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ABSTRACT. In this paper we establish several multidimensional Hilbert-type
inequalities with a homogeneous kernel, involving the weighted geometric and
harmonic mean operators in the integral case. The general results are derived
for the case of non-conjugate parameters. A special emphasis is dedicated
to determining conditions under which the obtained inequalities include the
best possible constants on their right-hand sides, which can be established
after reduction to the conjugate case. As an application, we consider some
particular examples and compare our results with the previously known from
the literature.

1. INTRODUCTION

At the beginning of the 20th century, the following inequality has been estab-
lished:

f(x)g(y) m
1 —drdy < —— ,
(1) [ P ety < bl
that holds for non-negative functions f € LP(Ry) and g € L?(R;), such that
0 < ||fllp,llglly < co. Here, and throughout this paper ||-||, denotes the usual

norm in L"(Ry), i.e. ||fl|, = (fR+ |f(x)\7"dx)1/r, r > 1. The parameters p and ¢
appearing in (1) are mutually conjugate, i.e. % + 1 =1, where p > 1. In addition,

the constant " is the best possible in the sense that it can not be replaced with
P

a smaller constant so that (1) still holds.

The above inequality was first studied by D. Hilbert at the end of the 19th
century, hence, in his honor, it is referred to as the Hilbert inequality.

After its discovery, the Hilbert inequality was studied by numerous authors,
who either reproved it using various techniques, or applied and generalized it in
many different ways. Such generalizations included inequalities with more general
kernels, weight functions and integration sets, extension to a multidimensional case,
equivalent forms, and so forth. The resulting relations are usually referred to as the
Hilbert-type inequalities. For a comprehensive inspection of the initial development
of the Hilbert inequality, the reader is referred to classical monographs [10] and [16].

Although classical, the Hilbert inequality is still of interest to numerous math-
ematicians. Nowadays, more than a century after its discovery, this problem area
offers diverse possibilities for generalizations and extensions (see, e.g. [5], [9], [11],
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[12], [17], [19], [20], and references therein). The most important recent results
regarding Hilbert-type inequalities are collected in a monograph [14], that provides
a unified treatment of such inequalities.

The starting point in this article is a recent result of Adiyasuren and Batbold
[1], who derived a pair of Hilbert-type inequalities with a homogeneous kernel,
involving an arithmetic mean integral operator A : LP(Ry) — LP(Ry), p > 1,
defined by (Af)(z) = L [V f(t)dt. Namely, they obtained inequalities

Tz

(2) Kz, y)z" " 51y* "7 (Af)(2) (Ag) (y)dzdy < paea(s)] £l1nll9llq

2
R+

(3) /yps—1< KA(»”C’y)xTé(Af)(éE)dw) dy] < qex ()] flps
Ry Ry

where %—k% =1L,p>1rs>0,A=r+s0<|f|pllgllq < oc,and K\ : RZ — Ry
is a homogeneous function of degree —\ such that 0 < cx(s) = [;° Kx(1,t)t*"1dt <
00. Observe that the operator A is well-defined due to the famous Hardy inequality
IAfllLr@,y < qllfllLe(r,), that holds for 0 < ||f||, < co. In fact, this operator is
known in the literature as the Hardy operator (for more details see [15]).

Inequalities (2) and (3) may be deduced throughout a unified treatment of
Hilbert-type inequalities (see [11] or [14], Corollary 1.1, p. 12) and with the help
of the Hardy inequality. The most interesting fact in connection with inequalities
(2) and (3) is that the constants pgey(s) and gey(s) remain the best possible (for
more details, see [1]). In addition, the above inequalities (2) and (3) were recently
extended to a multidimensional case in [13]. That result will be cited in the next
section.

The main objective of this paper is a study of multidimensional Hilbert-type
inequalities with a homogeneous kernel and with some other means operators, i.e.
the weighted geometric and harmonic mean operators. A special emphasis is placed
on establishing conditions under which such inequalities include the best possible
constants on their right-hand sides.

The paper is divided into six sections as follows: After this Introduction, in
Section 2 we introduce the concept of non-conjugate parameters in the multidi-
mensional case and cite the corresponding general Hilbert-type inequalities which
will be the base of our study. Further, in Section 3 we define the weighted geometric
and harmonic mean operators, and also cite some well-known inequalities closely
connected to these operators. In Section 4 we derive Hilbert-type inequalities with
a homogeneous kernel, including the weighted geometric and harmonic mean op-
erators. After reducing to the conjugate case, in Section 5 we establish conditions
under which the derived inequalities include the best possible constants. Finally,
in the last section we deal with some particular examples, and compare them with
the previously known, from the literature.

2. A UNIFIED TREATMENT OF HILBERT-TYPE INEQUALITIES WITH
NON-CONJUGATE EXPONENTS

After the discovery, one of the most interesting problems in connection with the
Hilbert inequality was the question whether it is possible to establish the corre-
sponding inequalities where the exponents are not conjugate. The answer to that
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question appeared to be true. This problem was dealt by some famous mathemati-
cians such as F.F. Bonsall, G.H. Hardy, V. Levin, J. Littlewood, G. Pélya, in the
first half of the twentieth century, and later, by E.K. Godunova. This bring us to
the concept of non-conjugate parameters.

Let p; be the real parameters satisfying

n

1
(4 —>1, p;>1,i=12,...,n

The parameters p; are defined as associated conjugates, that is,
1 1 .
(5) —+ =1, i=12,...,n
Di b;
Since p; > 1, it follows that p, > 1,7 =1,2,...,n. In addition, we define

(6) M=

Clearly, relations (4) and (5) imply that 0 < \,, < 1. Finally, let g; be defined by

1 1
7 — =\, — =
() qi D;

i=1,2,...,n,

provided that ¢; > 0, ¢ = 1,2,...,n. The above conditions (4) — (7) provide
the n-tuple of non-conjugate exponents and were given by Bonsall [2], more than
half a century ago. Note also that A\, = Z?:l 1/g; and 1/¢; + 1 — X\, = 1/p;,
i =1,2,...,n. Of course, if \,, = 1, then >, 1/p; = 1, which represents the
setting with conjugate parameters.

In 2005, Brnetié et.al. [3], provided a unified treatment of multidimensional
Hilbert-type inequalities with non-conjugate exponents, with a main result includ-
ing a general measurable kernel and weight functions. Moreover, Peri¢ and Vukovié
[17], studied the latter inequalities for the case of a homogeneous kernel. Before we
state the corresponding result, we need some conventions.

Recall that the function K : R} — R is said to be homogeneous of degree
—s, 5 > 0, if K(tx) = t7°K(x) for all t > 0 and x = (z,%2,...,2,) € RY.

Furthermore, if a = (a1, as,...,a,) € R™, we define
n
(8) ki(a) = K@) [[ wydu, i=12,..n,
R} J=1#i
where @ = (U1, ..., U1, 1, Uig1,-. ., Un), diu = du; ... du;—1duiqq ... duy,, and

provided that the above integral converges. Further, in the sequel du is an abbre-
viation for dujdus . .. du,.

The following pair of multidimensional Hilbert-type inequalities, in a slightly
altered notation, can be found in [17] (see also [3]):

Theorem 1. Let p;,p},q;, i = 1,2,...,n, and A, be as in (4)-(7), and let A;j,
1,7 = 1,2,...,n, be real parameters such that Z;LZI Aij=0. IfK:R} - Risa
non-negative measurable homogeneous function of degree —s, s > 0, and f; : Ry —
R, i = 1,2,...,n, are non-negative measurable functions, then the following two



4 VANDANJAV ADIYASUREN, TSERENDORJ BATBOLD, AND MARIO KRNIC

inequalities hold and are equivalent:

n

O [ o0 [Tt < TT R Hux” L

Dpi

RY i=1 i=1
and
o o, 1/p},
[ ol ( K [ fi<xi>d”x> dx,
Ry Ry i=1
n n—1
1/q; n—1—s o
(10) < JT*“(eas) T llad" =27 a e £,
i=1 i=1
where o; = Z; 1 Aij,s = (A, Aia, ..., Ain) and ki(giA;) < o0, i=1,2,...,n

Remark 1. It should be noticed here that the problem of the best constants in
Hilbert-type inequalities with non-conjugate exponents seems to be very hard and
remains open. That problem can be solved after reducing to the conjugate case.

], Krnié considered inequalities (9) and (10) with the Hardy operator
=1 fo t)dt. In this setting, the above inequalities read respectively

n [13
( )()

(11) / 0 e (AL () < i (p. s Avt) [ LIl

T i=1 i=1
and
/ 2, (1Al ) (1= 1=) s 5
Ry
nol o spim P 1/Pn
X ( K (x) H z, “ C(Af) (xi)d"x> d:rn]
R}~ i=1
n—1
(12) S hz—l(pvquaH) H ||fiui Pi
i=1
where p; are real parameters such that p;u; > 1,71 =1,2,...,n, and
i\
1/qi i1
h (p q’ Hk /q q'L H < e ) K
Dilti — 1

=1

s 1 piri \'"
O (e

Observe that inequalities (11) and ( 2) may be regarded as a multidimensional
extension of relations (2) and (3).

Remark 2. According to Remark 1, we can not decide whether or not the constants
hy (p,q, A, ) and by _ (p,q, A, ) are the best possible in (11) and (12). Roughly
speaking, these constants appear to be the best possible for the conjugate setting,
in the case when the part of the constant regarding homogeneous kernel contain no
exponents (for more details see [13]).
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Our further step is to derive analogues of (11) and (12), with the weighted geo-
metric and harmonic mean operators, instead of the Hardy operator .A. Therefore,
we need to define the corresponding operators and derive some auxiliary results.

3. THE WEIGHTED GEOMETRIC AND HARMONIC MEAN OPERATORS

We have already seen that the arithmetic mean (Hardy) operator A appears
in the Hardy inequality. Similarly, the weighted geometric and harmonic mean
operators are closely connected to some well-known inequalities.

In 1984, Cochran and Lee [4], obtained the following inequality

oo o T o0
(13) / 27 exp {a/ t*log f(t)dt} dox < e"’/“/ 77 f(x)da,
0 = Jo 0

with the best constant /¢, where o,7 € R, > 0, and fooo 27 f(x)dr < oo.
Inequality (13) is known in the literature as the Levin-Cochran-Lee inequality and
it includes the weighted geometric mean operator G defined by

(14) @n) =exo | & [t oo

Clearly, if ¥ = 1, the above inequality may be rewritten as |Gf|l, < e[| f||,,
p > 1, which means that the norm of operator G : LP(R;) — LP(R) is equal to
e'/?_ Tt should be noticed here that for a = v = 1, inequality (13) reduces to the
well-known Knopp inequality (see [16]).

In order to define the weighted harmonic mean operator, we first cite the fol-
lowing inequality from [6]: Let a,b,r,s € R,a < b,r < s,r,s # 0, and f be a
non-negative measurable function. Then,

(15) < {(b_la)a/ab(m—a)a—l {(z_law /:(t_a)v—lfS(t)dt}gdx}i,

where o,y € R. The above inequality is crucial in establishing the mixed means
inequality (for more details see [6]).

Lemma 1. Let a,v, and r > 0 be real numbers such that o+ vyr > 0 and f be a
non-negative measurable function. If fooo 277 f(x)dx < oo, then

1

(16) /0 71 lfwtalfr(t)dt} dx < (a—&—vr)?/o 277 f(x)da,

0

1
T

where the constant (a + yr)+ is the best possible.

Proof. Setting a = 0,s =1, and r = —r, inequality (15) reduces to

1

b @ r b a—14+~r 7%
S 24 r
a7) /0 & [foqc t“_lf_r(t)dt] do < b [/0 (fy tvlf(t)dt)rdx] '
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Further, since [ ¢V f(t)dt < fob 71 f(t)dt, 0 < x < b, the right-hand side of (17)
does not exceed

b
kel (/ ;z:”‘lJr'Wdo:)
0

Therefore we have

bvfl z® ’ L bvfl
L= [eirge) wsterm? [ 27 @i

so (16) follows by letting b to infinity.
In order to prove that (16) includes the best possible constant, we suppose that
there exists a positive L, smaller than («a + 77‘)%, such that the inequality

e} . Pl
/0 & [j‘j te=1f=r(t)dt

holds for all non-negative functions f : R — R, provided fooo 27 Hf(x)dr < oo
Considering the function

1
T

| </Obx“f(z)da:> = (a+r)" /Obx“f(z)dg:.

r

dzx < L/ 27 f(2)dx
0

= 277, O0<ax <1
f(x)_{o’ £L'>]. )

where € > 0 is sufficiently small number, we have

1
1 v 1
« L
/ 27| — x dx < L/ 257y = =.
0 Jo totmrE=mdt 0 5

The above relation yields (o — re + 4r)* < L, and for ¢ — 0%, it follows that
1

(a+~r)+ < L. This contradicts with L < (a4 ~r)7, which means that (o + yr)*
is the best possible constant in (16). (]

Motivated by Lemma 1, we define the weighted harmonic mean operator H by

(18) (Hf)(x)

xO{

- Joy te v (e)dt

If v = 1, the inequality (16) may be rewritten as |Hf|l, < (o + 1/p)||fllp, p > 1,
so Lemma 1 implies that the norm of operator H : LP(R;) — LP(R.) is equal to
a+1/p.

4. MULTIDIMENSIONAL HILBERT-TYPE INEQUALITIES WITH GEOMETRIC AND
HARMONIC MEAN OPERATORS

In this section we derive analogues of relations (11) and (12), where the Hardy
operator A is replaced by geometric and harmonic mean operators, defined in the
previous section. Obviously, the starting point is Theorem 1, which provides a
unified treatment of Hilbert-type inequalities with a homogeneous kernel in the
non-conjugate case. The first result refers to the weighted geometric operator G
defined by (14).
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Theorem 2. Suppose p;,pl,qi, t =1,2,...,n, and X, are as in (4)-(7), and A;j,
i,j = 1,2,...,n, are real parameters satisfying > ., A;j = 0. Further, let a; =
Z?:l Ay, i =1,2,...,n, and let v;, p;, and o > 0 be real parameters. If K : R} —
R is a mon-negative measurable homogeneous function of degree —s, s > 0, and
fi: Ry =R, i=1,2,...,n, non-negative measurable functions, then

n

v ) s L 7@7;75) +aitv; )
(19) K)\n (X) H z;" (gfl)m (xi)dx < kn(pa q, A7 V) H ||xz ’ fz#l Pis

R%} i=1 i=1

and
el P, 1/p),
[/ @, 17 PR (n=1=s) =P ( K (x) [I =@ (xi)J"X> dwn]
R4 R} i=1
n—1

n—1-s)

2olo9) 4ty
S kifl(pquAav) H sz “
=1

£l

(20)

where

eé[—/\ns-‘rn-‘rz T vi H kil/qi (¢:As),

i=1

k,(p,a,A,v)

kifl(pv a, A, V) _ 6%[)\71(1—5)4'”—1—0%—%‘FE?;E ui] H kll/(h (ini)7
i=1
A; = (A“,AiQ, - 7Ain); and ki(QiAi) <o0,1=1, 2, o, n.
Proof. The result is an immediate consequence of general Hilbert-type inequalities
(9) and (10) equipped with the functions z* (G f;)"* (z;) instead of f; : Ry — R,
i=1,2,...,n, and the Levin-Cochran-Lee inequality (13). Namely, applying (13)
to the right-hand sides of (9) and (10) yields

11— ) 4 1|n=s 4, (”’lfs)-i- i+ )
ngn 1 5)/qz+041+1/z(gfi)ﬂi(wi)Hpi S ea[ a4 +aitv; )\n"‘l] sz q; [e 73 sziuzl

Di»

which completes the proof. O

The following pair of Hilbert-type inequalities deals with the weighted harmonic
mean operator H, defined by (18).

Theorem 3. Suppose p;,p;, ¢, i =1,2,...,n, and A, are as in (4)-(7), and A;j,
i,7 = 1,2,...,n, are real parameters such that Z?zl Aij = 0. Further, let o =
Z?zl Aij, 1 =1,2,...,n, and let a,v; and p; > 0 be real parameters such that
o+ /%(1 e R T Z "q_s) > 0. If K : R} — R is a non-negative measurable

k3

homogeneous function of degree —s, s > 0, and f; : Ry — R, i = 1,2,.../n,
non-negative measurable functions, then
(21)
L ) L (=129 Lo+, )
KX () [Ty (Hf)™ (@o)dx < 10, a, Ay v, ) [ [l fi b

R% i=1 i=1
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and
n—1 p:‘l/ 1/P;L
/ xn(l—/\np;)(n—l—S)—pizan K (x) H zy (Hf)" (:ci)a?”x dxy,
Ry R} i=1
n—1 (n—1— <)+a tu; ‘
SZS (p qvAV!J‘ H”l' “ fﬂaliv
=1
(22)
where

s 1/q1 1 n—s\|"
l‘n(p,q,A,V,p.)—Hk q’L a+ILT 1_)\n+az+yz+ )

%

Tﬁ‘::]:

! 1 n—s\]"
By (pa, Ay, p) = H kYT (4:As) [a+w<1An+ai+vi+ ﬂ :
1 3 K3

A; = (A, Ao, - A, k(@A) < oo, andi=1,2,...,n

i=1 3

Proof. We follow the same procedure as in the proof of the previous theorem, except
that we use inequality (16) instead of the Levin-Cochran-Lee inequality

More precisely, considering (9) and (10) with the functions z}* (Hf;)"* (z;), i =
1,2,...,n, it follows that

L A

1 n—=s Hi (n_l__'§>+ itV .
§{a+<1)\n+ai+m+ ﬂ o, T
1223 qi

and the proof is completed. O

Pi»

Our next step is to determine conditions under which the constants k£ (p, q, A, v),
kEy_1(p,q, A, v), 15 (p,q,A,v,n), and I _;(p,q, A, v,1n) are the best p0581b1e in the
corresponding inequalities. This happens in the case of conjugate exponents.

5. REDUCTION TO THE CONJUGATE CASE AND THE BEST CONSTANTS

We have already mentioned that the problem of the best possible constants in
Hilbert-type inequalities, for the case of non-conjugate exponents, seems to be very
hard and remains unsolved.

Hence, in order to obtain the best possible constants in inequalities (19), (20),
(21), and (22), we consider here their conjugate forms. Namely, if p; > 1, i =
1,2,...,n, is the set of conjugate exponents, then inequalities (19) and (20) become
respectively

n (n—1—s)

(23) K(x) [[ 22 (Gf:)" (x:)dx < T (p. A Huw P )

R i=1

pi>

1/py,

n—1 pil
[/ xn(l—lf;)("—l—s)—l’;an ( K(X) H xzyl (gfz)’“ (:L'Z)dA”X> dCL'n‘|
R, R}

i=1

—s it S DR
(24) <k, @A) []llz; 7 s
=1
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where

En(p,A,v) = exlstntTiw Hkl/pl (AL,

=1

B _ (P A,v) = enlstnmen= TR ).
=1

Similarly, the conjugate forms of inequalities (21) and (22) read respectively

2 ” 7(" =9 foidvs L,
(25) K(x) [T (Hf)" (2:)dx <1, (p, A, v, H||a: " £ e
RY i=1 i=1
n—1 Ph 1/p,
[ a1 s K [[ 2% (HF)" (@)dx | da,
R4 R} i=1
—s ol i) taitv o,
(26) <D, (P Av,w) [ Mz ™ T pas
i=1
where
(p,Av,u) = Hkl/plp ﬁ[ +1<a»+l/-+n_s>ri
n 9 Yy ) 1 11 1L 7 7 ; )
_ n—1 1 n— g\ 1M
liL—l(p7Aa v, H H kl/pb pl H |:Oé + ; <ai + Vi + i ):l .

i=1

In the sequel we determine the conditions under which the inequalities (23),
(24), (25), and (26) include the best possible constants on their right-hand sides.
To do this, we establish some more specific conditions about the convergence of the
integral k1(a), a = (a1, as,...,a,), defined by (8). More precisely, we assume that

n
(27) k1(a) < oo for ag,...,an > —1,2@1- <s—n+1l,neNn>2.
i=2
By the similar reasoning as in some recent results known from the literature
(see [17], [18], [20], [19]), the best possible constants can be obtained if their parts
regarding homogeneous kernel contain no exponents. For that sake, assume that

(28) ki1(p1Ai1) = ka(p2Az) = -+ = kn(pnAn).

Utilizing the change of variables u; = 1/to, us = t3/ta,us = ta/ta, ..., up = t,/ta,
which provides the Jacobian of the transformation

la(ul,ug,...,un) ——
=ty ,

O(ta,ta, ... tn)

we have
ko (p2A2 / K ) LT p2(ap—Aszz) HtP2Azgd1
7j=3
= k1(p14i11,8 —n — pa(ag — Ago), paAas,. .., p2Asm).
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According to (28), we have p1 A1 = s — n — pa(ae — Ags), p1Aizs = paAas, ...,

p1Ain = p2Agy,. In a similar manner we express k;(p;A;), ¢ = 3,...,n, in terms of
k1(+). In such a way we see that (28) is fulfilled if
(29) piAji=s—n—pila; — Aii),i,j =1,2,...,n, i #j.

The above set of conditions also implies that p; A, = pj Ak, when k # ¢, j. Hence,

we use abbreviations gl = pnAn and ZZ =p1Ay;, i # 1. Since Z?:l Aij =0, one

easily obtains that p;A;; = gj(l — p;). Moreover, >1" | A; = s — n (see also [18]).

Now, if the set of conditions (29) is fulfilled, then, with the above abbreviations,
inequalities (23) and (24) become respectively

i ~ LN B

(30) K@) [ [0 (Gf)" (z)dx < mj(p, A, v) [T 12 ™

i=1

Ry i=1

iy

1

Pi»

~ n—1 P 1/p/n
/ xn(pil—l)(lﬂﬁnAn) K(x) H x;’z (gfi)m (wl)d”x dz,,
Ry Ri*

i=1
_ n—1 Viféfﬁi .
(31) <m0, A [T My " 150
i=1
where
mn(pagyv) = kl(f&)ei[—“rmri?:l Vi]’

ms_1(p,A,v) = k1 (K)e%[—s-‘rn-‘rﬁn_t,_zyz—f Vi].

and 1’& = (Ala 2{2, ey fz{n)
In the same way, inequalities (25) and (26) read respectively

(62 | Keo[ar (f)" @odx < e Aviw) [ | (A [
¥ i=1 i=1
_ n—1 Prn 1/pl,
l/ 2 Pr =D (4P AR) ( K(x) [ a7 (i) (%)Ci"X) dﬂ?n]
Ry Ry i=1
- n-l 13
(33) <m,_1(p,A, v, H sz " fz” P>
i=1

7 (D, A, v, 1) = kl@zﬂl [a L (vi— Zi)r :

. . n—1 1 . i
me—l(paAv\'?H) = kl(A) |:Oé+ (ViAz):| .
. (3
Finally, we show that the constants m$ (p, A, v), mé_4(p, A, v), ms (p, Ay, W),
and 7;,_,(p, A, v, ) are the best possible in the corresponding inequalities.
Theorem 4. Let o > 0, Avi <y < ﬁ + Ai, i=1,2,...,n, and let the parameters

Zl-, i=2,...,n, fulfill conditions as in (27). Then, the constant m? (p, A, v) is the
best possible in the inequality (30).
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Proof. Suppose that there exists a positive constant C,, 0 < C,, < mi(p,.&,v),
such that inequality
n n 1

(34) K ]2 @f)" @adx < G ey ™" o,
=1

RY i=1

holds for all non-negative measurable functions f; : R, — R. Considering this
inequality with the functions

1, O0<x; <1,

ff(xl) = { 1 51‘,*“1‘_ e

e Piki :,Ul Hiq pq‘,/‘bi7 T 2 17

where ¢ is sufficiently small number, its right-hand side becomes

"o H( m—fL))'

0, O<z; <1,

€ ~ A <
(gfl )(331) = 1 Aj—v; Aivi e 1 Aj—vi e
_ _ - Fipr et | e+ s

e MiPi g 'Ti i iPi e“zl’z x7 \ HiPq Mg HiPj , T > ]_7

(35) Cn Hllw e o]

On the other hand, since

the left-hand side of (34), denoted here by L, can be estimated as

n
L= [ K[ @ (ws)ax
R} i=1
1 n n Zi—i 5 +L(;+ «i_”i_L)
SRt Il N C) | A
(1,00)™ i=1

Z e—l—&—i(n—s—o—zzl:l ui) T

)

Aj—=
where I = f[l.oo)" K(x)[[;_,z; ""dx. Obviously, the integral I can be rewritten
as
I:/ xy e / K(ﬁl)Hufi_E/picflu dxy,
1 [1/z1,00)n—1 i—2

providing the inequality

1 2/ xyte [ K(ﬁl)Hufi_s/pidlu] dxy
1 Ry !

=2
—/ e Z/ K (o) [Ju =" d"a| day
D, J:Q
(36)
> 1 H Ai=e/pi iy,
= u;

f/ a7t Z/ K(ﬁl)Hufj_E/pjdlu dxq,
1 i=2 7/ Di j=2

where D; = {(u2,us, ..., u,);0 <w; <1/xy,u; >0,5#i},1/p=(1/p1,...,1/pn).
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Without loss of generality, it suffices to find the appropriate estimate for the inte-

gral [ K(@")[T}_y u; Ai=€/Pi 41y In fact, setting @ > 0 such that Ay+1 > £ /po+ta,
since —u§logus — 0 (ug — 01), there exists M > 0 such that —u§logus <
M (ug € (0,1]). On the _other hand, it follows easily that the parameters az =

Ay — (e/p2+a)and a; = A; —¢/p;, i = 3,...,n satisfy conditions as in (27). Then,
by virtue of the Fubini theorem, we have

0< / . K(ﬁl)Huj.‘fa/”fciludgc1
j=2

0o 1/x1
elk e
1 RY™%J0 ;
- /]Rn 2/
(37)
-]
< M/ / K (@ yuy?~ C/pre) Hu;‘j—f/wdlu
R} Jo i=3
<M K(ﬁl)ufz—(E/Pri'Ut) H ufj—&‘/deAlu
Ry =3

:M'kl(ng(5/p2+a),g3*6/]93,...,;{n*5/pn) <0

Hence, taking into account (36), we obtain

IL> e & (n—st i, vi) <1k1 (K _ 61/1)) _ O(l)) .
9

Moreover, the relation (35) implies that

Aj—e/p; 71
y d

:j:

W u| dry

2

Aj—e/pj /Uu2 -1 > il
xy dx; u
1

oA
H u; /%3 (_logus)d'u

<
I|

1

Obviously, if e — 0T, then C,, > m$ (p, 11, v), which contradicts with our assump-
tion 0 < Cy, < m?(p, A, v). Hence, mé (p, A, v) is the best possible in (30). O

Theorem 5. Let a > 0, gi <y < % + /L, 1=1,2,...,n, and let parameters Ai,

i =2,...,m, fulfill conditions as in (27). Then, the constant mfl_l(p,_/i,v) is the
best possible in (31).

Proof. Assume that there exists a positive constant Cy,_1, smaller than m?_, (p, K, v),
such that the inequality (31) holds when replacing m_,(p, A, v) by C,_;
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The left-hand side of inequality (30), denoted here by L, can be rewritten in the
following form:

n—1

=] ( KGo) [ o (@) <xi><f"><> BT (G ().
Ry

Ry i=1
Now, applying the Holder inequality with conjugate exponents p, and p/, to the
above expression yields inequality

Vn——A, "
(38) L S L/||$n o (gfn)ﬂ ||pn7
where L' denotes the left-hand side of (31)
Moreover, L' < Cp_1 [T/ |2, v " %], while the Levin-Cochran-Lee in-

equality (13) yields

n

_1_3 —A, -1 _A
S (e 0 L e | e T |

Therefore relation (38) yields the inequality

-L-4;
(39) L<Cp e HHx A S |

Finally, taking into account our assumption 0 < C,,_1 < m?_;(p, A ,p.) we have

vp—Anp n—An

0 < C'n_1e o < mn 1(p7 7”)

= m (p, A, ).

Hence, relation (39) contradicts with the fact that m2 (p, .TA, ) is the best possible
constant in inequality (30). Thus, the assumption that mj_,(p, A, ) is not the
best possible is false. The proof is now completed. ([l
Theorem 6. Let o, v;, and p; > 0 be real parameters such that o+ %(1/1 —ﬁl) >0,
i =1,2,....n, and let parameters A;, i = 2,...,n, fulfill conditions as in (27).
Then, the constant m;, (p, A, v, 1) is the best possible in (32).

Proof. We follow the same procedure as in the proof of Theorem 4, that is, we
suppose that the inequality

(40) K () T 2 (f)" (wiydx < G [ a7 gt
=1

R} i=1

pi»

holds with a positive constant C,,, smaller than m; (p, A, v,). Considering this
inequality with the functions

Ai*“1+ £
ff(ml) — x; Hi piui, 0< Z; < ].,
0, z>1,

where ¢ is sufficiently small number, its right—hand side reduces to

> C
41 C i e\ i :J
(41) H||x Y -
Moreover, since
~ Aj—vy e
vizAi Hi KiPg
Gf) ) = | [0t 15 ] S 0<a <1,

0, z; > 1,
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the left-hand side of (40), denoted here by L, reads

n

L= | K@)[Jay ()" (@)dx
RY i=1
= QO(E) I,
where
e A e " N At
v — A; it
ple) = a+ - and [ :/ Kx)| |z, "dx.
E i ﬂipil (0,1]m };[1

Obviously, the integral I can be rewritten as

1 no_
I:/ x5t / K(ﬁl)Hu?i+€/picilu dzy,
0 (0,1/a1]m—1 s

providing the estimate

1 no_
I 2/ xi_l [ K(ﬁl)Hu?#E/mdlu] dxq
0 RT!

i=2
1 n n _
—/ x5! Z/ K(ﬁl)Huf1+E/pjd1u dzq
0 i=2 /i j=2
(42)
1 " dre/os s
Z - K(ﬁl) Hu?z+ /Pzdlu
€ Jry i=2

1 n no
—/ oyt Z/ K@) [Ju ™ d"a| da,
0 i=2 Y Ei j=2

where E; = {(u2,us3,...,un);1/x1 <u; <oo,uj >0,5#i4},1/p=1/p1,...,1/pn).
n  Ajte/p;;
t "] e/pi j1
choosing a > 0 such that Az +1 > —&/ps — «, since —u, *log i — 0 (ug — 00),
there exists M > 0 such that —u; “log u% < M (ug € [1,00)). Further, the param-

Clearly, it is enough to estimate the integral f]E2 K@@hH)] u. Namely,

eters ag = Ag + (e/p2+ ) and a; = A+ e/pi, ©=3,...,n, fulfill conditions as in
(27). Then, similarly to (37), we have

1 no
_ ~ A oA
/xll K(ul)HujJ+E/p]d1udx1

0 s e

<M -ki(Ay + (e/p2 +a), As + e /ps, ..., Ay +¢/pn) < o,
and utilizing (42), it follows that

1/~
(43) L> ) - (glﬂ (A + El/p) — O(l)) :
Finally, taking into account (41) and (43), we have that mfl(p,.&\up.) < Cp

when € — 0T, which is an obvious contradiction. This means that the constant
m; (p, A, v, ) is the best possible in (32). O
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Theorem 7. Let o, v;, and p; > 0 be real parameters such that o+ %(1/Z fgz) > 0,
i=1,2,....n, and let parameters A;, i = 2,...,n, fulfill conditions as in (27).
Then, the constant m;,_,(p, A, v, ) is the best possible in (33).

Proof. Suppose, on the contrary, that there exists a positive constant C,_1, 0 <
Cn—1 < m,_1(p,A,v, ), such that the inequality (33) holds with the constant

C,,—1 instead of M} _;(p, A, v, ).
Now, rewriting the left-hand side of inequality (32) in the form

1 ~ n—1 R 17
/ <zn L o) T (xi)d”x> e T () (),
R+ RL” i=1

and applying the Holder inequality with conjugate exponents p, and p/,, we have

Vn_i_gn
(44) L< Lz’ ™ " ()" Ml

where L and L’ respectively denote the left-hand sides of inequalities (32) and (33).

In addition, L' < C, 1 [ |EAE

U A' Hn L
_ v, — L
Pn S (a i n:“”) ’ ||Inn o nf’f:””pn'

n

»;» while (16) yields the inequality

_1_Z
Pn "

(Hfn)" |

"
Hence, relation (44) provides the inequality

~ Hn n ~

n — An vi—L—A;

(45) L<C,_; <a+ Vﬂ) . I | |, fzm
=1

n

Ppi-

Finally, with our assumption 0 < Cp,_; < m®_,(p, A, ), we have

Av Hn Av Hn

Vp — Ap —s re Up — An — A

Cnil <a+ /L) < m;Lfl(va7V7P') <a+ ) = m;(p,A,v,p,).
Therefore, inequality (45) contradicts with the fact that m: (p, A, v, ) is the best
possible constant in (32). The proof is now completed. ([

6. SOME EXAMPLES AND REMARKS

We conclude the paper with some consequences of the general results established
in Section 4 and Section 5. More precisely, we derive here several new Hilbert-type
inequalities with geometric and harmonic mean operators and with some particular
homogeneous kernels. In this section we deal with the case of conjugate exponents
and the inequalities that follow include the best possible constants on their right-
hand sides.

6.1. First example. A typical example of a homogeneous kernel with the negative
degree of homogeneity is the function K : R — R, defined by

1

Kl (X) = (Z?:l xi)s 9

s> 0.
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Clearly, K is a homogeneous function of degree —s, and the constant factor k; (.&),
appearing in inequalities (30), (31), (32), and (33), can be expressed in terms of
the usual Gamma function I'. Namely, utilizing the well-known formula

/ 1) ST § LR A (D)
n—1 n— Yy r ;L, a;)’
R (HZM ui) iz i)

(46)

which holds for a; > 0, i = 1,2,...n, it follows that

~ 1 2 )
W[{ 1’, Z:1,27...,n,

provided that le >-1,i=1,2,...,n,and >, ﬁl = s—mn. In addition, consider-
ing the parameters A; =r; — 1, u; =1, v; =r; — 1/p,, i = 1,2,...,n, where r; > 0
and Y | r; = s, inequalities (30), (31), (32), and (33) reduce respectively to

Jo ey e @0 H o110

Pi»

/n % foi‘fé (Hfi) (z:)dx < : (a + 1) H%(;(H ]i il

s (> iz aci)s i1 ‘ ; i
and
- o, 1/p),
/ gy / T g x| e
R+ n Ri—l (227,:1 Zi)s bl (2 7 Z; n

n—1 n n—1
L\ [Lizy T(ra)
< a4+ — s VY fi
11 (o 50) 255 1L
Clearly, the constants appearing on their right-hand sides are the best possible.

6.2. Second example. Another example of a homogeneous kernel with degree —s,

is the function
1
K. = ) > 0.
2(x) max{z§,..., x5} s

In order to derive analogues of the inequalities from the previous example, we utilize
the integral formula

/ IT= 11u s
Rifl max{l,xl,..., n 1} ]._[er:1(1_|_a’)7
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where a; > —1 and )" a; = s — n (for more details see [13]). Hence, with this
kernel and parameters A; =1, — 1, p; = 1, v; =7, — 1/p}, i = 1,2,...,n, where
r; >0and > I, 7 = s, inequalities (30), (31), (32), and (33) become respectively

1 } HJJ iii gfz) (xz)dx < H ||lepz7

S
R max{z;,...

/ /v,
1 n—l ri—-L Pn
xnrnplnfl / z, ] (gfl) (xz)d"x dajn
/JR+ R~ max{x$,..., x5} z];[1
1/(apl) =1
sel/taPn)
H 1 illpes
1 a+1/p; 1
<s
/Rﬁl max{z;,... xé} Hx Hfz) r;)dx le[ " Z]_j[ | fillps s
and
/v,

’
1 Pn

’ ]_ Ti— T
2, TP / g, (M) ()d x| dan
/R+ R? - max{x$,..., x5} -+ H

s a—l—l/pz
éaﬂ/png HHL

where the constants appearing on their right—hand sides are the best possible.

pi»

Remark 3. It should be noticed here that the analogues of inequalities from this
section, including the arithmetic mean (Hardy) operator, were derived in [13], while
the two-dimensional case was studied in [7] and [8].
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