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ABSTRACT. In this paper, we study convergence of modified Ishikawa iteration process involving a
pair of hybrid mappings satisfying a generalized nonexpansive condition on Banach spaces. In pro-
cess, several relevant results are generalized and improved.
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1. INTRODUCTION

Let X be a Banach space and K be a nonempty subset of X. Let CB(K) be the family of nonempty
closed bounded subsets of K while KC(K) be the family of nonempty compact convex subsets of K.
A subset K of X is called proximinal if for each x € X, there exists an element k& € K such that

d(z, k) = dist(z, K) = inf{||Jz —y|| : y € K}.

It is well known that every closed convex subset of a uniformly convex Banach space is proximinal.
We shall denote by PB(K), the family of nonempty bounded proximinal subsets of K. The Hausdorff
metric H on CB(K) is defined as

H(A,B) = mam{ sup d(z, B), sup d(y,A)} for A, B € CB(K).
z€A yeRB
A mapping f: K — K is said to be nonexpansive if
Ifz = fyll < llz —yll, for all 7, y € K,
while a multivalued mapping T : K — CB(K) is said to be nonexpansive if
H(T(x),T(y)) < |lz —yl, forall z, y € K.

We use the notation Fix(T) for the set of fixed points of the mapping T" while Fix(f) () Fix(T) denotes
the set of common fixed points of f and T, i.e. a point z is said to be a common fixed point of f and
Tifx = foreTx.

In 2008, Suzuki [1] introduced a new class of mappings which is larger than the class of nonexpansive
mappings and name the defining condition as Condition (C') which runs follows:
A mapping T defined on a subset K of a Banach space X is said to satisfy condition (C) if

1
e =Tzl < llz—yll = 1Tz - Tyl < |z -yl 2,y € K.

He then proved some fixed point as well as convergence theorems for such mappings. Inspired from
this, recently Garcia-Falsat et al. [2] defined two new generalizations of Condition (C') and term their
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conditions as Condition (E) and Condition (Cy) and studied the existence of fixed point besides their
asymptotic behaviour for both the classes of mappings in Banach spaces.

In 2010, Sokhuma and Kaewkhao [3] introduced a modified Ishikawa iterative process involving a
pair of single valued and multivalued nonexpansive mappings in Banach spaces and proved strong
convergence theorems.

The purpose of this paper is to study modified Ishikawa iterative method for generalized nonexpan-
sive mappings introduced by Garcia-Falsat et al. [2].

2. PRELIMINARIES

With a view to make, our presentation self contained, we collect some basic definitions, needed
results and some iterative methods which will be used frequently in the text later. We start with the
following definitions:

Definition 2.1. [2] Let K be a nonempty subset of a Banach space X and S : K — X be a single
valued mapping. Then S is said to satisfy the condition (E,) for some 1 > 1 if

|z =Syl < pllz — Szl + |z —yl, forz, ye K.
We say that S satisfies condition (E) whenever S satisfies the condition (E,) for some p > 1.

Definition 2.2. [2] Let K be a nonempty subset of a Banach space X and S : K — X be a single
valued mapping. Then S is said to satisfy the condition (C) for some A € (0,1) if

Mlz = Szf| < [z —yll = ISz = Syl < |lz —yll, forz, y € K.
From the foregoing definitions, one can infer the following observations:

Lemma 2.1. [2] If S : K — X is a nonexpansive mapping, then S satisfies the condition (E1). But
the converse statement is not true in general.

Lemma 2.2. [2] From Lemma 1 in [1], one can see that if S : K — K satisfies the condition (C),
then S satisfies condition Fs. But the converse statement is not true in general.

The following example supports two preceding facts.
Example 2.1. [2] Consider X = C[0,1] and the nonempty subset K as follows:

K={feC0,1]:0=f(0) < f(x) < f(1) = 1}.
For any g € K, we construct the function Fy: K — K

Fyh(t) = (g o h)(t) = g(h(t)).
It is easy to verify that F, satisfies the condition (E1) and but does not satisfy the condition (C').

By choosing A = % we can retrieve the class of Suzuki’s generalized nonexpansive mappings. From

the definition of condition (C'y), one can easily see that condition (C},) implies the condition (Cl,) for
0 < A1 < Az < 1. The following example shows that the converse fails.

Example 2.2. [2] For a given A € (0,1) define a mapping S on [0,1] by

2if g £ 1
S(z) =

14X _
EY if v =1.

Then the mapping S satisfies condition (Cy) but it fails condition (Cy,) whenever 0 < Ay < A. Moreover
S satisfies condition (E,,) for p = %2,

In the same paper, Garcia-Falsat et al. used the concept of strongly demiclosed to prove a weaker
version of famous principle of demiclosedness for generalized nonexpansive mappings in which weak
convergence has been replaced by strong convergence. Definition run as follows:

Definition 2.3. [2] Given a mapping S : K — X, we say that (I — S) is strongly demiclosed at 0 if
for every sequence {x,} in K strongly convergent to z € K and such that x,, — Sx,, — 0 we have that
z =25z
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Lemma 2.3. [2] Let K be a nonempty subset of a Banach space X. If S : K — X satisfies condition(E)
on K, then (I —S) is strongly demiclosed at 0.
Kaewcharoen and Panyanak [4] gave the multivalued version of Condition (Cl).

Definition 2.4. [2]Let T : K — CB(X) be a multivalued mapping. Then T is said to satisfy condition
(Cy) for some X € (0,1) if each z, y € K,

A dist(z,Tx) < ||x — y|| implies H(Tz,Ty) < ||z — y||.

As the singlevalued case, one can easy verify that condition for 0 < A; < Ay < 1, (C),) implies
condition (Cl,).

Lemma 2.4. [4] Let K be a nonempty subset of a Banach space X and T : K — CB(X) be a mapping.
If T is a nonexpansive, then T satisfies condition (Cl).
The following example exhibits that the converse statement need not be true.

Example 2.3. [4] Define a mapping T : [0,3] — CB(]0,3]) by

0 if 3

1) = {10 e

[0.5,1], if = 3.

T satisfies condition (Cy) for A\ = % but T is not nonexpansive.

Now we list the following important property of a uniformly convex Banach space due to Schu [5]
and an important lemma due to Khaewkhao and Sokhuma [3].

Lemma 2.5. Let X be a uniformly conver Banach space, let {u,} be a sequence of real numbers
such that 0 < b < u, < c <1 foralln > 1, and let {x,} and {y,} be sequences in X such that

limsup ||z,|| < a , limsup||ys|| < a, and lim ||upzy, + (1 — upn)ynl| = a for some a > 0. Then,
n—00 n—oo n—0o0

lim ||, — yn| = 0.

n—oo

Lemma 2.6. Let X be a Banach space, and let K be a nonempty closed convex subset of X. Then,
dist(y, Ty) < [y — o + dist(x, Tx) + H(Tw, Ty),
where x,y € K and T is a multivalued nonexpansive mapping from K into CB(K).

In 1974, Ishikawa [6] introduced an iterative procedure for approximating fixed point as follows:
For g € K, the sequence {z,} of Ishikawa iteration defined by

Tny1 = (1 - an)xn + Oénsy'ru n=>0

where {a,,} and {f,,} are real sequences.
In 2005, Sastry and Babu [7] defined Ishikawa iteration scheme for multivalued mappings. Let
T : K — PB(K) a multivalued mapping and fix p € F(T). Then the sequence of Ishikawa iteration is
defined as follows:
Choose zg € K,
Yn = ﬁnzn + (1 - ﬁn)xny ﬂn € [07 1}7 n >0,
where z,, € T'(z,) such that ||z, — p|| = d(p, T(x,)) and

Tn+1 = O‘nz/n + (1 - an)xvu an € [Oa 1]7 n > Oa

where 2, € T(y,) such that ||z, — p|| = d(p, T (yx)).

Sastry and Babu [7] proved that Ishikawa iteration scheme for a multivalued nonexpansive mapping
T with a fixed point p converges to a fixed point ¢ of T' under certain conditions. In 2007, Panyanak [8]
extended the results of Sastry and Babu to uniformly convex Banach space for multivalued nonexpansive
mappings. Panyanak also modified the iteration scheme of Sastry and Babu and imposed the question
of convergence of this scheme. He introduced the following modified Ishikawa iteration method,
Choose zg € K, then

yn:ﬁnzn"’(l_ﬁn)xna ﬁnE[a,b], O<a<b<l1l, n>0,
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where 2, € Tx, is such that ||z, — u,| = dist(u,,Tz,), and u, € F(T) such that ||z, — u,| =
dist(zy,, F(T)), and

Tpi1 = AnZy + (1 — ap)x, ay, € [a, b,
where 7, € T(y,) such that ||z, — v,| = dist(v,, Ty,), and v, € F(T) such that |y, — v,| =
dist(yn, F(T)).
In 2009, Song and Wang [9] pointed out the gap in the result of Panyanak [8]. They solved/revised the
gap and gave the partial answer to the question raised by Panyanak by using the following iteration
scheme.
Let o, Bn €[0,1] and v, € (0,00) such that HILH;O ¥n = 0. Choose xg € K, then

Tpt1 = apzZn+ (1 —ap)xn,

where ||z, — 2| < H(Tzn, Tyn) + Yo and ||zp41 — 20|l < H(Tzpi1,Tyn) + v for z, € Tx, and
Zn € Typ.

Simultaneously, Shahzad and Zegeye [11] extended the results of Sastry and Babu, Panyanak, and Song
and Wang to quasi nonexpansive multivalued mappings and also relaxed the end point condition and
compactness of the domain by using the following modified iteration scheme and gave the affirmative
answer to the Panyanak question in a more general setting.

Yn = Bnzn + (1 - ﬂn)xna Bn € [O, 1]7 n >0,
Tnt+1 = OénZ:n + (1 - an)l'n, Qp € [07 1]a n > 0,
where z, € Tz, and 2, € Ty,.
Recently, Sokhuma and Kaewkhao [3] introduced the following modified Ishikawa iteration scheme for
a pair of single valued and multivalued mapping.
Let K be a nonempty closed and bounded convex subset of Banach space X, let S : K — K be a single

valued nonexpansive mapping and let T': K — CB(K) be a multivalued nonexpansive mapping. The
sequence {z,} of the modified Ishikawa iteration is defined by

{yn = Bnzn + (1 - ﬁn)x'm (1>

Tnt1 = @Syn + (1 — ap)zy,
where zg € K, 2z, € Tz, and 0 < a < oy, B, <b< 1.
Furthermore, they proved the following strong convergence theorem:

Theorem 2.7. Let K be a nonempty compact convex subset of a uniformly convexr Banach space X,
andlet S: K — K and T : K — CB(K) be a single valued and a multivalued nonexpansive mapping,
respectively, and Fix(S)( Fiz(T) # 0 satisfying Tw = {w} for all w € Fix(S)(Fiz(T). Let {z,}
be the sequence of the modified Ishikawa iteration defined by (1) with 0 < a < ap, Bn < b < 1. Then
{zn} converges strongly to a common fized point of S and T.

3. MAIN RESULTS

Before establishing our main results we prove following lemmas. These results generalize the results
of [3, 10] and will be used to accomplish the main Theorem 3.6.

Lemma 3.1. Let K be a non-empty compact convex subset of a uniformly conver Banach space X,
and let S : K — K and T : K — CB(K) be a single valued and a multivalued mapping such that
both satisfy the condition (C.), respectively, and Fiz(S) N Fiz(T) # 0 satisfying Tw = {w} for all
w € Fix(S)NFix(T). Let {x,} be the sequence of the modified Ishikawa iteration defined by (1). Then,
7}1—{20 |z — wl|| exists for all w € Fix(S) N Fix(T).

Proof. Letting w € Fiz(S) N Fiz(T). Since for A € (0, 1),
Alw = Swl| =0 < [|((1 = Bn)n + Bnzn) — wl|,
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by using definition of Condition (C}), we get

Similarly, since A dist(w,Tw) =0 < ||z, — w||, then we get, H(Tx,, Tw) < ||z, — w||.
Consider
[Znt1 —wll = (1 — an)zs + anS((1 = Bn)an + Bnzn) — w||
=|(1 — an)xn + anS((1 — Bn)xn + Bnzn) — (1 — ap)w — auw||
< (1 —an)lzn —wl + anl[S((1 = Bn)zn + Buzn) — wl|
L —an)l|zn — wl| + anllS((1 = Bn)n + Bnzn) — Sw||

= ( )

< (1 —ap)llzn —wll + anll(1 = Br)zs + Brzn — w|

=1 —ap)l|zn —w|| + anl|(L = Bn)zn + Brzn — (1 — Ba)w — Brw|
< (1 —ap)llzn —wl| + an{(1 = Bo)llzn — wll + Bullzn — wl[}

= (1= ap)llen — wl| + {1 = Bp)llen — w| + Budist(zn, Tw)}

< (1= an)llzn — wl + an{(1 = Bu)llzn — wll + BuH(T2y, Tw)}

< (A —ap)llzn —wll + {1 = Bp)llzn — w|| + Ballzn —w|}

= [[en —w|.

Since {||z, — wl|} is a bounded and decreasing sequence, hence the limit of {||z,, — w||} exists.

By using the Lemma 2.5 we get the following results:

Lemma 3.2. Let K be a nonempty compact convexr subset of a uniformly convexr Banach space X,
and let S : K — K and T : K — CB(K) be a single valued and a multivalued mapping such that
both satisfy the condition (C)), respectively, and Fiz(S) N Fix(T) # O satisfying Tw = {w} for all
w € Fix(S) N Fix(T). Let {z,} be the sequence of the modified Ishikawa iteration defined by (1). If
0<a<ay,B,<b<1l for somea,beR, then nh_)rrgo [Syn — 2nll = 0.

Proof. Let w € Fix(S) N Fix(T).

Since for any A € (0,1), A|jw — Sw|| =0 < ||y, — w||,
therefore by using the definition of condition (C)), we get
1Sy — Swl| < |lyn — wl|.

Similarly, since Adist(w,Tw) =0 < ||z, — w|| then we get
H(Tz,, Tw) < ||z, —w].

By Lemma 3.1, nlLHéO lzn, — w|| exists, say ¢, and consider,

1Syn — wl| = [|Syn — Sw]|
<y — wll
= |1 = Bn)zn + Bnzn — w||
< (1= Bp)llzn — w|| + Bndist(z,, Tw)
< (1 =Bn)llen —wll + BuH(Tap, Tw)
< (A= Bu)llzn —w| + Bullzn — w||

= l[an — wl].
Therefore, we have
lim sup || Sy, — w| < limsup ||y, — w|| < limsup ||z, —w|| =c. (2)
n—o0 n—oo n—oo

Further, we have
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c= lim ||xpt1 — wl|
n—oo

= lim [|(1 — an)zn + an Sy, — w||

n—oo

= lim ||anSyn — @pw + Ty, — @p Ty + @pw — w||
n—oo
= nhnolo l[an (Syn — w) + (1 — an)(zn — w)]|.
By Lemma 2.5, we obtain lim ||(Sy, — w) — (2, — w)|| = lm || Sy, — x,|| =0.

Lemma 3.3. Let K be a nonempty compact convexr subset of a uniformly convexr Banach space X,
and let S : K — K and T : K — CB(K) be a single valued and a multivalued mapping such that
both satisfy the condition (C.), respectively, and Fiz(S) N Fix(T) # 0 satisfying Tw = {w} for all
w € Fix(S) N Fix(T). Let {z,} be the sequence of the modified Ishikawa iteration defined by (1). If
0<a<ay, B <b<1 for somea, beR, then nh_)rrgo lzn, — 2|l = 0.

Proof. Let w € Fix(S) N Fix(T).

Since M|w — Sw|| =0 < ||y, — w||, we get

[1Syn = Swl|| < [lyn — w]|.

Similarly, since Adist(w, Tw) = 0 < ||z, — w|| then we get
H(Txy, Tw) < ||z, —w|.

We put nll)n;o |z, — w|| = ¢. For n > 0, we have

|2n+1 —w|| = |(1 — an)zp + Sy, — w|
= H(l - O‘n)xn + o, Sy, — (1 - Oén)’w — aan
< (1= an)llzn — w|l + anl|Syn — ||
= (1 — an)l|zn — wl| + an [|Sy, — Sw||
< (1= an)an — wll + anllyn — ]
and therefore
st = wl = llzn = wll < an(llyn - wll = loa - w]),
[#n41 — w|| — [lzn — |

< Mlyn —w|| = llzn — wl|.
o

Since 0 < a < ap, < b < 1, we have

{(”xn+1 — w| = [Jzn — w|

O

lim inf

n—oo

) 4|2 — w||} < liminf |yn — w]].
n—oo

It follows that
¢ < liminf ||y, — wl.

Since, from (2) limsup ||y, — w|| < ¢, hence we have

n—oo

c lim |y, — w||

= Tl (|01~ Bu)n + Baza —

= i (1= B — )+ Ba (o — ). 3)
Recall that ||z, — w|| = dist(zp, Tw) < H(Txy, Tw) < ||, — w||. Thus, we have

limsup ||z, — w|| < limsup ||z, — w|| = ¢

n—oo n—oo

Since 0 < a < B, < b < 1 and by Lemma 2.5 and (3), we obtain lim |z, — z,|| = 0.

Lemma 3.4. Let K be a nonempty compact conver subset of a uniformly convex Banach space X. Let
S: K — K be a single valued mapping which satisfies conditions (Cy) and (E) while T : K — CB(K)
be a multivalued mapping which satisfies condition (Cy). Also, Fix(S)(Fiz(T) # 0 and Tw = {w}
for w € Fiz(S) (N Fix(T). Let {x,} be the sequence of the modified Ishikawa iteration defined by (1).
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If0<a<ap B, <b<l, then lim || Sz, —z,| =0.

Proof. As S satisfies the condition (E), there exists 4 > 1, such that

152y — n|l = 150 — Yn + Yn — @nl|

< ISzn = ynll + lyn — zall

< ullSyn = ynll + 2llyn — zn|

< pllSyn — wnll + (1 + 2)lyn — 0|

= ullSyn = znll + (1 +2)[(1 = Bn)zn + Bnzn — |

= pllSyn — znll + (1 + 2)Bullen — 2,
therefore,

HILH;O [Szn — @n|| < nlingo 1l[Syn — znll + nlggo(ﬂ +2)Bnllzn — znll.

Thus, by Lemma 3.2 and Lemma 3.3,

lim ||Sz, — z,|| = 0.

n—oo

Now, we are equipped to prove the our main results of this section.

Theorem 3.5. Let K be a nonempty compact convex subset of a uniformly convex Banach space
X. Let S : K — K be a single valued mapping which satisfies conditions (Cy) and (E) while T :
K — CB(K) be a multivalued mapping which satisfies condition (Cy). Also, Fix(S) (| Fiz(T) # 0
and Tw = {w} for w € Fix(S) (| Fiz(T). Let {x,} be the sequence of the modified Ishikawa iteration
defined by (1). If 0 < a < oy, B < b < 1, then {z,,} — y for some subsequence {z,,} of {x,} such
that {zn,} € Tx,, for all n; implies y € Fiz(S) (| Fiz(T).

Proof. Assume that lim ||z,, — y|| = 0. By Lemma 3.4, we obtain 0 = lim ||Sz,, — zp,
lim |[(I — S)(xn,)||. Since I — S is strongly demiclosed at 0, we have (I — S)(y) = 0. Thus y = Sy,
71— 00

ie., y € Fiz(S). Since Adist(xn,, Txn,) =0 < ||zn, — yl|, then we have H(Tz,,,Ty) < ||xn, — y||- By

Lemma 2.6, we have

dist(y,Ty) < [ly — xn,

+ dist(zn,, Txyn,) + H(Txy,, Ty)

< ||y — Tn; ” + diSt(xmvTxm) + me - y” —0
as i — oo. It follows that y € Fiz(T). Thus y € Fiz(S)( Fiz(T).

Theorem 3.5. Let K be a nonempty compact conver subset of a uniformly convexr Banach space X. Let
S: K — K be a single valued mapping which satisfies conditions (Cy) and (E) while T : K — CB(K)
be a multivalued mapping which satisfies condition (Cy). Also, Fizx(S)(Fiz(T) # 0 and Tw = {w}
for w € Fiz(S)( Fiz(T). Let {x,} be the sequence of the modified Ishikawa iteration defined by (1)
with 0 < a < ay,, Bn <b< 1. Then {x,} converges strongly to a common fized point of S and T.

Proof. Since {z,} is contained in K which is compact, there exists a subsequence {z,,} of {z,} such
that {x,,} converges strongly to some point y € K, that is, lim ||x,, — y|| = 0. By Theorem 3.5, we
71— 00

get y € Fix(S)( Fiz(T), and by Lemma 3.1, we have that lim |z, — y| exists. It must be the case
in which lim ||z, —y|| = lim ||z,, —y|| = 0. Thus, {z,} converges strongly to y € Fiz(S) () Fiz(T).
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