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Abstract An associative ring is said to be right strongly Hopfian if the chain of
right annihilators 7g(a) C rg(a?) C - stabilizes for each a € R. In this article,
we are interested in the class of right strongly Hopfian rings and the transfer of
this property from an associative ring R to the Ore extension R[z;«,d] and the
monoid ring R[M]. It is proved that if R is («,d)-compatible and R[z;a,d] is
reversible, then the Ore extension R[z;«,d] is right strongly Hopfian if and only
if R is right strongly Hopfian, and it is also showed that if M is a strictly totally
ordered monoid and R[M] is a reversible ring, then the monoid ring R[M] is
right strongly Hopfian if and only if R is right strongly Hopfian. Consequently,
several known results regarding strongly Hopfian rings are extended to a more

generally setting.
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1. Introduction

Throughout this paper all rings are associative with identity. For a nonempty subset
X of aring R, [g(X) ={a € R| aX =0} and rg(X) = {a € R | Xa = 0} denote
the left and the right annihilator of X in R, respectively. Following A. Hmaimou et
al [5], a ring R is left strongly Hopfian if for every endomorphism f of R, the chain
kerf C kerf? C --- stabilizes. Equivalently, R is left strongly Hopfian if the chain
of left annihilators Ig(a) C Ig(a®) C --- stabilizes for each a € R. The class of left

strongly Hopfian rings is very large. It contains Noetherian rings, Laskerian rings, rings



satisfying acc on d-annihilators and those satisfying acc on d-colons, and so on [4]. If
R is a commutative ring, then a left strongly Hopfian ring is also called a strongly
Hopfian ring. A. Hmaimou et al [5] showed that for a commutative ring R, the ring
R is strongly Hopfian if and only if the polynomial ring R[z] is strongly Hopfian if
and only if the Laurent polynomial ring R[z;x~'] is strongly Hopfian. Let R be a
commutative ring. In [4], S. Hizem provided an example of a strongly Hopfian ring R
such that the power series ring R|[[z]] is not necessary strongly Hopfian, and also gave
some necessary and sufficient conditions for R[[z]] to be strongly Hopfian. For more
details and properties of left strongly Hopfian rings, see [2, 4, 5, 7, 8].

Let a be an endomorphism, and § an a-derivation of R, that is, ¢ is an additive map
such that 6(ab) = d(a)b+ a(a)d(b), for a, b € R. According to Annin [1], a ring R is
said to be a-compatible if for each a,b € R,ab = 0 < aa(b) = 0. Clearly, this may only
happen when the endomorphism « is injective. Moreover, R is said to be d-compatible
if for each a,b € R,ab = 0 = ad(b) = 0. A ring R is («, d)-compatible if it is both
a-compatible and d-compatible. Recall that a ring R is reversible if ab =0 = ba = 0
for all a, b € R, and a ring R is semicommutative if ab = 0 implies aRb = 0 for
any a, b € R. Clearly, any subring of a reversible ring is also reversible, and if R is
a reversible ring, then for any n € N and any permutation o € S, z125-- -2, = 0
implies 7,1\ RT )R- Tomy R = 0 for any z; € R, 1 < i < n. Reversible rings
are semicommutative, but the reverse is not true in general [6, Example 1.5]. Let
f(z) = ap + a1z + - -+ + apz™ € Rlz;a,6], {ap,a1,...,a,} denotes the subset of R
comprised of the coefficients of f(x).

In this article, we are interested in the class of right strongly Hopfian rings and
the transfer of this property from an associative ring R to the Ore extension R[z;«, ]
and the monoid ring R[M]. We first provide some examples of right strongly Hopfian
rings. We next show that: (1) if R is («, §)-compatible and R[z; «, d] is reversible, then
the Ore extension R[z;«,d] is right strongly Hopfian if and only if R is right strongly
Hopfian. (2) If M is a strictly totally ordered monoid and R[M] a reversible ring,
then the monoid ring R[M] is right strongly Hopfian if and only if R is right strongly
Hopfian.

2. Extensions of right strongly Hopfian rings

Definition 2.1 A ring R is right strongly Hopfian if the chain of right annihilators
rr(a) C rr(a®) C --- stabilizes for each a € R.

The next Lemma is known and very useful. We leave the proof for the reader.

Lemma 2.2 Let a € R. Then the chain rg(a) C rg(a®) C -+ stabilizes if and only if

there exists n > m such that rg(a™) = rr(a™).



Lemma 2.3 Let A C B be an extension of rings. If B is right strongly Hopfian, then
so is A.

Proof Let a € A. Then ra(a) =rg(a) N A.

Proposition 2.4 Let T,,(R) denote the n x n upper triangular matriz ring over a ring
R. Then the following conditions are equivalent:

(1) R is right strongly Hopfian;

(2) T,,(R) s right strongly Hopfian.

Proof (1) = (2). Suppose R is right strongly Hopfian and let

a;; Qi -+ Aip
0 .. "

A= 22 “n e T(R).
0 0 - an

We proceed by induction on n to show that 7),(R) is right strongly Hopfian. Let n = 2.

b
Put a = g € Ty(R). Since R is right strongly Hopfian, there exists m € N
c
such that for any n > m, rg(a™) = rg(a™) and rg(c") = rgr(c™). Now we show that
rryr) (@2 ) = royr) (@2™). I B = < 0 ) € rryr)(®™1), then
a?m 13
[ @t @+ @ e+ -+ a"be™ A b Ty
o 0 C2m+1 0 z
_ [ @ @y (@b @ et £ amheT bz
o 0 2mtl B
Thus = € rp(a® ™) = rgp(@®) and z € rg(c® ) = rp(c®) = -+ = rg(c™).

Hence the equation

a*" My + (@b + @ be+ -+ @b + -4 b )z = 0

becomes
a?ly + (a®™b + a®™toe + - - + a™ b ) 2
= a™(a™y + (a™ 0+ a™ b+ - -+ be™ ) 2) = 0.
Then
a™y+ (@™ o+ a™ Phe+ -+ bz € rr(a™),
and so

a™y + (@™ b+ a™ 2be + - -+ bz € rr(a™).



Hence
a™(a™y + (@™ b+ a™Phe + - - -+ b 2)

— a2my + (a2m—1b + a2m—2bc 4+t ambcm—l)z = 0.

Then
a*m 3

a®™  a® 7 4+ a®2be + - - - + abc®™ 2 4 pPm Tt Ty
- 0 cm ) ( 0 2 )

a®™x @y 4 (a® T+ aP e + 4 a™bem T b )2
B 0 2y )
{0 @y + (a® b4 a* e+ -+ abe™ )z ) 0

00

Hence r,(r) (a*™ ) C rpy gy (®™) and s0 11, (r) (a*™ ) = r1,(r) (™). Therefore To(R)
is right strongly Hopfian.

Next, we assume that the result is true for n — 1, n > 2, and let

aix a2 -+ Aip
0 .. "

A= 22 “n | e T, (R).
0 0 - anm

We show that 77, (r)(A) C 1, (r)(A?) C - - - stabilizes. Put

ai; Q2 - Qip

A= 0 axp - az :<An—1 B )
PR PR PR .« . 0 a/’l’LTL
0 0 S ¢ 2777

By the induction hypothesis, we can find m € N such that for any s > m, r1, _,(r)(45_,) =

rr,_(r)(Ap_,) and rr(as,) = rgr(ay,). Then using the same way as above, we can show

that r7, gy (A*™ ) = rr,(r)(A*") and so T,,(R) is right strongly Hopfian by induction.
(2) = (1) This follows easily from Lemma 2.3.

Corollary 2.5 Let L,(R) denote the lower triangular matriz ring over R. Then the
following conditions are equivalent:

(1) R is right strongly Hopfian,

(2) L,(R) is right strongly Hopfian.

Let
a Az -+ Q1p
0 . "
S.(R) = “ “n g a; €RY
0 0 a



Go(R) = la, e R,(1<i<ny,

0 0 - a
and let R < R denote the trivial extension of R by R.

Corollary 2.6 The following conditions are equivalent:
(1) R is right strongly hopfian,
(2)S,(R) is right strongly Hopfian,
(8) Gn(R) is right strongly Hopfian;
(4) R[x]/(x™) is right strongly Hopfian;
(5) R R is right strongly Hopfian.

Proof Note that R[z]/(z") = G,(R) and R R = Gy(R).
Let R be a ring. Immediately, we deduce that the lower triangular matrix ring

over R is right strongly Hopfian if and only if the upper triangular matrix ring is right

a1 0 0
strongly Hopfian. Let R be a ring, and let W(R) = a1 Gy a3 | |aij € R
0 0 as3

Then W (R) is a 3 x 3 subring of M3(R) under usual matrix addition and multiplication.
A natural problem asks if the right strongly Hopfian property of such a ring coincides
with that of R. This inspires us to consider the right strongly Hopfian property of
W(R).

Proposition 2.7 Let R be a ring. Then W (R) is right strongly Hopfian if and only if
R is right strongly Hopfian.

Proof Suppose R is right strongly Hopfian and let

a 0 0
a=|x b y | € W(R).
0 0 ¢

Then there exists m € N such that for any n > m, rg(a”) = rg(a™), rr(b") = rg(b™),

and rg(c") = rg(c™). Now we show that ry (gy(a®™ ™) = ry g (™). If

d 00
B=1 s e t € rwr)(a
00 f

2m+1)
)

then
a2m+1 d 0 0

a2m+1/6 _ ud + pPmtlg p2mtlo p2mtly + Uf =0,
0 0 C2m+1f

5



where

u = xa®™ 4 bra® ' 4 - F D"za™ + 0" za™ ! 4+ 0P a0,

and
v = 0"y 4+ " ye + 02y + - 4 by 4 ycP™
Hence
d € rr(a® ™) = rg(a®) = -+ = rp(a™),
e € ’/’R(b2m+1) = TR(b2m) = = ’/’R(bm),
and
f cr (02m+1) — TR(C2m) — — TR(Cm)
Then
0= wud-+b™mtls
= (za® 4 bxa®™ !+ o+ bMxa™ 4+ 0" ea™ T + -+ D) d + D s
b ((xa™ ™t + bra™ 2 + -+ 0™ 2)d + b™s),
and
0= V" lt4of
— b2m+1t + (b2my + b2m—1yc 4+t bm-l—lycm—l + bmycm 4+t yc2m)f
— b2m+1t + (b2my + b2m—1yc 4+t bm+1ycm—1)f
— bm—i—l(bmt + (bm—ly + bm—2yc N ycm—1>f)'
Hence
(xa™ +bxa™ 2 4 -+ 0" 2)d + s € rRp(B™TY) = rRp(b™)
and
b4 (0" y 0" Pye 4 -+ yc™ Y f € rp((0MTh) = rp(B™).
So
V™ ((xa™ 4 bra™ 2 4 - 4 0" a)d + b™s)
= xa™t + 0" Hra™ 4 4 0P ) d + bPMs = 0.
and

O (0"t A (0" Yy + 0 Pye -y f)
= 0™t + (0" y + 0*2yc+ -+ 0y f = 0.

Then by a routine computations, we can show that a*”3 = 0 and so § € rwg)(a®™).

Hence 7y (g)(a*™ ) = rw(gy(a®™). Therefore W (R) is right strongly Hopfian.
Conversely, if W(R) is right strongly Hopfian, then by Lemma 2.3, R is right
strongly Hopfian.
Let a be an endomorphism and ¢ an a-derivation of R. We denote by R[z;«, ]

the Ore extension whose elements are the polynomials over R, the addition is defined
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as usual and the multiplication is subject to the relation xa = a(a)z + §(a) for any
a € R. From this rule, an inductive argument can be made in order to calculate an
expression for z’a, for all j € N and a € R. To recall this result, we shall use some

convenient notation introduced in [9].

Notation 2.8 Let § be an a-derivation of R. For integers i,j with 0 < i < j, f/ €

)

End(R,+) will denote the map which is the sum of all possible words in «,d built

with i letters a and j — i letters §. For instance, fJ = 1,f; = o, f] = & and
i1
as done in [9], one can show with a routine computation that

= o/ 15 +ai 2o+ - +0adt. Using recursive formulas for the f’s and induction,

J
vla = Z f(a)z'.
i=0
The following Lemma is well known and we omit the proof (see [3, Lemma 2.1]).

Lemma 2.9 Let R be an («,d)-compatible ring. Then we have the following:
(1) If ab =0, then aa™(b) = a"(a)b = 0 for all positive integers n.
(2) If a*(a)b = 0 for some positive integer k, then ab = 0.
(3) If ab = 0, then o™(a)d™(b) = 0 = 6™ (a)a™(b) for all positive integers m,n.
(4) If ab =0, then af!(b) =0 and f/(a)b =0 for all i, j.

Lemma 2.10 Let R be an a-compatible ring. If o* (ai)a*?(ay)--- o (a,) = 0 for

some positive integers, then ajas - - - a, = 0.

Proof Using induction, for n = 1, the result is true by the injectivity of . Now
suppose o' (a;)a*?(ag) - --a*r(a,) = 0. Then o* (a;)a*?(ay)---a*1(a,_1)a, = 0,

and so o' (a;)a*?(ay) - - - a*=1(a,_1a,) = 0. Then ajay---a, = 0.

Lemma 2.11 Let R be an («, d)-compatible ring, f(x) = ap + a1z + - -+ + a,2" and
g(x) = bo+brz+- - -4bypz™ be two polynomials in R|x; «, §]. Then we have the following:
(1) If for all0 <i<n and 0 < j <m, a;b; =0, then f(z)g(x)=0.
(2) If R is semicommutative and ¢ € R is such that for all 0 < j < m, cb; = 0,
then cf(z)g(xz) = 0.

Proof (1) We have

f(x)g(x) = (ap+arx+ -+ ax™)(bo + byz + - - + ba™)

- 5 (= o)

=0 s+t=l

By Lemma 2.9, a;b; = 0 implies a;f!(b;) = 0. Thus it is easy to see that f(z)g(x) = 0.
(2) Since R is semicommutative, for all 0 <i < n and 0 < j < m, ¢b; = 0 implies

ca;b; = 0. Thus by (1) we complete the proof.
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For two polynomials f(z) and ¢g(z) in R|x;«,d], in order to calculate a expression
for (f(z) + g(x))", for all n € N, we denote by [QFf(x)g(x)] the polynomial which
is the sum of all possible terms, which each term is a product of i polynomials f(z)

and n — i polynomials g(x). Using this convenient notation, we have (f(x)+ g(x))" =

f@)" + Q0 1 f(@)g(2)] + Q5 o f (x)g(x)] + - -+ [Q1 f (z)g(2)] + g(2)".

Lemma 2.12 Let R be an (o, §)-compatible semicommutative ring, azx”, f(x) = by +
bix + - 4 bypa™, g(z) = co+ cax + - - + c,x? be three polynomials in R|x; o, d]. If
c; € rr(a™) for all 0 < j < g, then for any p > n, [QF(az") f(z)]g(z) = 0.

Proof It is easy to check that the coefficients of [QP(az")f(x)] can be written
as sums of monomials of length p in f!(a) and f¥(b;), where b; € {bo,b1,...,b,} and
t>s >0, v >wu > 0 are nonnegative positive integers. Consider each monomial

D) f2(vg) - - - f(v,) where vy, vy, ..., v, € {a, by, by, ... by} It would contains n
letters a. Suppose v, = Uy, = -+ =0, =a forsome 1 <71y <ry <--- <1, < p.
Then we write the monomial f!!(vy)fe2(vs) - - f(vy,) as

S0 (@) F T Wrga) -+ Fln T n ) Flrn (@) fln () - 2 (0p),

where vs € {bg,b1,...,by} if s & {ri,7re,...,7,}. For each 0 < j < ¢, since R is
(o, 0)-compatible and semicommutative, a"c; = aa- - - ac; = 0 implies

for(a) fo2(a) - - fom(a)e; = 0,

™n

and so

1) L@ F s W) - Pt () P (@) ot (v 0) -+ Fi2 ()5 = 0.

Thus by Lemma 2.11, we complete the proof.

The same idea can be used to prove the following.

Corollary 2.13 Let R be an («,d)-compatible semicommutative ring, ax”, f(x) =
bo+ b1z + - + bpa™, g(x) = co + 1z + - - - + ¢,x? be three polynomials in R[x; ., d].
If ¢; € rg(a™) for all 0 < j < q, Then we have the following:

(1) For anyp >n+1, (@) (ax") f(z)]g(x) = 0.

(2) R[z;a,8](a*z™)R[z; a, 8] (a2x™) R[x; v, 8] - - - (a** 2™ ) R[z; cv, §]g(x) = 0 if iy +
19+ -+ >n.

Proposition 2.14 Let R be (a,d)-compatible and R|x;«,d] be reversible. Then the
following conditions are equivalent:

(1) R is right strongly Hopfian,

(2) R[x;a,d] is right strongly Hopfian.



Proof (1) = (2) Let f(z) = ap + a1 + -+ - + a,2™ € R[zr;,0]. Since R is
right strongly Hopfian, there exists £ € N such that for all [ > k and all 0 <1 < n,
rr(al) = rr(ak). Now we show that rgp.q.6(f (@) "R = rpp.qe(f(2)@FDR) I

g(x) = by + b1z + -+ + bpa™ € Trppiag (f(2) T,

then

0 = f(x)" R lg(z) = (ag + arz + - + apa™) TR (b + bz + - - - + bpa™)
= a,q ( )a ( ) .. Oz("+1)k"(an)a[(n+1)k+11"(bm)a?[(n"'l)k"'l}""_m + lower terms.

Hence
anan(an)a2n(an) . a(n-i—l)kn(an)a[(n—i-l)k—i-l}n(bm) —0.

(n+ D1y

By Lemma 2.10, we obtain a = 0. Hence

b €rp ( (n+1)k+1) T’R(ak).

n

From f(z)™+D*+g(z) = 0, we have af f(x)("*Vk+1g(x) = 0. Then by Lemma 2.11, we

obtain

= ab f(2) O g(z) = al(ag + ara + -+ + ape™) R by 4 by - bya™)

=af(ag + a1z + - - + a,z™) Y k+l(b0 + b+ by ™)

+ak(ag + a1z + - - + a,z") TR pm

= af (a0 + a1z + - -+ ana™) TR by 4 by 4 - A by 2™ )

= afa,a"(ay) - - - TV (g, )l F DRI g l(nFDRFndm=1  Jower terms.
Hence

ak+1an(an)a2n(an> . _a(n+1)kn(an)a[(n+1)k+l]n(bm_l) -0

and so
bm 1 € ’/’R( (n+2 )k—H) TR(CLI:L).

Using the same method repeatedly, we obtain
b; € rr(al TR = rr(ak) for all 0 < j < m.

Consider the polynomial f(zx) as the sum of two polynomials a,z" and h(z) = a,_12" 1+
An_ox" "2 + - -+ ag. Then by Corollary 2.13, we obtain

0 = f(a)mDrg(z) = (ana” + h(w)) " g()
= (@) (@) + QU (anah(a)] g(:L')—l—...

+[ I (anam)h(@)] g(2) + (@ (@) h(@) | gle)
o QT (@ h(2)] g(@) + () kﬂg(x)
_ [ ]gn—',il)k-i-l h(z]g $)+[ n+1 k+1 (anz™h(z)] g(z
+ QU (aam)h(@)] glw) + (@) IR g(a), 1>

©



Multiplying equation (1) on the left side by (a,z™)*~!, then by Lemma 2.12 and
Corollary 2.13, we obtain

(an )k lh( ) (n+1) k+1g(l’) =0.
Since R[z;a, d] is reversible, this implies
QU aa)h(2)] gla)h(z) " =0, @)
Multiplying equation (1) on the right side by h(z)*~!, we obtain
[ é"*;”’”%anx")h(x)} g@)h(@) 1 + QI (@ h(@) | g(a)h(a)
4o () TR g (1) h(2)F = 0. (3)

k—2

Multiplying equation (3) on the left side by (a,x™)" %, we obtain

(a2 [ QU (@ )| gw) ()"~ + (@)~ 2h(2) D g @) = 0. (4)

By equation (a,z")*h(x)"+VE+1g(2) = 0 and R[x;a, d] is reversible, it is easy to see
that (a,z")*2 [ (mFORFL (g m )h(:c)} g(z)h(z)*~! = 0. Hence equation (4) becomes

(ana™) 52 R () DR+ g () (2)FL = 0.
Since R[z;«, d] is reversible, this implies
(@S (ana™ h(w)lg () h()* " h()* = 0.
Multiplying equation (3) on the right side by h(z)*~2, we obtain
Q5 o) g he) ()2 b B g ) h(a) () = 0.
Continue this process yields that
h(x) " g (2)h () ()2 () = 0,

and so

n k(k 1)
h(:E)( +1)k+14+ 25 g(:B)

k(k 1)

(bo + b1I+ c bmxm) = 0,

since R|x;«,d] is reversible. Now by the same way as above, we obtain

i k+1+k(k 1)
b; € rr(a, (n 1) ) =rr(a;_,)

for all 0 < 7 < m. Using induction on n, we obtain

( (n"rl)k"‘rl) 'I"R(a?)

b er
forall 0 < j < mand 0 < i < n. It is now easy to check that f(z)™+Y*g(z) = 0.
Hence 7rp.0.6 (f (2) ") = 106/ (f(2)®TD%). Therefore R[z; o, 6] is right strongly
Hopfian.

(2) = (1) It is trivial.

10



Corollary 2.15 We have the following:

(1) If R is a-compatible and the skew polynomial ring R[z; o] is reversible, then the
skew polynomial ring R|x; ] is right strongly Hopfian if and only if R is right strongly
Hopfian.

(2) If R is d-compatible and the differential polynomial ring R|x; ] is reversible,
then the differential polynomial ring R[z;d] is right strongly Hopfian if and only if R
1s right strongly Hopfian.

Proof It is an immediate consequence of Proposition 2.14.

Corollary 2.16 (/5, Theorem 5.1]). Let R be a commutative strongly Hopfian ring,
then the polynomial ring R|x] is strongly Hopfian.

Let M be a multiplicative monoid. In the following, e will always stand for the
identity of M. Then R[M] will denote the monoid ring over R consisting of all elements
of the form "  r;g; with r; € R, g; € M, i = 1,2,...,n, where the addition is given
naturally and the multiplication is given by

n m

(Z Tigz')(z sih;) = Z Z(TiSj)(gihj).

i=1 j=1

Recall that the ordered monoid (M, <) is a strictly ordered monoid if for any g, ¢,
h € M, g < ¢ implies that gh < ¢’h and hg < hg'.

For two elements a and ( in R[M], in order to calculate a expression for (a+ 5)",

for all n € N, we denote by [Q7af3] the sum of all possible terms which each term is a

product of i elements o and n — i elements 3. Using this convenient notation, we have
(a+B)" =a" +[Qn_1af] + [Q)_oaf] + -+ + [QTaf] + 5.

Lemma 2.17 Let (M, <) be a strictly totally ordered monoid and R a semicommuta-
tive ring, o = ag, [ = bihy 4+ bohs + -+ - + byh, and v = civy + covg + - -+ + U, be
three elements in R[M]. If there exists a positive integer n € Z such that ¢; € rr(a™)
for all 1 < j < m, then for any p > n, [Q2af]y = 0.

Proof The coefficients of [QP«af] can be written as sums of monomials of length
pin a and b;, where b; € {b1,bs,...,b,}. Consider one of such monomials, dids - - - d,,,
where d; € {a,b1,by,...,b,}, 0 < i < p. It would contain n letters a. Suppose
d,, =d,, =d,, =aforsomel <r <ry <---<r, <p Then we can written
the monomial as dids - - - d;,—1ady, 41 - - - dy,—1ad,,, 11 - - - d,. Since R is semicommutative

and ¢; € rgp(a™) for all 1 < j <m, a"c; = aa---ac; = 0 implies
d1d2 cee dTl_ladﬁH s drn_ladrnﬂ ce dej =0

for all 1 < j < m. Hence each monomial appears in [Q?«f]y is equal to 0. Therefore

(@ aB]y = 0.

The same idea can be used to prove the following.
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Corollary 2.18 Let (M, <) be a strictly totally ordered monoid and R a semicommu-
tative ring, « = ag, B = bihy + boho + - -+ 4+ byh,, and v = civy + cove + - - + cpUy, be
three elements in R[M]. If there exists a positive integer n € Z such that ¢; € rr(a™)
for all 1 < j < m, then for any p > n + 1, we have the following:

(1) [@n 0By =

(2) RIM ](ag)”lR[M](ag)"QR[M] - (ag)™ R[M]yR[M] = 0 if ny+no+- - -+ng > n.

Proposition 2.19 Let M be a strictly totally ordered monoid and R[M] a reversible
ring. Then the following conditions are equivalent:

(1) R is a right strongly Hopfian ring;

(2) R[M] is a right strongly Hopfian ring.

Proof (1) = (2). Let o = a191 + as2g2 + -+ - + ang, € R[M] with ¢, < g, if
1 < j. Since R is right strongly Hopfian, there exists k& € N such that for all [ > &
and all 1 < i < n, rg(al) = rr(aF). Now we show that rgp(a™ ) = rpg (™). If
B = birhi + byhg + - - - by hy, € TR (0 a1 with h, < hy if s <t. Then

0= Oénkﬂﬁ = (@11 +agg2+ - -+ angn)nk+1(blh1 + bohg + -+ - b hy).

Consider the coefficient of the largest element ¢"**1h,, in a"**13, we obtain a™**!b,,

0. Hence b, € rr(a™*1) = rg(a¥). From o™ 13 = 0, we have

0 = (ape)a™ ™3 = (af )(algl + asgs + -+ angn) T (brhy + bahy + - bphuy)

= (aﬁe)(algl + aggo + -+ + angn)nk+l(b1h1 +baho + - b1 hn—1)
+(ake)(argr + asgo + - - + angn) o,

(ame)(argr + azgs + -+ - + &ngn)nk+l(blhl + bohg 4 - b1 hyp—1)

(ame)a nk+1( - bmhm)'

ay,
ay,
Consider the coefficient of the largest element g™**1h,,_; in (ake)a™ (3 — byhm), we
obtain

b1 € ’/’R( (n+1 )k+1) TR(CLk).

n

Continue this process yields that b; € rg(a™*1) = rg(a¥) for all 1 < j < m. Consider
the element « as the sum of two elements a,g, and v = a191 + a2g92 + -+ + ap_1gn_1.
Then by Lemma 2.17 and Corollary 2.18, we obtain

0 = nk+lﬁ _ (angn + ,y)nk—i-l/@
= (ang )nk+16 + [an+1(angn> :| ﬁ T+t [Qzli—{l(angn>7:| ﬁ Tt 7nk+lﬁ
= [Qzﬁ—{l(angn> } B+ [ nk+1(an9n) ] B+ + 7nk+1ﬂ- (5)

Multiplying equation (5) on the left side by (a,g,)*~!, then by Corollary 2.18, we
obtain (a,g,)*1y™*18 = 0 and so [Q{*1(a,g,)7]B7*~ = 0 since R[M] is reversible.

Multiplying equation (5) on the right side by v*~!, we obtain
[QE 5 (angn)V] 87+ [QRE4 (anga)y] B+ 4™ M = 0. (6)
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Multiplying equation (6) on the left side by (a,g,)* 2, we obtain

(angn)" " [QT* T (angn)y] 87" + (angn)* " 374 = 0.

Since R[M] is reversible, (a,g,)*"1y"**13 = 0 implies

(angn)" 2 [QT* (angn)y] B = 0.

k—2_ nk+1 k—1 nk+1
Y By

Hence we obtain (a,g,) =0, and so [Q}" 5 (angn)7] By 14" = 0 since

R[M] is reversible. Then multiplying equation (6) on the right side by v*~2, we obtain

[ Zﬁ—gl(angn) }ﬁvk 1_k— 2+[ Zﬁzl(angn) }ﬁ,yk 1_k— 2_|_ +’}/nk+1ﬁ'7k 1_ k-2 —0.

. . : (k=1) (k=1 .
Continue this process we obtain vnkHﬁvk > =0 and so 7"k+1+k th B = 0. Using the
same way as above, we can show that

bj€rplany 7 ) =rrlah )

for all 1 < 5 <m. Using induction on n, we obtain

bj € rr(a ”kH) rr(al)

)

forall 1 < j <mand 1 < i < n. Then it is easy to check that ™3 = 0. Hence
B € rrpn(a™), and so rgpg (™) = rrpg(). Therefore R[M] is right strongly
Hopfian.

(2) = (1) It is trivial.

Corollary 2.20 (/5, Corollary 5.4]) Let R be a commutative strongly Hopfian ring,
then R[x, x| is strongly Hopfian.
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