) = M, T}, for all (k,w) € K x K.

Given an appropriate window function u € L?(K) on K, the short time Fourier transform (STFT) or the continuous
Gabor transform of v € L?(K) is given by

(2.8) Vau(s,w) = /Kv(k)ﬂ(k — s)w(k)dk = (v, o(s,w)u) 2 (k.-

The continuous Gabor transform (2.8) satisfies the following Plancherel formula

(2.9 /,ﬂmwwmewwamwmmy
KxK
for all u,v € L*(K) (see [17]). If u,u’ € L*(K) with (u,u’)r2(x) # 0, then each v € L*(K) satisfies the following
inversion formula in the weak sense (see [16])
(2.10) v = (u, u’>221(K)/ Vav(k,w)o(k,w)u' dkdw.
KxK

If a window function u € L?(K) has Fourier transform @ in Ll(IA(), then each v € L?(K) with ¥ € Ll(f?) satisfies the
following inversion formula;

(2.11) v(s) = ||u|\z22(K)/KXIA(Vuv(k,w)[g(kj,w)u}(s)dkdw,

for all s € K.
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3. 7 X T-continuous Gabor transform

Throughout this paper, let H be a locally compact group and K be an LCA group also let 7 : H — Aut(K) be a
continuous homomorphism and G, = H x, K. For simplicity in notations we use k" instead of 7, (k) for all h € H
and k € K. In this section we introduce the 7 x 7-time frequency group and also we define the 7 x T-continuous Gabor
transform of f € L?(G,) with respect to a window function in L?(K).

Define 7 : H — Aut(f() via h — T, given by

~

Th(w) :=wp =wo Ty

(3.1)

for all w € K, where wp,(k) = w(rp-1(k)) forall k € K. If w € K and h € H we have wy, € K, because for all k,s € K
we have

wp(ks) = w o Ty-1(ks)
= w(m-1(ks))
= w(mp-1 (k)73-1(5))
= w(p-1(k))w(7p-1(s)) = wi(k)wn(s).

According to (3.1) for all h € H we have 7, € Aut([A(). Because, if k € K and h € H then for all w,n € K we have

Tn(wn)(k) = (wn)n(k)
= (wn) o -1 (k)
= w.n(7p-1(k))
w(m=1 (k) (-1 (K))
= wn(K)nn (k) = Tn(w) (k)7h (1) (k).

Also h — 73, is a homomorphism from H into Aut(l?), cause if h,t € H then for all w € K and k € K we get

Ten (W) (k) = win (k)
= w(7(en)-1(k))
1(k))
= wp(1-1(k))
= Th(w) (-1 (k) = Te[Th (w)](K).

= w(Tp-174-

Thus, we can prove the following theorem.

Theorem 3.1. Let H be a locally compact group and K be an LCA group also 7 : H — Aut(K) be a continuous
homomorphism and let 6 : H — (0,00) be the positive continuous homomorphism satisfying dk = §(h)dk™. The
semi-direct product Gz = H xz K s a locally compact group with the left Haar measure dug. (h,w) = 6(h)~*dhdw.

Proof. Continuity of the homomorphism 7 : H — Aut(I/(\' ) given in (3.1) guaranteed by Theorem 26.9 of [21]. Hence,
the semi-direct product Gz = H x= K is a locally compact group. We also claim that the Plancherel measure dw on
K for all h € H satisfies

(3.2) dwp, = §(h)dw
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Let h € H and v € L*(K). Using (2.3) we have v o7, € L*(K) with [[v o 73| 11(x) = 6(h)||v||L1(k). Thus, for all
w € K we achieve

m(w):/KUOTh(l@)w(k)dk
= / v(kEM)w(k)dk
K
- /K v(k)wn (k)dk"™

= 3(h) [ ol ik = 5(1)0(en).

Now let v € L'(K) N L?(K). Due to the Plancherel theorem (Theorem 4.25 of [10]) and also preceding calculation,

for all h € H we get
[0 Pdan = [ ot P
=60 [ e ()P
:5(h)2/K\vOTh_1(k)|2dk
:5(h)2/K\v(k)|2dkh
= a(n) [ tooPar = [ o)k,

which implies (3.2). Therefore, dug. (h,w) = 6(h)~'dhdw is a left Haar measure for G = H x> K. O

Remark 3.2. Due to (3.1) for all k € K, w € K and h,t € H we have
(3.3) kM= (k" wht = (We)n-
Now we are in the position to introduce the 7 x 7-time frequency group. Define 7% =7 x 7 : H — Aut(K x K ) via
h — 7;¢ given by
(3.4) 7 (b, w) = (T (k). Ta(w)) = (K", wn),

for all (k,w) € K x K. Then, for all h € H we have T € Aut(K x K). Because for all (k,w), (K ') € K x K we
have

7 ((k,w) (K, W) = 77 (kK" ww')

= ((kk')h, (ww')n)

= (K"K, wpw},)

= (K", wn) (K™, wp) = 7 (k, w)my (K, w).
Also 7% = T X T: H — Aut(K x [A() defined by h — 7,° is a homomorphism, because for all h,t € H and all
(k,w) € K x K we have

5 (k,w) = (K", whe)
= ((Y", (we)n)

=7 (k' wy) = T (k,w).
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In the following proposition we show that G, x7 = H X, x7 (K X K ) is a locally compact group.

Proposition 3.3. Let H be a locally compact group and K be an LCA group also 7 : H — Aut(K) be a continuous
homomorphism and let 6 : H — (0,00) be the positive continuous homomorphism satisfying dk = §(h)dk™. The
semi-direct product Gy = H X,x» (K x K) is a locally compact group with the left Haar measure

(3.5) dpc. . (hyk,w) = dhdkdw.

Proof. Continuity of the homomorphism 7 x 7 : H — Aut(K x K) given in (3.4) guaranteed by Theorem 26.9 of [21].

Thus, the semi-direct product G,x7 = H X7 (K X I?) is a locally compact group. Due to (2.3), (3.2) and also (3.4),
for all h € H we have

drf (k,w) = d (K", wp)

= dk"dwy,
= 0(h)"tdkd(h)dw = dkdw = d(k,w),
which implies that G 7 is a locally compact group with the left Haar measure dug, . (h, k,w) = dhdkdw. O

We call the semi-direct product G,«7 as the 7 x T-time frequency group associated to G.. According to (3.4) for
each (h,k,w), (W, k', w') € G;x» we have

(hyk,w) Xrxz (B K W) = (hh/, (k,w)T (k/,w'))
= (hh/7 (k, w)(Th(k/)7w;L)) = (hh/> k+ k/hvwwjz)'

Let u € L?(K) be a window function and f € L*(G,). The 7 x T-continuous Gabor transform of f with respect to
the window function u is define by

(3.6) Vuf(hyk,w) = 6(h) 2V, fa(k,w) = 6(h)"/*(f, o(k, w)u) L2(x).
In the following theorem we prove a Plancherel formula for the 7 x T-continuous Gabor transform defined in (3.6).

Theorem 3.4. Let H be a locally compact group and K be an LCA group also 7 : H — Aut(K) be a continuous
homomorphism and let u € L?*(K) be a window function. The T x T-continuous Gabor transform V, : L*(G,) —
L?(G,x7) is a multiple of an isometric transform which maps L*(G,) onto a closed subspace of L*(G,xz).

Proof. Let u € L?(K) be a window function and also f € L?(G,). Using Fubini’s Theorem and also Plancherel
formula (2.9) we have

Vuf 2. = / Vuf (k) P, (k)

Grx»
- / /A Vaf (h, k,w)|*dhdkdw
HJKJK

=/ (/ A<fh79(kvw)u>L2(K)|2dkdw) §(h)dh
H KxK
= HUH%Q(K) /H ||fh||2L2(K)5(h)dh = ||UH%2(K)||f||%2(GT)'

Therefore, ||uH222(K)Vu : L2(G,) — L*(G, x G7) is an isometric transform with a closed range in L*(G, x Gz). O

Corollary 3.5. The T x T-continuous Gabor transform defined in (3.6), for all f,g € L*(G,) and window functions
u,v € L?(K) satisfies the following orthogonality relation;

(3.7) Vuf, Vog) 2@, o) = (Vw210 (fr 9) L2(6,)-

The 7 x T-continuous Gabor transform (3.6) satisfies the following inversion formula.
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Proposition 3.6. Let H be a locally compact group and K be an LCA group also let T H — Aut(K) be a continuous

homomorphism and u € L*(K) with 4 € Ll(I?), Every f € L*(G,) with Tn € Ll( ) for a.e. h € H, satisfies the
following reconstruction formula;

(3.8) f(h, k) =48(h) 1/2H“HL2 K)/ _Vuf(h,s,w)[o(s, w)u](k)dsdw.
KxK
Proof. Using (2.11) for a.e. h € H we have

(k) = llull K)/K f(Vufh(&W)[Q(S»w)u}(k)dsdw

:6(h)—1/2||uHZ22(K)/Kxf(Vuf(h,s,w)[g(s,w)u}(k)dsdw.
O

We can also define the generalized form of the 7 x 7-continuous Gabor transform. Let u € L?(K) be a window
function and f € L?(G,). The generalized T x T-continuous Gabor transform of f with respect to the window function
u is define by

(3.9) Vif(h,k,w) = 8(h) 2V, fr (k" wr) = ()Y 2 fr, o(k", wp)u) 2 k).
The generalized T x 7-continuous Gabor transform given in (3.9) satisfies the following Plancherel Theorem.

Theorem 3.7. Let H be a locally compact group and K be an LCA group also 7 : H — Aut(K) be a continuous
homomorphism and let u € L*(K) be a window function. The generalized T x T-continuous Gabor transform Vi :
L*(G,) = L*(G,x7) is a multiple of an isometric transform which maps L*(G) onto a closed subspace of L?(Gx7).

Proof. Let u € L?>(K) be a window function and also f € L?(G,). Using Fubini’s Theorem, Plancherel formula (2.9)
and also (2.3), (3.2) we have

VifI2., = / VLF(h ko) Pduc, . (k)

= /H /K /f( VEf(h k,w)[*dhdkdw

-, (/K R I Q(’“h"*’h)“ﬁ%mzdkdw) 5(h)dh

B /H (/KK [ 9(’“">“>L2<K>|2d’€hldwhl) 5(h)dh
- /H (/KK [ 9(’“">“>L2<K>l2d’fdw) 5(h)dh

= llullZ () /H 1 allE2 ) 0 (R)dh = ullZa ) If 72, -
Thus, ||uH222(K)V:£ : L2(G,) — L*(G,x=) is an isometric transform with a closed range in L?(G 7). O

Corollary 3.8. The generalized T X T-continuous Gabor transform defined in (3.9), for all f,g € L*(G,) and window
functions u,v € L2(K) satisfies the following orthogonality relation;

(310) <V1Sf7 V:Sg>L2(GT><.?) = <U7U>L2 <f7 >L2(G

In the next proposition we prove an inversion formula for the generalized T x T-continuous Gabor transform given

n (3.9).
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Proposition 3.9. Let H be a locally compact group and K be an LCA group also let 7 : H — Aut(K) be a continuous
homomorphism and v € L*(K) with @ € L'(K). Every f € L*(G,) with f, € L'(K) for a.e. h € H, satisfies the
following reconstruction formula;

(3.11) f(hk) = / _Vif(h,s,w)[o(s", wp)u](k)dsdw
KxK
Proof. Using (2.11) for a.e. h € H we have
10 = [ V(o) lo(sswpul s
K

x K

- /K </K Vufh<svwh>[g<s,w@u}(k)dwh) s

=500 [ ([ s onleto eyl s)
~dn) [ ( /. vufh<sh,w)[g(sh,wh)u}(k)dsh) do= [ VL) lols" )l () s

O

Remark 3.10. Tt is also possible to define different variants of the Gabor transform as we defined in (3.6) and (3.9),
with similar properties. Let transforms A, and B, for f € L?(G,) be given by

(3.12) Auf(h, k,w) =V, fr (k" w) Buf(h,k,w) = §(h) Vo fr(k,wh).

It can be checked that transforms given in (3.12) satisfy the Plancherel theorem and the following inversion formulas;

(313)  f(hk)=8(h)"" / Auf (ko) o(s" ) (R)dsdw, (R k) = /K Buf(h ko) [o(s. ) (s

KxK

4. T ® T-CONTINUOUS GABOR TRANSFORM

In this section we introduce another Gabor transform which we call it the 7 ® T-continuous Gabor transform. In
the 7 ® 7-Gabor theory we can choose elements of L?(G) as window functions.

Again let H be a locally compact group and K be an LCA group also let 7 : H — Aut(K) be a continuous
homomorphism. Define 7® = 7®7: H x H — Aut(K x K) via (h,t) — T(%t) given by

(4.1) T((?;’t)(k‘,w) = (mh(k), 7t (w)) = (K", w,),

for all (k,w) € K x K. Then, for all (h,t) € H x H we get T(@}i f € Aut(K x IA() Because for all (k,w), (k',w') € K x K
we have
T([X};t) ((kaw)(klyw/)) = T((gli,t)(k + k‘/,ww')
= ((k+ k)", (ww')e)
= (kh + k'h,wtwg)

= (k" wi) (K™, w)) = T(@}’L’t)(k,w)rﬁht)(k',w’).
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As well as 7® = 7®7 : H x H — Aut(K x K) defined by (h,t) — T(QZ 4 is a homomorphism, because for all
(h,t), (W, t') € H x H and also all (k,w) € K x K we have
T(%t)(h’,t')(k’w) = T(hh’ /) (k,w)
= (khh s Wit )
— ((k,h/)h (Wt’)t)
_ . ® (LW
= T(h,t)(k} Jwp ) = T(h " (h/ ) (k,w).
Hence, we can prove the following interesting theorem.

Theorem 4.1. Let H be a locally compact group and K be an LCA group also let 7 : H — Aut(K) be a continuous
homomorphism. The semi-direct product G,gz = (H X H) X g7 (K X IA() is a locally compact group with the left

Haar measure

(4.2) dpg, - (h,t kw) = §(h)é(t) " dhdtdkdw,
and also ® : G- x Gz = Grg7 given by
(4.3) (hyk,t,w) — @(h, k,t,w) := (h,t, k,w)

is a topological group isomorphism.
Proof. Using Theorem 26.9 of [21], homomorphism 7®7 : H x H — Aut(K x K) given in (4.1) is continuous. Therefore,
Gror = (H X H) X,g7 (K X I?) is a locally compact group. Also, dug, . (h.t,k,w) = §(h)é(t) ' dhdtdkdw is a left
Haar measure for G,g7. Indeed, due to (2.3) and (3.2) for all (h,t) € H x H we have
driy o (k,w) = d(k", w)

= dk" dw

= 0(h)"tdko(t)dw = 6(h)"1(t)d(k,w).
The T ® T-group law for all (h,t, k,w), (K, t', k', w') € G g7 is

(hot, by w) Krwn (W K W) = ((hh’,tt’), (ko) (K w ))
= (b, tt), (k,w) (K", w})) = (bWt k + K", ww)).

It is clear that ® : G, x G — G,g7 is a homeomorphism. It is also a group homomorphism, because for all
(h, Kk, t,w), (W, k't ') in G; x Gz we get

Q[(hﬂ k3t7w)(h/ﬂ klﬂt/7w/)] = @[(h, k) [><T (h/? k/)’ (t,CU) D<‘IA' (tl7w/)]
= O[(hh, k + k™), (tt', ww))]
= (bt ke + K" wwl) = (bt k,w) Xrgs (B, 1K W),
0

We call the semi-direct product G,g7 as the T®7-time frequency group associated to G, which is precisely G, x G».
Thus, form now on we use the locally compact group G, x Gz instead of the semi-direct product G g7.

Let g € L?(G,) be a window function and f € L%(G,). The 7 ® T-continuous Gabor transform of f with respect to
the window function g is defined by

(44) gqf(h’ kat’w) = 6(t)v.tht(kvw) = 5(t)<ft7 Q(kaw)gh>L2(K)'

The 7 ® T-continuous Gabor transform given in (4.4) satisfies the following Plancherel Theorem.
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Theorem 4.2. Let H be a locally compact group, K be an LCA group and 7 : H — Aut(K) be a continuous
homomorphism also G, = H x, K and let g € L*(G;) be a window function. The continuous Gabor transform
G, : L*(G;) = L*(G. x Gz) is a multiple of an isometric transform which maps L?(G) onto a closed subspace of
LQ(GT X G$)

Proof. Let g € L?>(G,) be a window function and also let f € L?(G.,).

”gng%Q(GTxG;) = L |ggf(h7k7t7w)|2duGr><G?(ha k7t7w)

TXG?—

:/ / |ggf(h7kat7w)|2d/j/GT<hak)d/’[/G;(t7w>
G JG>

:/H/K/H/R|ggf(h,k;,t,w)|26(h)dhdk6(t)_1dtdw
[ (] ot g sago Pakas) atujansioy

:/H/HHft||2L2(K)||9h||2L2(K)6(h)dh6(t)dt: Hf||2L2(GT)||g||2L2(GT)
Thus, ”g”ZE(GT)gg : L2(G,) — L*(G, x G7) is an isometric transform with a closed range in L*(G, x G7). O

Corollary 4.3. The T x T-continuous Gabor transform defined in (4.4), for all f, f' € L*(G,) and window functions
9,9 € L*(G,) satisfies the following orthogonality relation;

(4.5) (Gof .Gy [V 2o xca) = (05 9 L2 (Fs ) L2 -
In the following proposition we also prove an inversion formula.

Proposition 4.4. Let H be a locally compact group and K be an LCA group also let 7 : H — Aut(K) be a continuous
homomorphism. Every f,g € L*>(G,) with fn,gn € L*(K) for a.e. h € H, satisfy the following reconstruction formula;

(4.6) 1) = o 1) o007 [ Gyt (s to)lolo,)gnl (s
for a.e. hyt € H and k € K. In particular, for a.e. h € H we have
(4.7) £ ) = () 2 800 [ Gy (5o, ()

Proof. Using (2.11) for a.e. h,t € H we have
700 = lans ) ey [ Vil [ols, lan] (s
X

— (e 9) 0O [ G st oo, 0)gn) (R
KxK
|

Let g € L*(G,) be a window function and f € L?(G,). The generalized T ® T-continuous Gabor transform of f
with respect to the window function g is defined by

(4.8) Gaf(h k. t,w) = 6(h)"V28(8)* 2V, fu (k" wi) = 6(h) = /26(t)*2(fi, (k" i) gn) L2 (xc)-

In the next theorem, a Plancherel formula for the generalized 7 ® T-continuous Gabor transform defined in (4.8)
proved.
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Theorem 4.5. Let H be a locally compact group, K be an LCA group and 7 : H — Aut(K) be a continuous
homomorphism also G, = H x, K and also let g € L?>(G,) be a window function. The generalized continuous Gabor
transform Q; : L3(G,) — L*(G, x Gz) is a multiple of an isometric transform which maps L*(G,) onto a closed
subspace of L*(G, x G7).

Proof. Let g € L*(G,) be a window function and also let f € L?(G,). Using Fubini’s theorem and also Theorem we
achieve

1605 o = [ 1G4 sti) P xc, (st

G.,—XG;

N /H/K/H/}? |GY £ (h, k. t,0)|6(h)dhdks(t)~ " dtdu
:LLKQ@MMmemmMmﬁWNM
- /H /H (/Kxg [Fes 9(’“7“)9h>L2(K>IQdk’Lldwt1> dhs(t)2dt
:LﬂfA@W“WWWMMWWPWMMW

:Lﬁymhmmﬁmwwwww:WMmﬂma@

Thus, ||g||£22(GT)gg : L3(G;) — L*(G, x G7) is an isometric transform with a closed range in L?(G, x Gz). O

Corollary 4.6. The T x T-continuous Gabor transform defined in (4.8), for all f, f' € L*(G,) and window functions
9,9 € L*(G,) satisfies the following orthogonality relation;

(4.9) (GIf. G ) La(a, xamy = (9, ) r2an (s Fh12c.)-
Also, the generalized 7 ® T-continuous Gabor transform satisfies the following inversion formula.

Proposition 4.7. Let H be a locally compact group and K be an LCA group also let 7 : H — Aut(K) be a continuous

~

homomorphism. Ewvery f,g € L*(G,) with fn,gn € L' (K) for a.e. h,t € H, satisfy the following reconstruction
formula;

(4.10) F(tK) = (gns gn) 12 ey 0(R) 71 /25(8) 7/ /K f{g}f(h,s,t,w)[@(kﬁwt)gh}(k)dsdw,

for a.e. hyit € H and k € K. In particular for a.e. h € H we have

(4‘11) f(h7k) = <ghygh>221(K)6(h)_l /K I?g;f(h757h7w)[Q(sh7wh)gh](k)d8dw‘
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Proof. Using (2.11) for a.e. h,t € H we have
Fok) = (g 9) 2 s /K Vi i) oo, )gn) ()
= o) [ [V Fso)lels.w)anl(dds
o) [ ([ Vel canl () s
— it d0) [ ([ Vi e st )
= (i85 [ ([ Vo b lots® wnanl(k)as )

= (00 90) 2 50250 [ G flh st wlelsh g (Bdsdeo,

KxK

5. EXAMPLES AND APPLICATIONS

5.1. The Affine group ax + b. Let H = R* = (0,400) and K = R. The affine group ax + b is the semi direct
product H x, K with respect to the homomorphism 7 : H — Aut(K) given by a — 7,, where 7,(z) = ax for all
z € R. Hence, the underlying manifold of the affine group is (0, 00) x R and also the group law is

(5.1) (a,2) X, (a’',2") = (ad', x + az’).

The continuous homomorphism & : H — (0,00) is given by d(a) = a~! and so that the left Haar measure is in fact
dug, (a,r) = a=2dadz. Due to Theorem 4.5 of [10] we can identify R with R via w(z) = (z,w) = €2™“% for each w € R
and so we can consider the continuous homomorphism 7 : H — Aut(K) given by a — 7, via
(2, wa) = (z,7a(w))
= (Ta-1(z),w) = (a7 '2,w) = e2miwa” ',
Thus, G» has the underlying manifold (0,00) x R, with the group law given by
(5.2) (a,w) Xz (a’,w'") = (ad’,ww),

Due to Theorem 3.1 the left Haar measure duc..(a,w) is precisely dadw. The 7 X 7-time frequency group G,z has
the underlying manifold (0,00) x R x R and the group law is

(5.3) (a,z,w) Xrxz (a’,2",W') = (ad', z + az’,ww)),

with the left Haar measure dug_ . (a,r,w) = a~'dadzdw. The geometry of this locally compact group and also the
wave packet approaches of this locally compact group was studied in [2, 20]. If u € L?(R) is a window function and
also f € L?(G,). According to (3.6) we have

Vuf(a,z,w) = 6(a)/?V, fu(z,w)

= a_1/2<fau Q(l’, w)u>L2(R)

Y [ " Ha )o@ o) dm)dy

=a /2 /_ Fla, )y — x)w(y)dy = a='/? /_ fla,y)uly — z)e > “Vdy.
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Using Theorem 3.4, if [Jul|z2r) = 1 we get

(5.4) /oo /OO /oo WdaddeZ/m /m V(‘%)‘Qdadm.

Due to the reconstruction formula (3.8) if for a.e. a € (0,00) we have fac€ LY(R), then for a.e. x € R we get

flayw) = ()2 ull 72 / /1wa%[<,ww@m

=Pl [ Vet - ) dyda
As well as according to (3.9) we have
Vif(a,z,0) = 0(a) 2V, fa(e, wa)
= a7 (fa, 0(2", wa)u) L2 (m)

—afw/ f(a,9) (@™ wa)u] (y)dy

- oo . -1
—wm/ fla,y)a ﬂm%@@:wm/ Flayy)a(y — az)e 2w vay,

Using Theorem 3.7, if [jul|z2r) = 1 we get

(5.5) / / / Mf“ zw)l dadxdw—/ / |f“ @2 e

Due to the reconstruction formula (3.11) if for a.e. a € (0,00) we have fa € L'(R), then for x € R we achieve

(a,2) / / Vi (@, 9,0)[o(y", wa)u (2) dydeo
= [ Vet - apeme iy,

Example 5.1. Let N > 0 and also uy = Xx[—n,n] be a window function with compact support and |[uy||z2®) = 2N.
Then, for all f € L*(G,) and (a,z,w) € G,x7 we have

VUNf(a,x,w) =a /2 /OO f(avy)uN(y - m)@dy
=a w(z) / fla,y + z)un (y)w(y)dy

1/2 / f a y—i—x ( )dy—a 1/2 7271'20.)93/ f a, y+x) 27mwydy
If we set x = 0, then we get
N
Va fla0,0) = [ flapemnay
—-N
Similarly, for the generalized 7 X T-continuous Gabor transform we have
o0
Vi feaw) =a 2 [ flaun(y - aze e vy
—00
N

00
_ a—1/26—2m’wx/ f(a7y+ax)uN(y)e—Qﬂiwaflydy _ a—1/26—2m‘ww/ f(a’y_i_ax)e—%riwa*lydy.
—o00 -N
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and also if we set © = 0, then we get
N o
Vi a0 =a 2 [ flag)e e vay,
-N

Example 5.2. Let u(z) = e=™" be the one-dimensional Gaussian window function with @ = u and ull p2®) = 271/4.

Then, for all f € L?(G,) and (a,z,w) € G,«7 we have
Vaf(aw) =a 72 [ flayuly - o)y
— a—1/2 / f(a, y)e—‘n-(y—gc)ze—Qﬂ'iwydy.
If f for a.e. a € (0,00) satisfies fa € LY(R), then we can reconstruct f via
faa) = [ [ Vaflapwite - iy
:/ / Vuf(a,y,w)e_”(”_y)ze%i”dydw.
—o0 J—o0
As well as, we can compute the generalized 7 x T-continuous Gabor transform by
o0 N
Vit aw) =a P [ flayuly - asje e vy
_ a—l/? /OO f(a, y)e—ﬂ(y—ar)ze—27riwa71ydy.
If f for a.e. a € (0,00) satisfies an € L'(R), then we can reconstruct f via
fla,z) = / / Vif(a,y,w)u(z — ay)ezmwaflmdydw
:/ / Vlf(a,y,w)e_”(r_‘”me%iwflzdydw.

The T ® T-time frequency group G.,g7 has the underlying manifold (0, 00) x (0,00) x R x R and the group law is
(5.6) (a,b,7,w) X,z (@', b, 2 W) = (ad, b, x + ax’, wwy),

with the left Haar measure dug. - (a, b, z,w) = a~?dadbdzdw. If g € L?(G) is a window function and also f € L?(G,).

According to (4.4) we have
ggf(a'a €, b7 CU) = 5(b)Vgafb(x7 W)
=b""{fp, 0(2z,w)ga) L2(R)

= bfl LOO f(b, y)mdy = b*l /;OO f‘(b7 y)g(a, Yy — I)S*Zﬂ'iwydy.

r@F

Using Theorem 4.2, if [|g||z2(q,) = 1 we get

00 oo &S] [eS) 2 0 ] 2
(5.7) / / / / 961 (@ 2. ) s = / / @) .
0 0 —oo J —o0 a 0 —oo a
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Using the reconstruction formula (4.7), if for a.e. a € (0,00) we have Fardu € LY(R), then for z € R we can write
£0.0) =l [ [ Gut(anbw)lo.)a) @)y

= b”gaHZE(]R) / / ggf(a’a Y, b,w)g(a, T — y)e_Qﬂ-iwwdydwa
and also in particular we get
fla,2) = algall 2 g / / Gof(a,y,a,w)g(a,x — y)e > dydw.

As well as according to (4.8) we have
Gl f(a,2,b,w) = 8(a)"/25(b)* 2V, fu(z", wp)
= a'?b32(fy, 0(x®, wp)ga) 12 (R)

=272 [ (o) oG ey
=252 [ (b y)gtasy — ainludy =20 [ f(bagla,y - anje e vy,
Using Theorem 4.5, if ||g||z2(c.) = 1 we get

00 poO o0 0 T 2 oo oo 2
(5.8) / / / / 9570 20 ) 4 s = / / @) g
0 0 —00 J —00 a 0 —co a

Due to the reconstruction formula (4.7) if for a.e. a € (0,00) we have fa € LY(R), then for all z € R and a.e.
a,b € (0,00) we get

F(b,2) = 6(a)"26(0) 72| gall 12 s /_OO /_OO Gif(a.g.b,w)o(g”, ws)ga) (z)dgdw

= a1/2b1/2||9a“222(m) / / g;f(a7 g, b,w)g(a, xr — ag)e2m'bﬂwdgdw7

and also in particular we have
fla,2) = allgall 73 g, / / Gif(a, g, a,w)[o(9" wa)gal ()dgdw

_ o0 o0 - 1
—dlalie [ [ if(agawlas - gt dgde

Example 5.3. Let N > 0 and also gn(a,z) = Xp1/n,N]x[-n~,N] (@, ) be a window function which has a compact
support. Then, for all f € L?(G,) and (a,z,b,w) € G,g> we have

Ggn fla,z,b,w) = b—l/ Fb,y)gn(a,y — x)e—%iwydy

N
= (@2 [ by ey,
-N
If we set x = 0 and a = 1 we achieve

N
(5.9) gng(l,O,b,w):bfl/ Fb.y)e ey
-N
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Also, for (a,z,b,w) we have
0o R
Giy fa,z,b,w) = al/25_3/2/ Fb,y)gn(a,y — ax)e ™ vy
1/23—3/2 —2miwb ™ tax v —2miwb ™ty
=a"b"" *xp N Ny (a)e f(by+ax)e dy.
-N
If we set x =0 and a@ = 1 then
N o
(510) 0}, 1(1.0.b,0) =5 [ fy)emier vay,
-N
Example 5.4. Let g(a,z) = ae~™(@*+7%) be the Gaussian type window function in L*(G;) with [|g||lp2(q,) = 27"
For a.e. a € (0,00) we have g, = g, and ||gallz1(r) = ae~™ also llgallz2®) = 2-1/4ge=m* Tt is also separable i.e
g(a,z) = au(a)u(z). Then, for all f € L*(G,) and also (a,z,b,w) € G,g7 we have
0 .
,f(an.bw) =0 [ fb.p)glay — 2y
—o0
_ b*laefsz / f(b, y)efw(yfm)zef%riwydy'
Using the reconstruction formula if f, € L'(R) for a.e. a € (0,00) we have
(o) o0 .
foo) =dlalie [ [ Guftepawlas - e iy
— 00 —00
= 21/2g-1¢ma’ / / G, fla,y, a,w)u(z — y)e*™ ™ dydw
= 21/2a’16”2/ / Gy f(a,y, a,w)e” @) 2T gy gy
As well as, for all (a,z,b,w) € G.g7 we have
o0 PR
a,x,b,w) =a"’"b" yy)gla,y —ax)e” Y
g;f b 1/2b 3/2 f b 2miwb Yd
— 00
— 6771’&2 a3/2b73/2 / f(b, y)efﬂ'(yfarfe*Qﬂ'iwalydy.
Due to the reconstruction formula if f, € L'(R) for a.e. a € (0,00) we have
) 0o e S
f(a,2) = allgall 2, / / G} f(a,y,a,w)g(a, — ay)e 27" dydu
= 21/2g-1¢ma’ / / Q;f(a, Y, a,w)u(x — ay)e_%mflwdydw
= 21/2(1*16770«2 / / g;f(a, v, a, w)efw(wfay)g6727ria_1wdydw’

In the sequel we compute 7 X T-time frequency group G, x» and 7 ® T-time frequency group G, g+ associate to other
semi-direct products.
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5.2. The Weyl-Heisenberg group. Let K be an LCA group with the Haar measure dk and K be the dual group of
K with the Haar measure dw also T be the circle group and let the continuous homomorphism 7 : K — Aut(.f(\' x T) via
s+ 7, be given by 7, (w, 2) = (w, z.w(s)). The semi-direct product G, = K x, (K x T) is called the Weyl-Heisenberg
group associated with K. The group operation for all (k,w, 2), (k',w’,2') € K x, (I/(\’ x T) is

(5.11) (k,w, 2) X, (K W' 2') = (k+ K, wo', 22'0' (k)).

If dz is the Haar measure of the circle group, then dkdwdz is a Haar measure for the Weyl-Heisenberg group and also
the continuous homomorphism 6 : K — (0,00) given in (2.3) is the constant function 1. Thus, using Theorem 4.5,
Proposition 4.6 of [10] and also Proposition 3.1 we can obtain the continuous homomorphism 7 : K — Aut(K X Z)
via § — Ty, where 75 is given by T, (k,n) = (k,n) o 74—1 for all (k,n) € K x Z and s € K. Due to Theorem 4.5 of [10],
for each (k,n) € K x Z and also for all (w,z) € K x T we have

<(w7z)’ (kvn)5> = <(0J, Z)v?S(ka TL)>

= (w, k —ns)(z,n) = ((w, 2), (k — ns,n)).

Thus, (k,n)s = (k —ns,n) for all k,s € K and n € Z. Therefore, G has the underlying set K x K x Z with the
following group operation;

(s,k,n) x= (s, K'\n') = (s + 5, (k,n)7s(K,n"))
= (s+5,(k,n)(k —n's,n)) = (s+ s, k+k —n's,;n+n').
The G, x#-time frequency group has the underlying set K X K x T x K x Z with the group law
(5.12) (kyw, z,8,n) Xoxz (K, 2, s \n')=(k+ K w22/ (k),s + s —n'k,n+n').
and the left Haar measure is duc. . (k,w, z,s,n) = dkdwdzdsdn. ~
The G,g#-time frequency group has the underlying set K x K x K x T x K x Z with group operation
(5.13) (r k,w, z,8,n) KXoz (r' K W 2 80"y = (r+r k+ K ww' 220 (r),s + 8 —n'k,n+n'),
and also the left Haar measure is dug. - (7, k,w, 2, s,n) = drdkdwdzdsdn.
5.3. Euclidean groups. Let E(n) be the group of rigid motions of R™, the group generated by rotations and trans-
lations. If we put H = SO(n) and also K = R", then E(n) is the semi direct product of H and K with respect to

the continuous homomorphism 7 : SO(n) — Aut(R") given by o — 7, via 7,(x) = ox for all x € R”. The group
operation for E(n) is
(5.14) (0,%) X, (¢/,x") = (00’ , x + 7, (X)) = (00, x + 0X').
Identifying K with R™, the continuous homomorphism 7 : SO(n) — Aut(R"™) is given by o — 7, via
(x,76(W)) = (x, W)
= (1o-1(x), W)
1 > _ 6727ri(0_1x,w)

={oc7x,w )
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where (.,.) stands for the standard inner product of R™. Since H is compact we have § = 1 and therefore dodx is a
left Haar measure for E(n). Thus, G> has the underlying manifold SO(n) x R™ with the group operation

(5.15) (o, w) Xz (0!, W) = (c0’,w +w.).

According to Theorem 3.1 the left Haar measure dug. (o, w) is precisely dodw. The 7 x 7-time frequency group G,x»
has the underlying manifold SO(n) x R™ x R™ with the group law

(5.16) (0,%, W) X, x7 (0',x', W) = (00’ ,x + ox', W+ w.).

Due to Proposition 3.3 and also compactness of H, duc,, .(0,x,w) = dodxdw is a Haar measure for G,x7. The
T @ 7-time frequency group G,g7 has the underlying manifold SO(n) x SO(n) x R™ x R™ equipped with the group law

(07 0, X, W) Xro7 (0—/, Qla X/a W/) = (00/3 QQ/a X+ lea W+ ng)v

and also the Haar measure is dug. . (0, 0,%x,w) = dododxdw.
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