FILTER REGULAR SEQUENCES AND GENERALIZED LOCAL
COHOMOLOGY MODULES

ALI FATHI, ABOLFAZL TEHRANIAN, AND HOSSEIN ZAKERI

ABSTRACT. Let a, b be ideals of a commutative Noetherian ring R and let M,
N be finite R-modules. The concept of an a-filter grade of b on M is introduced
and several characterizations and properties of this notion are given. Then,
using the above characterizations, we obtain some results on generalized local
cohomology modules HQ(M, N). In particular, first we determine the least
integer 4 for which H? (M, N) is not Artinian. Then we prove that H (M, N)
is Artinian for all ¢ € Ng if and only if dimR/(a 4+ Ann M + Ann N) = 0.
Also, we establish the Nagel-Schenzel formula for generalized local cohomology
modules. Finally, in a certain case, the set of attached primes of HE(M, N) is
determined and a comparison between this set and the set of attached primes
of Hi(N) is given.

1. INTRODUCTION

Throughout this paper, R is a commutative Noetherian ring with nonzero iden-
tity, a, b are ideals of R and M, N ,L are finite R-modules. We will use N (respec-
tively Ny ) to denote the set of positive (respectively non-negative) integers.

The theory of local cohomology, which was introduced by Grothendieck, is a use-
ful tool for attacking problems in commutative algebra and algebraic geometry. The
reader is referred to [6] for basic facts concerning local cohomology modules. Tt is
an interesting problem [12, third problem] to determine if a given local cohomology
module is Artinian. In recent years there have appeared many papers in this area
(see [2, 23, 28], for example). In this paper, among other things, we provide some
results on Artinianness of local cohomology modules and, furthermore, we identify
the least integer ¢ such that the i-th local cohomology module is not Artinian.

Indeed, in this paper, we consider the concept of generalized local cohomology
functor which was first introduced, in the local case, by Herzog [11] and, in the
general case, by Bijan-Zadeh [4]. The i-th generalized local cohomology functor
Hi(.,+) is defined by

H(X,Y) = @Extg()(/anx, Y)
n

for all R-modules X, Y and i € Ny. Clearly, this notion is a natural generalization
of the ordinary local cohomology functor.

There is a lot of current interest in the theory of filter regular sequences in com-
mutative algebra; and, in recent years, there have appeared many papers concerned
with the role of these sequences in the theory of local cohomology. In particular
case, when one works on a local ring, the concept of a filter regular sequence has
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been studied in [26, 29] and has led to some interesting results. We will denote
the supremum of all numbers n € Ny for which there exists an a-filter regular M-
sequence of length n in b by f-grad(a, b, M). In a local ring (R, m), f-grad(m, a, M)
is known as f-depth(a, M). Lii and Tang [15] proved that

f-depth(a, M) = inf{i € Ny|dim Ext'»(R/a, M) > 0}

and that f-depth(a, M) is the least integer i such that H: (M) is not Artinian. As
a theorem, we generalize their results and characterize f-grad(a, b, M) to non local
cases as follows.

f-grad(a, b, M) = inf{i € No| Supp Ext%(R/b, M) Z V(a)}
inf{i € No| Supp Hy (M) € V(a)},
f-grad(a, b + Ann N, M) = inf{i € No| Supp Hj,(N, M) € V(a)},

and

sup f-grad( ﬂ m,a + Ann M, N)
AeM meA

= inf{i € No| H.(M, N)is not Artinian}
= inf{i € No| Supp H,(M, N) € max(R)}
= inf{i € No| Supp H, (M, N) € A for all A € M}
= inf{i € No| dim Ext’z(M/aM,N) > 0},
where M is the set of all finite subsets of max(R).

As an application of this theorem, we show that, if n € N, then H.(M, N) is
Artinian for all ¢ < n if and only if HiRp(Mp,Np) is Artinian for all ¢ < n and
all prime ideals p. Also, we prove that HQ(M ,N) is an Artinian R-module for all
i € Ny if and only if dim R/(a + Ann M + Ann N) = 0. In particular, Ext’ (M, N)
has finite length for all i € Ny if and only if dim R/(Ann M + Ann N) = 0.

Let z1,...,x, be an a-filter regular N-sequence in a. Then the formula
Hy(V) = § oo () iti<n,
Hy " Y, (V) ifi>n,

is known as Nagel-Schenzel formula (see [22] and [13]). We generalize the above
formula for the generalized local cohomology modules. Indeed, we prove that:

(i) Hi(M,N)=H] (M, N) for all i < n;

(T1507n)
(ii) if projdim M = d and L is projective, then
H""(M ®g L,N) = Hy(M,H{,, _, (L,N))
for all 7 > d.

Assume that R = R/(a+ Ann M + Ann N) and that the ideal ¢ is the inverse
image of the Jacobson radical of R in R. If R is semi local, then, by using the
isomorphisms described in (i) and Theorem 4.2, we prove that

f-grad(t, a + Ann M, N) = inf{i € No| H.(M, N)is not Artinian}
= inf{i € No| H,(M, N) 2 H.(M, N)}.
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Let (R, m) be a local ring and dim N = n. Macdonald and Sharp [17, Theorem
2.2] show that
AttH (N) = {p € Ass N|dim R/p = n}.
As an extension of this result, Dibaei and Yassemi [9, Theorem A] proved
AttH (N) = {p € Ass N|cdq(R/p) = n},

where cdq(M) is the greatest integer ¢ such that H:(M) # 0. Finally, if d =
projdim M < oo, then Gu and Chu [10, Theorem 2.3] proved that Hg'*'d(M7 N) is
Artinian and

Att H' (M, N) = {p € Ass N|cdo (M, R/p) = n + d},

where, for an R-module Y, cdy(M,Y) is the greatest integer i such that H: (M, Y) #
0. Notice that cdq(M,N) < d+ n [4, Lemma 5.1]. We prove the above result
in general case where R is not necessarily local. As a corollary we deduce that
Att H' (M, N) C Att H"(N). Also,we give an example to show that this inclusion
may be strict. Indeed, our example not only show that the Theorem 2.1 of [19] is
not true, but it also rejects all of the following conclusions in [19].

Finally, Let projdimM = d < co and dimN = n < oo and b = Ann H (N).
We prove that, if R/b is a complete semilocal ring, then

Att H2(M, N) = Supp Ext%(M, R) N Att HZ(N).
In particular, if in addition, proj dimRF M, = projdim M for all p € Supp M, then
Att HT(M, N') = Supp M N Att HY(N).

2. FILTER REGULAR SEQUENCES

We say that a sequence z1,...,x, of elements of R is an a-filter regular M-
sequence, if x; ¢ p for all p € Ass M/(z1,...,zi—1)M\V(a)and foralli =1,... n.
In addition, if x4,...,z, belong to b, then we say that x1,...,z, is an a-filter
regular M-sequence in b. Note that z1,...,, is an R-filter regular M-sequence if
and only if it is a weak M-sequence in the sense of [7, Definition 1.1.1].

Some parts of the next elementary proposition are included in [22, Proposition
2.2] in the case where (R, m) is local and a = m.

Proposition 2.1. Let x1,...,x, be a sequence of elements of R and n € N.Then
the following statements are equivalent.

(i) @1,...,2, is an a-filter reqular M -sequence.
Supp((z1, ..., xi—1)M :pp )/ (21, ... ,2i—1)M CV(a) foralli=1,...,n.
z1/1,...,2,/1 is a weak My-sequence for all p € Supp M \ V (a).

iv) a7, ..., 2% is an a-filter regular M -sequence for all positive integers o, . . ., Cu,.

(v) z; is a weak (M/(x1,...,2i—1)M)/To(M/(x1,...,zi—1)M)-sequence for all
1=1,...,n.

(vi) (21, oy zi-1)M ipp @ C (21,00 2i-1)M iy (@) for alli = 1,...,n, where

N iy (a) = {x € M|a™z C N for some m € N} for any submodule N of M.

It is clear from definition, that, for a given n € N, one can find an a-filter regular
M-sequence of length n. The following theorem characterizes the existence of an
a-filter regular M-sequence of length n in b.

Theorem 2.2. Let n € N. Then the following statements are equivalent.
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(i) b contains an a-filter reqular M-sequence of length n.

(ii) Any a-filter reqular M-sequence in b of length less than n can be extended to
an a-filter regular M -sequence of length n in b.

) Supp Exth(R/b, M) C V(a) for all i < n.

iv) If Supp N = V(b), then Supp Ext's(N, M) C V(a) for all i < n.

) Supp Hi, (M) C V(a) for all i < n.

) If Ann N C b, then Supp Hy (N, M) C V(a) for all i < n.

Proof. The implications (ii)= (i), (iv)=- (iii) and (vi)= (v) are clear.

(i)= (ii). Assume the contrary that z1, ..., is an a-filter regular M-sequence in
b such that ¢ < n and that it can not be extended to an a-filter regular M-sequence
of length n in b. Then b C p for some p € Ass M/(x1,...,2:)M \ V(a). So that
bR, C pR, € Assg, Mp/(21/1,...,2¢/1)M, . It follows that x1/1,...,2¢/1 is a
maximal M,-sequence in bRR,, which is a contradiction in view of the hypothesis,
Proposition 2.1 and [7, Theorem 1.2.5].

(i)= (iv) Suppose that z1,...,z, is an a-filter regular M-sequence in b. Let
t € N be such that zf € Ann N for all i = 1,...,n. By Proposition 2.1, for any
p € Supp M \ V(a), 1 /1,... 2! /1 is a weak Mp-sequence in Anng, N,. So that,
for all i < n, we have Extﬁép (Ny, My) = 0. Therefore (iv) holds.

(i)=(vi) Suppose that z1,...,z, is an a-filter regular M-sequence in b. For any
p € SuppM \ V(a), z1/1,...,2,/1 is a weak My,-sequence in bR,. So that, by
[4, Proposition 5.5], sz (Np, Mp) = 0 for all ¢ < n. This proves the implication
)= (vi).

Next we prove the implications (iii)=-(i) and (v)=-(i) by induction on n. Let
n = 1. In either cases Supp Homp(R/b, M) C V(a). Therefore (i) holds. Suppose
that, for all i € Ny, T%(-) is either Ext(R/b,-) or Hi(+). Assume that n > 1 and
SuppT*(M) C V(a) for all i < n. Then b contains an a-filter regular M-sequence,
say x1. The exact sequences

0—0:2 — M5 2,M—0
and
0—aoyM — M — M/tx1M — 0
induce the long exact sequences
o = THO gy 1) — TH(M) — T2y M) — TH0 5 1) — -
and
oo = T2 M) — T (M) — T'(M [z, M) — T (2 M) — - -

Since Supp 0 :pr 71 C V(a), by Proposition 2.1, it follows that Supp T%(0 :ps x1) C
V(a) for all i € Ny. Therefore, using the above long exact sequences, we have
SuppT*(M/x1M) C V(a) for all i < n — 1. Hence, by inductive hypothesis, b

contains an a-filter regular M /xq M-sequence of length n — 1 such as xa,...,x,.
This completes the inductive step, since x1, ..., x, is an a-filter regular M-sequence
in b. O

Remark 2.3. One may use Theorem 2.2 (iii)=-(ii) and Proposition 2.1 to see that
Supp M/6M C V(a) if and only if, for each n € N, there exists an a-filter regular
M-sequence of length n in b. Moreover, if Supp M/b6M ¢ V(a),then it follows from
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Theorem 2.2 that any two maximal a-filter regular M-sequences in b have the same
length. Therefore, we may give the following.

Definition 1. Let Supp M/bM ¢ V(a). Then the common length of all maximal
a-filter regular M-sequences in b is denoted by f-grad(a, b, M) and is called the a-
filter grade of b on M. We set f-grad(a, b, M) = oo whenever Supp M/6M C V(a).

Let (R, m) be a local ring. Then the m-filter grade of b on M is called the filter
depth of b on M and is denoted by f-depth(b, M). Notice that, by Remark 2.3,
f-depth(b, M) < oo if and only if M/bM has finite length.

Remark 2.4. The following equalities follows immediately from Theorem 2.2.
f-grad(a, Ann N, M) = inf{i € Ng| Supp Extiz(N, M) ¢ V(a)},
f-grad(a, b + Ann N, M) = inf{i € No| Supp Hj, (N, M) ¢ V(a)}.
In particular,
f-grad(a, b, M) = inf{i € No| Supp Ext’z(R/b, M) ¢ V(a)}
= inf{i € No| Supp H,(M) ¢ V(a)}.
Suppose in addition that (R, m) is local. Then
f-depth(b, M) = inf{i € No| dim Ext’(R/b, M) > 0}
— inf{i € No| Supp H}(M) ¢ {m}}.
3. A GENERALIZATION OF NAGEL-SCHENZEL FORMULA

Let z1,...,x, be an a-filter regular M-sequence in a. Then, by [13, Proposition
1.2],

1 (1) = 4 B (M) e,
a Hgﬁn( ?xl"wxn,)(M)) if i Z n.

This formula was first obtained by Nagel and Schenzel, in [22, Lemma 3.4], in the
case where (R, m) is a local ring and a = m. Afterwards Khashyarmanesh, Yassi
and Abbasi [14, Theorem 3.2] and Mafi [18, Lemma 2.8] generalized the second part
of this formula for the generalized local cohomology modules as follows.

Suppose that M has finite projective dimension d and that x1,...,z, is an a-
filter regular N-sequence in a. Then
He ™ (M, N) = H (M HE,, (V)
for all 7 > d.

The following theorem establishes the Nagel-Schenzel formula for the generalized
local cohomology modules. The first part of the following theorem is needed in the
proof of the Corollary 4.5.

Theorem 3.1. Let x1,...,x, be an a-filter reqular N-sequence in a. Then the
following statements hold.

(i) Hy(M,N) = H{,, , (M,N) foralli<n.

(Il .....
(ii) If projdim M = d < oo and L is projective, then

H™ (M @p L N) 2 Hy(M,H,, o0 (L, N))
for alli > d.
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Proof. (i) Set € = x1,...,2,. Since I'4y(N) C I'z)(IN) we have a natural monomor-
phism @as v : HO(M,N) — H(()m)(M, N). Now, let p;(p, N) be the i-th Bass number

0 1
of N with respect to a prime ideal p and let 0 — E° N - BN - R S
the minimal injective resolution of N. Then, by Proposition 2.1, u;(p, N) = 0 for
all p € Supp NNV(x)\V(a) and all i < n. So

L(E)= @ EwpeY

pESupp NNV (a)

= D BRSO =)

pESupp NNV (x)

for all ¢ < n. Therefore oy gi is an isomorphism for all i < n. Now let i < n.
Since ¢y gi-1 and @p; pi are isomorphisms and @7 gi+1 is a monomorphism, one
can use the following commutative diagram

Ho(M, EB') ——— H{ (M, B') — H (M, B**)
\L‘pM,Eil iwkf,Ei \L‘PM,EiJrl
H?w) (M7 Eiil) - H(()w) (M7 EZ) - H(()a:) (M7 EiJrl)
to see that the induced homomorphism

ker H (M, dV) ker H{,,\ (M, d')
- — -
im H) (M, d=1)  im H,, (M, di=1)

@i - Hy(M,N) = = H{,y (M, N),

is an isomorphism.

(ii) Set F(-) = HY(M,) and G(-) = H?m)(L, ). Then F and G are left exact
functors and FG(+) = HY(M ®g L,). Furthermore if F is an injective R-module
and RPF (p € Np) is the p -th right derived functor of F, then it follows from [30,
Lemma 1.1] and(i) that

RPF(G(E)) = Hi (M, H{,) (L, E)) = HA (M, Ho(L, E))
= Exth (M, Hompg(L, T4 (E))) =0

for all p > 1. This yields the following spectral sequence

B = Hy(M,HY,, (L, N) = HE" /(M @ L,N)

(see for example [24, Theorem 11.38] ). Let t = p+q > d+n. If ¢ > n, then
H? |(N) =0 by [6, Corollary 3.3.3]. Since L is projective, it therefore follows that

(x)
HY? (L, N) = 0. On the other hand if ¢ < n, then p > d = projdim M. Hence

()

EY® = HE(M,HY, (L, N)) 2 HI(M, Hi(L, N)) = Exth,(M, HI(L, N)) = 0.

Therefore, for ¢ > n + d, there is a collapsing on the line ¢ = n. Thus, there are
isomorphisms

Hy " (M, H{y) (L, N)) 2 Hy (M ®g L, N)
forall t >n+d. O
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4. ARTINIANNESS OF GENERALIZED LOCAL COHOMOLOGY MODULES

Let (R,m) be a Noetherian local ring. In view of [21, Theorem 3.1] and [15,
Theorem 3.10], one can see that f-depth(a, M) is the least integer i for which H’ (M)
is not Artinian. Also, as a main result, it was proved in [8, Theorem 2.2] that
f-depth(a + Ann M, N) is the least integer i such that H (M, N) is not Artinian.
We use rather a short argument to generalize this to the case in which R is not
necessarily a local ring. The following lemma is elementary.

Lemma 4.1 ([25] Exercise 8.49). Let X be an Artinian R-module, then Ass X =
Supp X is a finite subset of max(R).

Theorem 4.2. Let M be the set of all finite subsets of max(R). Then

sup f-grad(Npmeam,a+ Ann M, N)
AeM

= inf{i € No| H.(M, N) is not Artinian}
inf{i € No| Supp H: (M, N) ¢ max(R)}
= inf{i € No| Supp H,(M,N) € A for all A € M}

Proof. Since Hy(M, N) = H!, ,,. (M, N), we can assume that Ann M C a. It is
clear that

sup f-grad(Nmeam, a, N) = inf{i € No| Supp H,(M,N) ¢ A for all A € M}.

AeM
Let S be either {X € Cg| Supp X C max(R)} or {X € Cg| Supp X C A for some
A € M}, where Cg is the category of R-modules. Set r = inf{i € No| Hy(M, N)
is not Artinian} and s = inf{i € Ng| Hy(M,N) ¢ S}. By Lemma 4.1, r < s. If
r = 00, there is noting to prove. Assume that r < co. We show by induction on r,
that H,(M,N) ¢ S.

If r =0, then Hg(M, N) ¢ S. Now suppose, inductively, that » > 0 and that
the result has been proved for smaller values of r. In view of [30, Lemma 1.1] the
exact sequence

0—T4(N)— N— N/T{(N)—0
induces the following long exact sequence
o+ = Extp (M, Ta(N)) — Hy(M, N) — H (M, N/T(N))

— Ext’f (M, To(N)) — -+
Since HY(M, N) has finite length, we have

Supp HY(M, N) = AssHomp(M,Tq(N)) = AssTo(N);
so that T'q(N) € 8. Thus Extyz(M,To(N)) € S for all i € No. It follows that for
each i € No, Hy(M,N) € § if and only if Ho (M, N/Tw(N)) € S. Also we have
H; (M, N) is Artinian if and only if H; (M, N/T'4(N)) is Artinian. Hence we can
replace N by N/T4(N) and assume that N is an a-torsion free R-module. Thus
there exists an element z € a which is a non-zero divisor on N. The exact sequence

0— N-N— N/zN — 0

induces the long exact sequence

o HY(M,N) =5 HE(M, N) 25 HY (M, N/aN) — HF (M, N) — - .
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Since H: (M, N) is Artinian for all i < 7, we may use the above sequence to see that
H: (M, N/xN) is Artinian for all i < r — 1. On the other hand, H%(M, N) is not
Artinian. Hence, using the above exact sequence and [6, Theorem 7.1.2], we see that
0 1y (ar,ny @ = H N (M, N/2N)/im f._y is not Artinian. Thus H, ' (M, N/zN) is
not Artinian; and hence, by inductive hypothesis, H; ' (M, N/zN) ¢ S. So, again
by using the above sequence, we get H (M, N) ¢ S. This completes the inductive
step. (I

Corollary 4.3. Suppose that Supp L = Supp M /aM. Then

inf{i € No| H:(M, N) is not Artinian} = inf{i € No| dim Ext%(L, N) > 0}.
Proof. Let n € Ny. Then, by the Theorem 4.2, H: (M, N) is an Artinian R-module
for all ¢ < n if and only if n < f-grad(m;N...Nmy, a4+ Ann M, N) for some maximal
ideals my,...,m; of R. By the Remark 2.4, it is equivalent to Supp Exty (L, N) C

{my,...,m;} for some maximal ideals my, ..., m; of R and for all ¢ < n. This proves
the assertion. O

The following corollary extend the main result of [28] to the generalized local
cohomology modules.

Corollary 4.4. Letn € N. Then H: (M, N) is Artinian for all i < n if and only if
Hig, (My, Np) is Artinian for all i <n and all prime ideal p.

Proof. This is immediate by the Corollary 4.3. O

Corollary 4.5. Let R = R/(a+ Ann M + Ann N) be a semi local ring and let v be
the inverse image of the Jacobson radical of R in R. Then we have

f-grad(t,a + Ann M, N) =inf{i € No| H.(M, N) is not Artinian}
=inf{i € No| H,(M, N) 2 H:(M, N)}
Proof. The first equality is immediate by Theorem 4.2. To prove the second equal-
ity, let n < f-grad(v,a + Ann M, N) and let z1,...,z, be an vfilter regular N-

sequence in a4+ Ann M. Then x1,...,x, is an a4+ Ann M-filter regular N-sequence.
So by Theorem 3.1(i),

Hfl(M’N)g il—kAnnM(M?N)% ‘

(xl,...,LL)(M? N) = Hi(M? N)

for all ¢ < n. If f—'grad(t,a + Ann M,N) = oo, then the above argument shows
that, inf{i € No| H (M, N) 22 Hy(M, N)} = co and therefore the required equality
holds. Therefore, we may assume that f-grad(r,a + Ann M, N) = n < co. By the
first equality, HJ (M, N) is not Artinian while Hy (M, N) is Artinian. Hence the

second equality holds. [

It was shown in [31, Theorem 2.2] that if dim R/a = 0, then H: (M, N) is Artinian
for all ¢ € Ny. The following corollary is a generalization of this.

Corollary 4.6. Let R = R/(a + Ann M + Ann N). Then H; (M, N) is an Artinian
R-module for all i € Ny if and only if dim R = 0. In particular, Ext'y(M, N) has
finite length for all i € Ny if and only if dim R/(Ann M + Ann N) = 0.

Proof. Assume that p is a prime ideal of R. By the Corollary 4.5, Hng (M, Nyp)
is Artinian for all ¢ if and only if f-depth((a + Ann M)R,,, N,,) = oo or equivalently
dimg, Np/(aR, + (Ann M)R,)N, = 0 (Remark 2.3). Now, the result follows by
Corollary 4.4. O
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5. ATTACHED PRIMES OF THE TOP GENERALIZED LOCAL COHOMOLOGY
MODULES

Let X # 0 be an R-module. If, for every « € R, the endomorphism on X given by
multiplication by x is either nilpotent or surjective, then p = v/ Ann X is prime and
X is called a p-secondary R-module. If for some secondary submodules X, ..., X,
of X we have X = X;+...4+ X, then we say that X has a secondary representation.
One may assume that the prime ideals p; = /Ann X;, i« = 1,...,n, are distinct
and, by omitting redundant summands, that the representation is minimal. Then
the set Att X = {p1,...,pn} does not depend on the choice of a minimal secondary
representation of X. Every element of Att X is called an attached prime ideal of
X. It is well known that an Artinian R-module has a secondary representation.
The reader is referred to [16] for more information about the theory of secondary
representation.

Let (R, m) be a local ring and n = dim N < oo and d = projdim M < co. It was
proved in [10, Theorem 2.3] that HZ"'d(M, N) is Artinian and that

Att H?T (M, N) = {p € Ass N|cdo (M, R/p) = n + d},

where, for an R-module Y, c¢d,(M,Y) is the greatest integer ¢ such that H;(M, Y) #
0. Notice that cdq (M, N) < d+n [4, Lemma 5.1]. Next, we prove the above result
without the local assumption on R. The following lemmas are needed.
Lemma 5.1 ( [1] Theorem A and B ). Let projdim M < co. Then

(i) cda(M,N) < cdq(M, L) whenever Supp N C Supp L.

(ii) edg(M, L) = max{cda(M, N),cde(M,K)} whenever 0 = N - L - K — 0

is an ezact sequence.
Lemma 5.2. Let projdim M < oo, dim N < oo, t = c¢dq(M,N) > 0 and
¥ ={L G Nl|cda(M,L) < t}.

Then ¥ has the largest element with respect to inclusion, L say, and the following
statements hold.

(i) If K is a non-zero submodule of N/L, then cd (M, K) =t.
(i) HY(M,N)=H.(M,N/L).
(iii) Ift = projdim M + dim N, then
AssN/L = {p € Ass N|cdq(M, R/p) = t}.
Proof. Since N is Noetherian, 3 has a maximal element, say L. Now assume that
Ly, Lo are elements of 3. Using the exact sequence
0—LiNLy—>1L1®Ly—Li+Ly—0

and Lemma 5.1 we see that ¢ > ¢dy(M, L1+ L2). Hence the sum of any two elements
of ¥ is again in X. It follows that L contains every element of ¥; and so it is the
largest one.

(i) Let K = K'’/L be a non-zero submodule of N/L. Since L is the largest
element of X, by applying Lemma 5.1 to the exact sequence

0-L—>K - K—=0

we see that t = c¢dq(M, K).
(ii) The exact sequence 0 — L — N — N/L — 0 induces the exact sequence

0= H'(M,L) — H,(M,N) — H' (M,N/L) — H;' (M, L) = 0.
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Thus H, (M, N) = H: (M, N/L).
(iii) Assume that c¢dq(M, N) = projdim M + dim N. For each p in Ass L, we
have cdq(M, R/p) < t; so that

{p € Ass N|cdq(M,R/p) =t} C Ass N/L.

To establish the reverse inclusion, let p € Ass N/L. Then by (i) and [4, Lemma 5.1]
t = projdim M + dim R/p. Therefore p € Ass N and equality holds. O

Theorem 5.3. Letd = projdim M < oo andn = dim N < co. Then the R-module
H (M, N) is Artinian and

Att H2 (M, N) = {p € Ass N|cdo(M, R/p) = n + d}.

Proof. Let * = x1,...,x, be an a-filter regular N-sequence in a and let E* be the
minimal injective resolution of H{,)(N). Since, by [6, Exercise 7.1.7], H{,)(N) is
Artinian, every component of E® is Artinian. On the other hand by 3.1

HG (M) = HY(M, B, (N)) = H(Hom (M. Ta(E*).

It follows that HZ (M, N) is Artinian.

Now we prove that Att H*T(M,N) = {p € AssN|cda(M,R/p) = n +d}. If
cdg(M, N) < n+d, then Att H2 (M, N) = 0 = {p € Ass N|cdo(M, R/p) = n+d}.
So one can assume that ¢ = cdq(M,N) = n + d. Let L be the largest sub-
module of N such that c¢dq(M,L) < t. By Lemma 5.2, there is no non-zero
submodule K of N/L such that cds(M,K) < t. Also we have H.L(M,N) =
HL(M,N/L) and AssN/L = {p € AssN|cds(M,R/p) = t}. Moreover t =
cdq(M,N/L) = projdim M + dim N/L. Thus we may replace N by N/L and
prove that Att H: (M, N) = AssN. Now, for any non-zero submodule K of N,
cdy(M,K) =t and dim K = n.

Assume that p € Att H, (M, N). We have p O AnnH’ (M, N) D Ann N. Hence
p € Supp N. Now Let x € R\ UpeAssN p. The exact sequence

0—N-N— N/zN —0
induces the exact sequence
HL(M,N) 5 HY(M,N) — H,(M,N/zN) = 0.

Therefore x ¢ U,ca Ht (v, n) P S0 UpeAttHg(M,N)p C Upeassnp- Thus p C q
for some q € Ass N. Hence p = q and Att H, (M, N) C Ass N. Next we prove the
reverse inclusion. Let p € Ass N and let T be a p-primary submodule of N. We
have t = cdq(M, R/p) = cda(M, N/T). Moreover N/T has no non-zero submodule
K such that cd (M, K) < t. Hence, using the above argument, one can show that
AttHY (M, N/T) C Ass N/T = {p}. Tt follows that

{p} = Att HL (M, N/T) C Att H., (M, N).
This completes the proof. ([l
Corollary 5.4. Let d = projdim M < oo and n =dim N < oo. Then

Att H' (M, N) C Supp M N Att H*(N).
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Proof. If Att HZ“I(M7 N) = (, there is nothing to prove. Assume that p €
Att H?T(M,N). Then, by 5.3, p € Ass N and H? (M, R/p) # 0. Next one
can use the spectral sequence

B3 = Extiy (M, Hi(R/p)) — H{™(M, R/p)
to see that H' (M, R/p) = Ext%(M,H"(R/p)). Therefore H(R/p) # 0; and

hence cdq(R/p) = n. Thus, again by 5.3, p € AttH7(N). Also, we have p D
Ann Ext% (M, H”(N)) D Ann M, which completes the proof. O

Let X be an R-module. Set £ = D, ¢,k g £ (R/m) (minimal injective cogener-
ator of R) and D = Hompg(-, F'). We note that the canonical map X — DDX is an
injection. If this map is an isomorphism we say that X is (Matlis) reflexive. The
following lemma yields a classification of modules which are reflexive with respect
to E.

Lemma 5.5 ([3] Theorem 12). An R-module X is reflexive if and only if it has
a finite submodule S such that X/S is artinian and that R/AnnX is a complete
semilocal ring.

Assume that a C b and R/a is a complete semilocal ring. By above lemma R/a
is reflexive as an R-module. On the other hand, the category of reflexive R-modules
is a Serre subcategory of the category of R-modules. Therefore R/b is reflexive as
an R-module and hence, by the above lemma, R/b is a complete semilocal ring.
We shall use the conclusion of this discussion in the proof of the next theorem.

Theorem 5.6. Let M, N be two finite R-modules with projdim M = d < oo and
dim N =n < oo. Let b = AnnH[(N). If R/b is a complete semilocal ring, then

Att H?T (M, N') = Supp Ext% (M, R) N Att HY(N).
In particular, if in addition, proj dimp M, = projdim M for allp € Supp M, then
Att H" (M, N') = Supp M N Att H?(N).
Proof. Since Ext%(M ,+) is a right exact R-linear covariant functor,we have
HPH(M, N) = Exth (M, H(N)) = Extb (M, R) @z HY(N).

Set ¢ = AnnH""¥(M, N). It is clear that b C ¢. Therefore R/c is a complete
semilocal ring. Now, by Lemma 5.5, [6, Exercise 7.2.10] and [5, VI.1.4 Proposition
10] we have

Att H2 (M, N) = Att DD H™ (M, N)
= Ass DH" (M, N)
= Ass D(ExtG (M, R) @z HY(N))
= AssHompg (Ext% (M, R), DH"(N)
= Supp Ext% (M, R) N Ass DH"(N)
= Supp Ext%(M, R) N Att DD H?(N)
= Supp Ext% (M, R) N Att HZ(N)

)

The final assertion follows immediately from the first equality, [20, Lemma 19.1(iii)]
and the fact that Supp Ext%(M, R) C Supp M. O
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By Corollary 5.4 Att H*"(M, N) C Att H"(N). Next, we give an example to
show that this inclusion may be strict even if (R, m) is a complete regular local ring
and a = m. Also, this example shows that the following theorem of Mafi is not
true.

[19, Theorem 2.1]: Let (R, m) be a commutative Notherian local ring and n =
dim N, d = projdim M < oo. If H™(M, N) # 0, then

Att HZF (M, N) = Att HL (N).

Example 5.7. Let (R, m) be a complete regular local ring of a dimensionn > 2 and
assume that R has two distinct prime ideals p,q such that dim R/p = dim R/q = 1.
Set M = R/p and N = R/p ® R/q. Then, by Theorem 5.3,

Att Hy (N) = {p, q}.

On the other hand, projdim M = dim R — depthM =n — 1 and dim N = 1. Now,
by Theorem 5.6,

Att HZ (M, N) = Supp M N Att HL (N) = {p}.
Therefore [19, Theorem 2.1] is not true. Also, by [6, Proposition 7.2.11],

VAmHELMN) = () p=»

peAtt HT, (M,N)

and

VAmHL(N) = [  p=pna

pEAtt HL (N)

m

Hence, again, Corollary 2.2 and Corollary 2.3 of [19] are not true. We note that,
the other results of [19] are concluded from [19, Theorem 2.1, Corollary 2.2 and
Corollary 2.3].

It is known that if (R, m) is a local ring and dimM = n > 0, then Hf (M)
is not finite [6, Corollary 7.3.3]. It was proved in [10, Proposition 2.6] that if
d=projdim M < oo and 0 < n = dim N, then H:{"d(M, N) is not finite whenever
it is non-zero. Next, we provide a generalization of this result. The following
lemma, which is needed in the proof of the next proposition, is elementary.

Lemma 5.8. Let X be an R-module. Then X has finite length if and only if X
is Artinian and Att X C max R. Moreover if X has finite length, then Att X =
Supp X = Ass X.

Proposition 5.9. Letd = projdim M < oo, 0 <n =dim N < co. Inger(M, N) #
0, then it is not finite.

Proof. Assume that p € Att H?T¥(M, N). By 5.3, H?™(M, N) is an Artinian R-
module and n + d = cdq(M, R/p) = projdim M + dim R/p. Therefore dim R/p =
n > 0; So that Att HX (M, N) ¢ max R. It follows that, in view of 5.8, H? (M, N)
is not finite. O
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