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Abstract

A k-total-coloring of a graph G is a coloring of vertex set and edge set using k
colors such that no two adjacent or incident elements receive the same color. In this
paper, we prove that if G is a planar graph with maximum A > 8 and every 6-cycle of
G contains at most one chord or any chordal 6-cycles are not adjacent, then G has a
(A + 1)-total-coloring.
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1 Introduction

All graphs considered in this paper are simple, finite and undirected, and we follow [2]| for
terminologies and notations not defined here. Let G be a graph. We use V(G), E(G), A(G)
and §(G) (or simply V, E, A and ¢) to denote the vertex set, the edge set, the maximum
degree and the minimum degree of G, respectively. For a vertex v € V, let N(v) denote
the set of vertices adjacent to v and let d(v) = |N(v)| denote the degree of v. A k-vertex,
a k™ -vertex or a kT-vertezr is a vertex of degree k, at most k or at least k, respectively. A
k-cycle is a cycle of length k. We use (vy, v, -+ ,v4) to denote a cycle (or a face) whose
boundary vertices are vy, vs,--- ,v4 in the clockwise order. Note that all the subscripts in
the paper are taken modulo d. We say that two cycles are adjacent (or intersecting) if they
share at least one edge (or one vertex, respectively). Let C' = (v, v, ...,v;)(k > 4) be a
cycle. If there is an edge v;v; with j # i £ 1 (mod k), then the edge v;v; is called a chord
of C.

A k-total-coloring of a graph G = (V| E) is a coloring of V U E using k colors such
that no two adjacent or incident elements receive the same color. A graph G is total-k-

colorable if it admits a k-total-coloring. The total chromatic number x"(G) of G is the
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smallest integer k& such that G has a k-total-coloring. Clearly, x”(G) > A + 1. Behzad
[1] and Vizing [12]| conjectured independently that x”(G) < A + 2 for each graph G. This
conjecture was confirmed for graphs with A < 5. For planar graphs the only open case
is that of A = 6 (see [7, 10]). In recent years, the study of total colorings planar graphs
has attracted considerable attention. For planar graphs with large maximum degree, it is
possible to determine x”(G) = A+ 1. This first result was given in [3| for A > 14, which was
finally extended to A > 9 in [8]. Zhu [9] proved that if G is a planar graph with maximum
degree 8, and for each vertex z, there is an integer k, € {3,4,5,6,7,8} such that there is
no k,-cycle which contains x, then y”(G) = 9. Wang et al. [14] extended this result to
that there is at most one k,-cycle which contains z. Chang [4] proved that for planar graph
G with A > 7, if there is an integer k, € {3,4,5,6} such that there is no k,-cycle which
contains z for each = € V(G), then x"(G) = A+ 1. Wang et al. [13] proved x"(G) = A +1
for some planar graphs with small maximum degree. Hou et al. [6] proved that every planar
graphs with A > 8 and without 6-cycles are total-9-colorable. Shen and Wang [11] extended
this result to planar graphs without chordal 6-cycles. In this paper, we extend this result

and get the following theorem.

Theorem 1. Let G be a planar graph with maximum degree A > 8. If every 6-cycle of G

contains at most one chord or chordal 6-cycles are not adjacent in G, then x"(G) = A+ 1.

2 Proof of Theorem 1

First, we introduce additional notations and definitions here for convenience. Let G be a
planar graph having a plane drawing and let F' be the face set of G. For a face f of GG, the
degree d(f) is the number of edges incident with it, where each cut-edge is counted twice.
A k-face, a k™ -face or a k™ -face is a face of degree k, at most k or at least k, respectively.
Denote by ng(v) the number of d-vertices adjacent to the vertex v, fy4(v) the number of
d-faces incident with v.

Now, we begin to prove Theorem 1. According to [8|, the theorem is true for A > 9. So
we assume in the following that A = 8. Let G = (V, E) be a minimal counterexample to
the planar graph G' with maximum degree A = 8, such that |V| 4 | E| is minimal and G has
been embedded in the plane. Then every proper subgraph of G is total-9-colorable. First

we give some lemmas for G.

Lemma 1. [3] (a) G is 2-connected.
(b) If uv is an edge of G with d(u) < 4, then d(u) + d(v) > A+ 2 = 10.

By Lemma 1(b), any two neighbors of a 2-vertex are 8-vertices.



Note that in all figures of the paper, vertices marked e have no edges of GG incident with

them other than those shown and vertices marked o are 3™-vertices.

Lemma 2. G has no configurations depicted in Fig.1, where v denotes the vertex of degree

of 7.
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Fig.1

Proof. The proof of (1), (2), (4) and (6) can be found in [15], (3) can be found in [11], (5)
can be found in [§]. O

Lemma 3. Suppose v is a d-vertex of G with d > 5. Let vy, -+ ,vq be the neighbor of
v oand fi, fo,- -, fqa be faces incident with v, such that f; is incident with v; and v;yq, for
i€ {1,2,---,d}. Let d(v1) = 2 and {v,u1} = N(v1). Then G does not satisfy one of the
following conditions (see Fig.2).

(1) there exists an integer k (2 < k < d — 1) such that d(vg11) = 2, d(v;)) =3 (2 < i < k)
and d(f;) =4 (1 < j < k).

(2) there exist two integers k and t (2 < k <t < d — 1) such that d(vy) = 2, d(v;) = 3
(k+1<i<t),d(fy) =3 and d(f;) =4 < <j<t-1).

(3) there exist two integers k and t (3 < t < d—1) such that d(v;)) =3 (k < i <),

k<
d(fr1) =d(f;) =3 and d(f;) =4 (k<j<t—1).

Proof. Suppose G satisfies all of the conditions (1)-(3). If d(f;) = 4, then let u; be adjacent
to v; and v;y1. By the minimality of G, G’ = G — vv; has a (A + 1)-total-coloring ¢. Let
C(z) = {o(zy) : y € N(x)} U{o(x)}. First we erase the colors on all 3~ -vertices adjacent to
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v. We have ¢(viuy) € C(v), for otherwise, the number of the forbidden colors for vv, is at
most A, so vv; can be properly colored and by properly recoloring the erased vertices, we
get a (A + 1)-total-coloring of GG, a contradiction. Without loss of generality, assume that
C(v) ={1,2,---,d} with ¢(vv;) =i (i € {2,3,--- ,d}), ¢(viuy) = d+1 and ¢(v) = 1. Thus
we have d+1 € C(v;) for alli € {2,3,--- ,d}, for otherwise, we can recolor vv; with d+1 and
color vv; with ¢, and by properly recoloring the erased vertices, we get a (A+1)-total-coloring
of G, a contradiction, too. In the following we consider (1)-(3) one by one.

(1) Since d+1 € C(v;) for all i € {2,3,--- ,d}, there is a vertex us (1 < s < k) such that
d + 1 appears at least twice on ug, a contradiction to ¢.

(2) Since d + 1 € C(v;) for all @ € {2,3,---,d}, o(vur) = O(Vkp1Ugsr) = -+ =
d(v—1ui—1) = ¢(vv41) = d+ 1. We also have ¢(viuy—1) = t + 1. For otherwise, we
can recolor vyviq with ¢t 4+ 1, vvey with d + 1 and color vy with ¢ + 1. By properly recol-
oring the erased vertices, we get a (A + 1)-total-coloring of G, a contradiction. Similarly,
O(vp_1u—2) = P(vi_ous_3) = -+ = P(vgr1ux) =t + 1. So we can recolor vvyyq with d + 1,
Vg With t 4+ 1, vug—y with d+ 1, vi_quyq with ¢ +1,- -+ vpqugsy with £+ 1, vpyqug with
d+ 1, vpu, with £t + 1 and color vv; with £ + 1. By properly recoloring the erased vertices,
we get a (A + 1)-total-coloring of G, also a contradiction.

(B) If d+ 1 & {p(vg—1vx) U ¢(vive41)}, then there is a vertex us (b < s < ¢t — 1) such
that d + 1 appears at least twice on u,, a contradiction to ¢. So without loss of generality,
assume ¢(vgp_1vx) = d+ 1. If ¢p(vpriur) = d+ 1, then @(vproupr1) = O(Vpispie) = -+ =
od(viug—1) = d + 1. By the discussion of (2), we also have ¢(vpur) = ¢(vgprugsr) = -+ =
d(vi_1u—1) = ¢(vveyr) = k — 1. Then we can recolor vug_1 with d 4 1, vg_qvy with k& — 1,
vpur with d + 1, vgqug with £ — 1, -+, v qu,y with d + 1, vupq with £ — 1, v,
with ¢t + 1, vvy; with £ — 1 and color vvy with ¢ + 1. By properly recoloring the erased
vertices, we get a (A + 1)-total-coloring of G, a contradiction. If ¢(vgiiuk+1) = d + 1, then

O(VpoUpre) = O(Vkrsupys) = -+ = d(v_1w—1) = d(vve11) = d + 1. Similarly, we have
d(vug—1) = d(vp_1u—2) = -+ = P(vgr1ug) =t + 1. Let ¢(vgug) = s. Then we can recolor
vug with d+ 1, vveq with t+ 1, vyuyy with d+ 1, vy_qu,q with t 4+ 1, -+ - vpugsy with

t+ 1, vpru, with s, vpug, with ¢ + 1, and color vvy with ¢ + 1. By properly recoloring the

erased vertices, we get a (A + 1)-total-coloring of GG, a contradiction, too. O

By the Euler’s formula |V| — |E| + |F| = 2, we have

> (2d(v) = 6)+ > (d(f) —6) = =6(|V| — |E| + |F|) = —12 < 0

veV feF
We define ch the initial charge that ch(x) = 2d(z) —6 for each z € V and ch(z) = d(x)—6
for each x € F. So ) ., pch(z) = —12 < 0. In the following, we will reassign a new

charge denoted by ch/(a:) to each x € V U F according to the discharging rules. If we
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can show that ch'(x) > 0 for each z € V U F, then we get an obvious contradiction to
0< Y evurch (@) =3, cpur ch(z) = —12, which completes our proof. Now we define the
discharging rules as follows.

R1. Each 2-vertex receives 1 from each of its neighbors.

R2. Let f be a 3-face. If f is incident with a 37-vertex, then it receives % from each of
its two incident 7T-vertices. If f is incident with a 4-vertex, then it receives % from each of
its two incident 67 -vertices. If f is not incident with any 4~ -vertex, then it receives 1 from
each of its two incident 5*-vertices.

R3. Let f be a 4-face. If f is incident with two 3™ -vertices, then it receives 1 from each
of its two incident 7T-vertices. If f is incident with only one 3~ -vertex, then it receives %
from each of its two incident 7*-vertices; and % from the left incident 4"-vertex. If f is not
incident with any 37-vertex, then it receives % from each of its incident 4"-vertices.

R4. Each 5-face receives % from each of its incident 4*-vertices.

Next, we show that ch’(z) > 0 for all z € V U F. Tt is easy to check that ch'(f) > 0 for
all f € F and ch'(v) > 0 for all 2-vertices v € V by the above discharging rules. If d(v) = 3,
then ch'(v) = ch(v) = 0. If d(v) = 4, then ch'(v) > ch(v) — 1 x 4 = 0 by R2 and R3. For

d(v) > 5, we need the following structural lemma.

Lemma 4. (1) Suppose that every 6-cycle of G contains at most one chord. Then we have
the following results.
(a) G has no configurations depicted in Fig.3(1), Fig.3(2) and Fig.3(3);
(b) Suppose G has a subgraph isomorphic to Fig.3(4). Then d(f;) > 4 and d(f2) # 4. More
over if d(f1) = 4, then d(f2) > 5;
(¢) If G has a subgraph isomorphic to Fig.3(5), then d(f;) > 5 and d(f2) > 5.

(2) Suppose that all chordal 6-cycles are not adjacent. Then we have the following results.
(d) If G has a subgraph isomorphic to Fig.3(5), then max{d(f1), d(f2)} > 4;
(e) G has no configurations depicted in Fig.3(6) and Fig.3(7).

Suppose d(v) = 5. Then f3(v) < 4 by Lemma 4. If f3(v) = 4, then fg+(v) > 1, so
ch'(v) > ch(v) — 1 x4 = 0. If f3(v) < 3, then ch/(v) > ch(v) — 1 x f3(v) — 3 x (5= f3(v)) =
%3(”) > 0. Suppose d(v) = 6. Then f3(v) < 4 and ch'(v) > ch(v) — 3 x f3(v) — & X
(6 — f3(v)) = W > 0. Suppose d(v) = 7. Then f3(v) < 5. By Lemma 2(1), v
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is incident with at most two 3-faces are incident with a 37-vertex, that is, v sends % to
each of the two 3-faces and at most 2 to each other 3-face. If f3(v) = 5, then fs+(v) > 1,
and ch/(v) > ch(v )—%X?—%X?)—%xl—%xl >0 If2<f3( ) < 4, then
W) > ch(v) — 32— 3 x (fo(v) =2) = 1 x (5— f3(0)) — $ x 2 = 5O > 0 1 fy(v) <
then ch'(v) > ch(v) — 2 x f3(v) — 1 x (T — fa(v)) = =L > 0,

Suppose d(v) = 8. Then ch(v) = 10. Let vy,--- ,vs be neighbors of v in the clockwise
order and fi, fo,---, fs be faces incident with v, such that f; is incident with v; and v,
for i € {1,2,---,8}, and fo = fi.

Suppose n9(v) = 0. Then f3(v) < 6. If f3(v) = 6, then fs5+(v) > 2, so c¢h/(v) > 10 — 3 x
6—%x2=12>0.If f5(v) =5, then f5+(v) > 1,50 ch/(v) > 10-3x5—-1x2—3¢x1=1¢>0.
If f3(v) <4, then ch’(v) > 10 — 2 x f3(v) — 1 x (8 = f3(v)) > 0.

Suppose ny(v) = 1. Without loss of generality, assume d(v;) = 2.

Suppose v; is incident with a 3-cycle f;.

By Lemma 4, f3(v) < 6 and all 3-faces incident with no 3~ -vertex except f; by Lemma
2(6). If f3(v) =6, then f5+(v) > 2,50 ch/(v) >10-1 -3 x1—-2x5—-4x2=5>0.If
4 < fa(v) < 5, then eh/(v) > 10—1—3x1=3x (f3(v)=1)=1x (6— f3(v))—2x2 = =50 > ¢,
If 1 < f3(v) <3, then ch/(v) > 10—1—3x 1 -2 x (f3(v) = 1) =1 x (8 — f3(v)) = = fS ) > 0.

Suppose v; is not incident with a 3-cycle.

Suppose every 6-cycle of G contains at most one chord. Then f3(v) < 5 by Lemma
2(2)-(4). If 4 < f3(v) < 5, then fyr(v) > 2,50 ch/(v) > 10—1—2 x (fs(v) = 1) —1x
1—1x (6~ f3(v) =1 x2="12360 5 o If f(v) = 3, then fo+(v) > 1, so ch/(v) >
10-1-3x3-1x4=1x1=1>0 1f fy(v) = 2, then ch/(v) > 10— 1—2 x2—1x6=0.
If f3(v) = 1, then without loss of generality, d(f;) = 3, i.e. d(vs) = 3 and d(vy) > 7, so
ch(v) >10-1-3x1-1x6-3x1=3 > 0. If f3(v) =0, then ch/(v) > 10-1—-1x8 =1 > 0.

Suppose any two chordal 6-cycles are not adjacent. Then f3(v) <5 by Lemma 2(2) (4).

If f3(v) >4, then ch'(v) > 10 — 1 — 3 x 2 = 2 x (f3(v)) — 3 x (8 = fy(v)) = =L O
If f5(v) = 3, then cA'(v) > 10 -1 -3 x3—-3x5=23>0. If1 < f3(v) <2, then

(V) >10 =1 =2 x f3(v) — 1 x (6 —2f3(v)) — 2 x (2+ fs(v)) = LY > 0. If fy(v) =0
then ch/(v) >10—-1—-1x8=1>0.
Note that next Lemma 5 is also true for general planar graphs if we just use the above

discharging rules.
Lemma 5. Suppose d(v) =8 and 2 < ny(v) < 8. Then ch/(v) > 0.

Proof. Since d(v) = 8, then ch(v) = 10. First we give a Claim for convenience.

Claim Suppose that d(v;) = d(vitr+1) = 2 and d(v;) > 3 fori+1<j <i+ k. Thenv
sends at most ¢ (in total) to f; and fir1, fira, -+, firn, where ¢ = EEL (k =1,2,3,4,5),
see Fig.4.
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Fig.4

By Lemma 2, d(f;) > 4 and d(fix) > 4.

Case 1. k = 1 By Lemma 3(1), we have d(v;11) > 4 or max{d(f;), d(fi+1)} > 5, so
¢ <max{3x2, 143} =3 byR3.

Case 2. k =2If d(fi41) = 3, then min{d(v;11), d(vis2)} > 4 or max{d(f;)
by Lemma 3(2), and it follows that ¢ < max{3 + 2+ 3 + 4343} =1
d(fiv1) > 4, then min{d(vi+1), d(vis2)} > 4 or max{d(f;), d(fi+1), d(fiz2)} > 5 by Lemma
3(1), and it follows that ¢ < max{l+3 x 2, 1x2+4 3} =2 <L

Case 3. k = 3 Suppose d(fi11) = d(fir2) = 3. Then d(vi1e) > 4. If d(viy1) = d(vigs) =
3, then d(f;) > 5 and d(f;13) > 5,50 ¢ < 3 x 243 x 2 =4 If min{d(v;11), d(vi3)} >4,
then ¢ < 2 x 2+ 2 x 2 = 4. Suppose d(f;+1) = 3 and d(fis2) > 4. If d(viy1) = 3, then
d(viy2) > Tand d(f;) > 5,50 ¢ < 3+ 3+ 2 +1 =3 If d(viy2) = 3, then d(v;1) > 7 and
d(viz) > 4,50 0 <+ 5+ 7+ 7 =1 Emin{d(vipr), d(vipe)} >4, ¢ <+ +7+1=.
It is similar with d(fi12) = 3 and d(fi;+1) > 4. Suppose min{d(fit+1), d(fi+2)} > 4. Then
max{d(vit1), d(vi2), d(vizs)} > 4 or max{d(f), d(fi+1), d(fi+2), d(firs)} = 5,50 ¢ <
max{l x2+3x2 1x3+3} =1 So¢<max{, 4, 5, 2 I} =4

Case 4. k = 4 Suppose d(f;+1) = d(fire) = d(fi+3) = 3. Then min{d(v;12), d(viy3)} >
4. If d(vig1) = d(viga) = 3, then d(f;) > 5 and d(fisg) > 5,80 ¢ < 3x2+1x1+1ix2=4L
If min{d(vis1), d(viga)} >4, then ¢ < 2 x 343 x 2 = 2L Suppose d(fi1) = d(fir2) = 3,
d(fiv3) > 4. Then d(viy2) > 4. If d(viy1) = d(vir3) = 3, then d(v;14) > 4 and d(f;) > 5, so
¢ < 3x24+3x245x1 =2 If min{d(viy1), d(viys)} >4, then ¢ < 2x2+1x1+3x2 =05
Similar with d(fiys) = d(fiss) = 3, d(fir1) > 4. Suppose d(fip1) = d(fiss) = 3, d(fire) > 4.
Then max{d(vi+2), d(viy3)} > 4 by Lemma 3(3), s0 ¢ < 2 x1+2x1+32x3 =5
Suppose d(fiy1) = 3, d(fir2) > 4 and d(fir3) > 4. If d(viy1) = 3, then d(v;12) > 7 and
d(fi) > 5,500 < 3+1x2+3x1+4%x1=23B" TIf dlvgs) = 3, then d(viy) > 7
and max{d(vi+s), d(viqa)} > 4,50 ¢ < 3 x1+1x 1432 x3 =21 Otherwise, ¢ <
Px141x243x2="2 Tt is similar with d(fi43) = 3, d(fi+1) > 4 and d(fi42) > 4.
Suppose d(firo) = 3, d(fix1) > 4 and d(fir3) > 4. If d(viy2) = 3 or d(v;y3) = 3, then
¢ <3x1+1x1+32x3=21 Otherwise, < 2 x1+1x2+3x2=122 Suppose

min{d(fi+1), d(fi+2)7 d(fH_g)} Z 4. Then max{d(viﬂ), d(’UH_Q), d(UH_g), d(UZ‘+4)} Z 4 or
max{d(fi), d(fi+1)7 d(fi+2), d(fi+3), d(fz+4>} > 5, SO d) < max{l X 3+% X 2, 1x 4+%} = g

d(fis2)} 25
Otherwise,
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Soo < max(¥, 4, 2,5, B 2, -1

Case 5. k=5 1If k =5, then ¢ < 2. It is similar to prove (e), we omit it here.

Next, we prove the Lemma.

If na(v) = 8, then all faces incident with v are 67-faces by Lemma 2(2)-(4), that is,
for(v) =8,50 ch'(v) =10 — 1 x 8 =2 > 0. If ny(v) = 7, then fs+(v) > 6 and f3(v) = 0, so
ch'(v) >10—1x7—3 =2 >0 by Claim (a).

Suppose ny(v) < 6. The possible distributions of 2-vertices adjacent to v are illustrated
in Fig.5. For Fig.5(1), we have fg+(v) > 5 and ch/(v) > 10—1x6—1 = 2 > 0 by Claim (b).

+ + + +
.6 6" 6F 6"
ny(v)=6 6 6" 6 il 5
6 6
(@] 2 (©)] @
6% 6* 6% 6 X
6" 6 6 6
=5
nZ(V) 6y + 6 +
(5 (6) @] (8 ©
+ + + + + + +
6" 6t 6"
nz(v)=4
6+
;6% E
(10) (11 (12) (13) (14) (15) (16) (17)
+
(20) (21 (22)
(25) (26)
Fig.b

For Fig.5(2)-(4), we have fg+(v) > 4 and ch/(v) >10—-1x 6 — 3 x 2 =1 > 0. For Fig.5(5),
we have fg+(v) > 4 and ch/(v) > 10 —1 x5 —4 =1 > 0 by Claim (c). For Fig.5(6)-(7),
we have fg+(v) > 3 and ch/(v) > 10 —1x5—3 — L =3 > 0. For Fig.5(8)-(9), we have
fo+(v) > 2 and ch/(v) > 10— 1x5—3 x3 =1 > 0. For Fig.5(10), we have fg+(v) > 3 and
ch'(v) >10—1x4—2 =3 >0 by Claim (d). For Fig.5(11) and 5(13), we have fg+(v) > 2
and ch/(v) >10—1x4—32 —4 =2 > 0. For Fig.5(12) and 5(16), we have fs+(v) > 2 and

ch(v) > 10 —1x4— 2 x2=1>0. For Fig.5(14) and 5(15), we have fs+(v) > 1 and
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ch(v) >10—1x4—3x2—4 =2 > 0. For Fig.5(17), we have ch/(v) > 10—1x4—3 x4 = 0.
For Fig.5(18), we have fg+(v) > 2 and ch’(v) > 10— 1 x 3 — 2 =1 > 0 by Claim (e). For
Fig.5(19), we have fg+(v) > 1 and ch'(v) > 10—-1x3 -2 — 2 =1 > 0. For Fig.5(20),

1
2

2 4 1
we have fo+(v) > 1 and ¢h/(v) > 10 —1x3 -4 —4 =1 > 0. For Fig.5(21), we have
¢ (v) > 10—1x3—2x2—4 = 0. For Fig.5(22), we have ¢h/(v) > 10—1x3—2—1x2 = 0. For

Fig.5(23), we have fg+(v) > 1. Suppose d(f2) = d(f3) = d(f4) = d(f5) = d(fs) = 3. Then
min{d(vs), d(vy), d(vs), d(ve)} > 4. If d(vy) = d(vs) = 3, then d(f1) > 5 and d(f7) > 5 by
Lemma 3, 50 ¢h/(v) > 10—1x2—-3x2-3x2-1x1—3x2=2> 0. If f5, f3, f4, f5 and fs are
incident with no 37-vertex, then ¢h/(v) > 10—1x2—2x5-2x2 =1 > 0. For Fig.5(24), we
have ch/(v) > 10—1x2—32 —13 = 0. For Fig.5(25), we have ch/(v) > 10—1x2— -2l = 0.
For Fig.5(26), we have ch/(v) > 10 —1x 2 -4 x2=0. O

Hence we complete the proof of the theorem.
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