CROSSED PRODUCTS OF PRO-C*-ALGEBRAS AND HILBERT
PRO-C*-MODULES

MARIA JOITA

ABSTRACT. In this paper, we prove a universal property for the crossed prod-
uct of a pro-C*-algebra by an inverse limit action of a locally compact group.
Also, we prove a universal property of the crossed product of a Hilbert (pro-)
C*-module by an (inverse limit) action of a locally compact group.

1. INTRODUCTION

The crossed product of a C*-algebra A by an action a of a locally compact group
G is a new C*-algebra, denoted by G X, A, which contains, in a some suitable sense,
A and G, and it is one of the most important construction in operator algebras.
A topological dynamical system (G, 6, X), (that is, G is a locally compact group,
X is a compact Hasdorff space and 0 is a continuous action on X), induces an
action a of G on the C*-algebra C'(X) of all continuous complex-valued functions
on X, and G X, C(X) encodes the topological dynamical system (G, 6, X). There
is a vast literature on crossed products of C*-algebras (see, e.g. [15]), but the
corresponding theory in the context of non-normed topological algebras has still a
long way to cover. Crossed products of pro-C*-algebras by inverse limit actions
of locally compact groups were considered first by Phillips [11] and secondly by
Joita [3]. The crossed product of a pro-C*-algebra A by an inverse limit action « is
defined as the enveloping pro-C*-algebra of the covariance algebra L'(G,a, A). It
is often easiest to exhibit such objects by verifying a particular representation has
the required universal property, rather than working directly with definition. For
example, Raeburn [14] proved Takai’s theorem by exploiting the universal properties
of crossed products, and Joita [6] used the universal property of crossed products
of C*-algebras to study of covariant completely positive maps on C*-algebras. In
Section 3, we prove a universal property for the crossed product of a pro-C*-algebra
by an inverse limit action of a locally compact group.

Hilbert C'*-modules appear as imprimitivity bimodules in the study of the Morita
equivalence for C*-algebras. Given two C*-dynamical systems (G, «, A) and (G, 3, B)
such that A and B are strongly Morita equivalent and an («, 3)-compatible action n
of G on the imprimitivity A — B bimodule X, then the C*-crossed products G x, A
and G xg B are strongly Morita equivalent. The imprimitivity G xo A — G xg B
bimodule is called the crossed product of X by 7, and it is denoted by G x,, X. In
[5], we show that for a dynamical system (G,n, X) on a full Hilbert C*-module X,
the Hilbert C*-module X can be embedding in the multiplier module of G x,, X,
and G is isomorphic to a group of unitaries in the C*-algebra of adjointable mod-
ule morphisms on G x, X. In Section 4, we show that the crossed product of

2000 Mathematics Subject Classification. Primary 46L05, 46L08.
Key words and phrases. pro-C*-algebras, Hilbert pro-C*-modules, crossed product.
1



2 MARIA JOITA

Hilbert C*-modules, respectively Hilbert pro-C*-modules by inverse limit actions,
has the universal property with respect to the covariant representations of Hilbert
C*-modules, respectively Hilbert pro-C*-modules.

2. PRELIMINARIES

A pro-C*-algebra is a Hausdorff complete complex topological x-algebra A whose
topology is determined by its continuous C*-seminorms in the sense that a net
{a;}ier converges to 0 in A if and only if the net {p(a;)}ier converges to 0 for
all continuous C*-seminorms p on A. Other terms been used for a pro-C*-algebra
are: locally C*-algebra (A. Inoue), b*-algebra (C. Apostol) and LM C*-algebra (G.
Lassner, K. Schmiidgen). We refer the reader to [2] for further information about
pro-C*-algebras.

Let A be a pro-C*-algebra. We denote by S(A) the set of all continuous C*-
seminorms on A. For p € S(A), the quotient x-algebra A, = A/kerp, where
kerp = {a € A;p(a) = 0}, is a C*-algebra with respect to the C*-norm |-,
induced by p, and the canonical map from A to A, is denoted by W;f‘. The set S(A)
is directed with the order p > ¢ if p(a) > ¢(a) for all @ in A. Then, for p and ¢
in S(A), with p > g, there is a canonical surjective C*-morphism wﬁq A, — Ay
such that w2, (75 (a)) = 7'(a) for all a in A and {Ap; T }p>qp.qes(a) i an inverse
system of C*-algebras. Moreover, the pro-C*-algebras A and 1(1_12 A, are isomorphic.

A multiplier on a pro-C*-algebra A is a pair (I, r) of linear maps from A to A such
that [ and r are respectively left and right A-module morphisms, and r(a)b = al(b)
for all a,b € A. The multiplier algebra M (A) of A is a pro-C*-algebra with respect
to the topology determined by the family of C*-seminorms {pas(a)}pes(a) with
pr(ay(l,r) = sup{p(l(a));a € A,p(a) < 1}, and it is isomorphic to lirEM(Ap).

The strict topology on M (A) is given by the family of seminorms {pa }(a,p)caxs(a),
where p, (I,7) =p(l(a)) +p(r(a)). If p: A — B is a nondegenerate morphism of
pro-C*-algebras (that is, ¢ is a continuous *-morphism and [¢ (A4) B] = B, where
[¢ (A) B] denotes the closed subspace of B generated by {¢ (a)b;a € A,b € B}),
then it extends to a unital morphism of pro-C*-algebras @ : M (A) — M (B).

A representation of A on a Hilbert space H is a pair (¢, H), where ¢ is a continu-
ous *-morphism from A to L(H). We say that (¢, H) is nondegenerate if [p (A) H] =
H.

Hilbert modules are generalizations of Hilbert spaces by allowing the inner prod-
uct to take values in a (pro-) C*-algebra rather than the field of complex numbers.
They are useful tools in theory of operator algebras, operator K-theory, K K-theory
of C*-algebras, group representation theory, C*-algebraic theory of quantum groups
and theory of operator spaces.

Here we recall some definitions and simple facts about Hilbert pro-C*-modules
and the module maps between them (see [7, 10, 12]).

A Hilbert pro-C*-module X over a pro-C*-algebra A (or a Hilbert A-module)
is a linear space that is also a right A-module, equipped with an A-valued inner
product (-,-) that is C- and A-linear in the second variable and conjugate linear in
the first variable such that X is complete with the family of seminorms {px },cs(a)

where px () = p ({x, x))% A Hilbert A-module X is full if the pro-C*-subalgebra
of A generated by {(z,y);x,y € X} coincides with A.
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Given a Hilbert pro-C*module X over A, for p € S(A), X, = X/kerpy has a
canonical structure of Hilbert C*-module over A, and the canonical map from X
onto X, is denoted by ag(. For p,q € S(A), with p > ¢, there is a canonical sur-

jective linear map J;fl : X, — X such that 052 o 0;( = ag(. Then {X,; Ap; al)fq; ’/T;?q
}p>a, p.ges(a) is an inverse system of Hilbert C*-modules, and X can be identified
to lim X,.

—p

Let X and Y be Hilbert A-modules. A map T : X — Y is adjointable if
there is a map 7% : Y — X such that (Tx,y) = (x,T*y) for all x € X and
for all y € Y. The set L(X) of all adjointable A-module morphisms from X to
X is a pro-C*-algebra with respect to the topology determined by the family of
C*-seminorms {pr(x)}pes(a), where pr(x) (T) = sup{px (T(z));px(z) < 1}. The
closed linear subspace K (X) of L(X) spanned by {6, . : X — X;z,y € X}, where
0y.2(2) =y (z, 2) is a closed two-sided ideal of L(X), and M (K (X)) = L(X).

A morphism of Hilbert pro-C*-modules is a map ® : X — Y from a Hilbert
A-module X to a Hilbert B-module Y with the property that there is a pro-C*-
morphism ¢ : A — B such that

(@ (z),®(y) = ¢ (z,9))

for all x and y in X. A map ® : X — Y is an isomorphism of Hilbert pro-C*-
modules if it is invertible, and if ® and ®~! are morphisms of Hilbert pro-C*-
modules.

A representation of X on the Hilbert spaces H and K is a morphism of Hilbert
C*-modules ®x from X to the Hilbert L(H)-module L(H, K). If X is full, then the
representation ¢ 4 associated to @ x is unique. A representation ¢y : X — L(H, K)
of X is nondegenerate if [Px(X)H] = K and [®x(X)*K] =H.

The pro-C*-algebra L(A) of all adjointable module morphisms on A can be
identified to the multiplier algebra M (A) of A (see, for example, [10, Theorem
4.2(6)]). Then the vector space of all adjointable module morphisms from A to
X, denoted by M(X), has a natural structure of Hilbert M (A)-module (see, for
example, [13]), and it is called the multiplier module of X. The strict topology
on M(X) is given by the family of seminorms {||-|[, , .}p.a.0)es(4)xaxx, Where
Al = px(h(a)) +p(h*(z)). A nondegenerate morphism of Hilbert pro-C*-
modules ® x from a full Hilbert pro-C*-module X to M (Y) (thatis, [®?x (X)B] =Y
and [®x (X)"Y] = B) extends to a unique morphism ®x from M(X) to M(Y),
and its underlying pro-C*-morphism @4 is the extension of the underlying pro-C*-
morphism ¢ 4 of Px to M(A).

3. THE UNIVERSAL PROPERTY OF THE CROSSED PRODUCTS OF
PRO-C*-ALGEBRAS

Let A be a pro-C*-algebra, G a locally compact group and A the modular
function of G with respect to the left invariant Haar measure ds.

An action a of G on A is an inverse limit action if there is a cofinal subset of
G-invariant continuous C*-seminorms on A (this is, p(a:(a)) = p(a) for all a in A
and for all ¢ in G). Therefore, if « is an inverse limit action of G on A, we can
suppose that oy = 11:21 ol , where a?,p € S(A) are actions of G on A, p € S(A) (see

[31)-
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A triple (G, a, A), consisting of a locally compact group G, a pro-C*-algebra A
and an inverse limit action « of G on A is called a pro-C*-dynamical system.

The vector space C.(G, A) of all continuous functions from G to A with compact
support is a x-algebra with the convolution as product, given by

(f x h)( /f oy (h(t™"s)) dt

and involution defined by

P = A0 o (FE7)7) -
For any p € S(A), the map N, : C.(G, A) — [0,00) given by

G/p

is a submultiplicative *-seminorm on C.(G, A).

Let L'(G,a, A) be the Hausdorff completion of C.(G, A) with respect to the
topology defined by the family of submultiplicative *-seminorms { Ny, },es(4). Then,
LY(G,a, A), called the covariant algebra associated with the pro-C*- dynamlcal Sys-
tem (G, A, a), is a locally m-convex x-algebra with bounded approximate unit. Its
enveloping pro-C*-algebra is called the crossed product of A by «, and it is denoted
by G x4 A. Moreover, G x, A = l(i_rgG Xar Ap (see [3]).

Let (G, , A) be a pro-C*-dynamical system. A covariant morphism from A to
a pro-C*-algebra B is a pair (¢, u) consisting of a morphism of pro-C*-algebras ¢
from A to M(B) and a strictly continuous group morphism u from G to U (M (B)),
the group of unitaries in M (B), such that

p(ar(a)) = urp(a)us—
for all t € G and for all @ € A. The covariant morphism (¢, u) is nondegenerate if
[¢ (A) B] = B. A (nondegenerate) covariant representation of (G, «, A) on a Hilbert
space H is a triple (¢, u,H) consisting of a (nondegenerate) representation (p, H)

of A and a unitary representation v of G on H such that p(a:(a)) = urp(a)us—1
for all t € G and for all a € A.

Given a C*-dynamical system (G,«, A), it is well known that the C*-algebra
A can be identified with a C*-subalgebra in the multiplier algebra M (G x, A)
of the crossed product of A by «, and G is isomorphic to a group of unitaries in
M (G x4 A).

In the following proposition we show that this result is also true for crossed
products of pro-C*-algebras.

Proposition 3.1. Let (G,a, A) be a pro-C*-dynamical system. Then there is a
nondegenerate covariant morphism (ia,ic) from A to G X A such that:

(1) for any nondegenerate covariant representation (p,u, H) of (G, «, A), there
is a nondegenerate representation (®,H) of G x4 A such that ®ois = ¢
and ® oig = u;

(2) G xa A= span{ia(a)ic(f)ia € A, f € Ce(G)}.

Moreover, 14 and ig are injective,

(ia (a) (f)) (s) = af (s)
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and
(ic (1) (f) () = e (f (t7's))
forallac A, t € G and f € C. (G, A).

Proof. Let p € S(A). By [15, Proposition 2.34], there is a nondegenerate covariant
morphism (ia,,if) from A, to G Xq» A, which verifies (1) and (2). Moreover,

ia, and iG are injective, (ia, (75 (a)) (f)) (s) =7 (a) f (s) and (i% (t) () (s) =
of (f (t71s)) forallaéAtGGandfGC(G A,). Since we have

S
(( M(GxqA) oiAp> (a )(wg‘ ) (s)
= (m e (i, (7} @) (5 ) @ >< )
= gt ((ia ( (@) (my () @ f)) (s
(@ 0 1) = 7 ()7 (b)f(s)
ia, (7 (@) (g () & f) (s)
for all a,b € A, f € C.(G),s € G and for all p,q € S(A) with p > ¢, taking into

account that Ay ®a1z Co(G) is dense in G Xqa Ay, we deduce that ( )pES(A) is
an inverse system of injective C*-morphisms. Then ia = limi,, is an injective
—p

pro-C*-morphism.
Let t € (G. Since we have

(raa@xe (it (1)) (= (4) @ 1) (5)
= (w1 () (77 )2 1)) (5)
= T (i @) (5 (1) @ £) (5))
= (o] (3 () £ (t75))
= af (my (my 1)) [ (t7's) = af (73 (b)) £ (¢7"s)
R AVICACERIG

)
forall b e A, f € C.(G),s € G and for all p,q € S(A) with p > ¢, taking into
account that Ay ®,1, Ce(G) is dense in G X 4a A, we deduce that (if, (t))peS(A) is

an inverse system of unitaries in M (G X A). Let ig(t) = limi?(¢). Clearly, the
—p

map t — ig(t) is an injective strictly continuous morphism of groups from G to
U(M(G x4 A)).

It is easy to verify that (i4,i¢) is a nondegenerate covariant morphism from A
to G X4 A.

Let (¢,u,H) be a nondegenerate covariant representation of (G, a, A). Then
there is a nondegenerate covariant representation (cpp,u,’H) of (G,a”, A,) such
that o = ¢, o 7r;,4, and by [15, Proposition 2.34 (1)], there is a nondegenerate
representation (®,, H) of G x4» A, such that &, 0is, = ¢, and &, o if; = u. Let
o =9,0 wfxa“‘. Clearly, (®,H) is a nondegenerate representation of G x, A.
Moreover,

GXo A

GXq AOZAZKPOFP

= . A A _ A _
Doiy=P,0my ozA—<I>pozAp07Tp—<pp07Tp—<p

and
oig =P, oil, =u.
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Therefore, the statement (1) is verified.
By [9, Lemma IIT 3.2], we have

span{ia(a)ic(f);a € A, f € Ce(G)}

= limrf** (span{ia(@ic(Dia € AT € C(G)})

= limspan{ia, (77 (a))ig(f);a € A, f € C.(G)}
P
[15, Proposition 2.34 (1)]

= lImGxar 4, =G X, A

—p

and so, the statement (2) is verified too. (]

Corollary 3.2. Let (G, «, A) be a pro-C*-dynamical system. If G is discrete, then
A can be identified with a pro-C*-subalgebra of G X, A, and if, moreover, A is
unital, then G can be identified with a group of unitaries in G X, A.

Proof. If G is discrete, then A, can be identified with a C*-subalgebra of G X 4» 4,
for each p € S(A). Thus, we have

ia(A) = lmmd e (5, (A)

P

[9, Lemma IIT 3.2]
= limi,, (4 (A)) = limia, (4,)
C ImG x4, Ay =G x4 A
—p
If A is unital, then the C*-algebras A,,p € S(A) are unital, and since G is

discrete, the C*-algebras G Xq» Ap,p € S(A) are unital. Therefore, M (G xo A) =
G x4 A. O

In the following theorem we show that the crossed product of a pro-C*-algebra by
an inverse limit action of a locally compact group is a universal object for covariant
representations of pro-C*-dynamical systems.

Theorem 3.3. Let (G, «, A) be a pro-C*-dynamical system and B a pro-C*-algebra
with the property that there is a nondegenerate covariant morphism (ja,jc) from
A to B which satisfies the following:
(1) for any nondegenerate covariant representation (p,u, H) of (G, «, A), there
is a nondegenerate representation (®,H) of B such that ® o j4 = ¢ and
Do jg =u,
(2) B=span{ja(a)jc (f);a € A, f € C(G)}, where jo(f) = gf () ja(t)dt.

Then there is a pro-C*-isomorphism j : B — G X, A such that

joja=ia and jo jg =iq.
Proof. Let q € S(B). Then there is p, € S(A) such that gy (p) (ja(a)) < pq(a)
for all a € A, and so there is a C*-morphism ja, : Ap, — M (B,) such that
ja,, ©Th = 750 j4.
Let (64, Hg) be a faithful nondegenerate representation of B,. Then (9: 0 JAp, s Hg)

is a nondegenerate representation of A, . For t € G, u{ = 6, (ﬁ (jg(t))) is



CROSSED PRODUCTS OF PRO-C*-ALGEBRAS AND HILBERT PRO-C*-MODULES 7

a unitary operator in L(Hp) and ¢ — wuj is a unitary representation of G on

Hy. Moreover, (%O j qu,uq 77-{19> is a nondegenerate covariant representation of

(G, aPa, qu). Then, there is a nondegenerate representation (04, Hg) of G X ora Ap,
such that
©y0ia,, = 04074, and O, oif, =ul.

8 (i, (. )) (it
(B 0ia,,) (7 (@) 7 (*( o)
= 0, (ia,, (7 @) 78 Ge (1)

for all a € A and f € C.(G), and so ©, and 6, have the same range. Let &, =

9q 00,0 7TG>< A, Clearly, ® q is a continuous *-morphism from G x, A to By,

We have
0, (ia,, (7 (@) it (£)

»a

= 7TB 0jaand @, 0ig = 7rB 0 jg. Since we have
( o ®) (a(@ic (F) = (vB, 00,100, oG *") (s (a)ic ()
= (Tom© 9;3 00y (ia,, (w3, ()i (1)
= (0 02) (0 (s, (70, @) 7E Ge(1))
= 78, (ia, (v, @) 77 Ga()
= mpg (mg (a (@) jo(£)) = 7, (Ga (@) jo ()
= By, (ia(a)ic (f))
for alla € A and f € C.(G) and for all g1, g2 € S(B) with g1 > g2, we deduce that

there is a pro-C*-morphism ® : G x, A — B such that Wfo ® = ¢,. Moreover,
since

78 (B (ia () = B4 (ia (a)) = 78 (ja (a))

for all @ € A and for all ¢ € S(B),® 0is = ja, and since

7 (®(ic (1)) = ¥4 (ic () = 7§ (ja (f))
for all f € C. (G) and for all ¢ € S(B),® cig = jg-.
_In the same manner, we obtain a pro-C*-morphism ¥ : B — G X, A such that
Wogjg =14 and Vo jg =1ig. Clearly,

(Yo @) (ia(a)ic (f) =iala)ic (f) and (o W) (ja(a)je (f)) =ja(a)jc (f)
foralla € Aand f € C.(G), and so ¥ : B — G X, A is a pro-C*-isomorphism.
We put 7 = ¥ and the theorem is proved. O

4. THE UNIVERSAL PROPERTY OF THE CROSSED PRODUCTS OF HILBERT
PRO-C*-MODULES

An action of a locally compact group G on a full Hilbert pro-C*-module X over
a pro-C*-algebra A is a group morphism ¢ — 7, from G to Aut(X), the group
of all isomorphisms of Hilbert pro-C*-modules from X to X, such that the map
t — 1, (z) from G to X is continuous for each z € X. An action n of G on X
is an inverse limit action if we can write X as an inverse limit lin;\l X of Hilbert
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C*-modules in such a way that there are actions 7 of G on Xy, A € A such that
N, = lin}\l ny for all t in G. The triple (G, 7, X) consisting of a locally compact group

G, a full Hilbert pro-C*-module X and an inverse limit action i of G on X is called
a dynamical system on a Hilbert pro-C*-module X. Clearly, any pro-C*-dynamical
system (G, a, A) can be regarded as a dynamical system on Hilbert pro-C*-module
in the sense of the above definition.

An inverse limit action ¢ — 7, of G on X induces a unique inverse limit action
t — af of G on A such that

af ((z,y)) = (n; (), m; (x))
for all z,y € X and for all t € G (see [3, 4, §]).

Let (G,n, X) be a dynamical system on a Hilbert pro-C*-module X. The linear
space C.(G, X) of all continuous functions from G to X with compact support has
the pre-Hilbert G X 4n A-module structure with the action of G X4 A on C.(G, X)
given by

@f) (s) = gf () af (f (t7's))dt
for all T € C.(G, X) and f € C.(G, A), and the inner product given by
(z,9) (s) = g (-1 () ;11 (Y (£5))) dt.

The crossed product of X by 7, denoted by G x, X, is the Hilbert G x,n A-
module obtained by the completion of the pre-Hilbert G x 4n A-module C.(G, X)
(see [3, 4, 8]).

Let (G,n,X) be a dynamical system on a Hilbert pro-C*-module X. A covari-
ant morphism from X to a Hilbert pro-C*-module Y over B is a triple (v, ®x,u)
consisting of a morphism ®x from X to M(Y), a strictly continuous group mor-
phism v from G to U (M (B)) and a strictly continuous group morphism v from G
toUd (M(K(Y))) such that

v ®x (z) up-1 = Px (0, (7))
for all z € X and for all ¢ € G. The covariant morphism (v, ® x, u) is nondegenerate
if ®x is nondegenerate. If (v, Px, u) is a (nondegenerate) covariant morphism from
X to Y, then (@Ayu), where ¢4 is the underlying pro-C*-morphism of ®x, is a
(nondegenerate) covariant morphism from A to B.

A (nondegenerate) covariant representation of (G,7n, X) on the Hilbert spaces
H and K is a quintuple (v, ®x,u, H, K) consisting of a (nondegenerate) representa-
tion (Px,H, ) of X and two unitary representations v and u of G on the Hilbert
spaces IC respectively H such that v,®x (z) u;-1 = ®x (1, (z)) for all z € X and
for all t € G.

As in the case of crossed products of pro-C*-algebras, we show that the crossed
product of a Hilbert pro-C*-module is a universal object for covariant representa-
tions of dynamical systems on a Hilbert pro-C*-module.

Proposition 4.1. Let (G,n,X) be a dynamical system on a Hilbert C*-module
X. Then there is a mondegenerate covariant morphism (ié{,ix,ig) from X to

G X, X such that
(1) for any nondegenerate covariant representation (v, ®x,u, H,K) of (G,n, X),
there is a nondegenerate representation (<I>GX"X, H, IC) of G x, X such that

@GX"X oix = ®x and PGxomA Ol =U;
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(2) G x, X = spanfix (x)ic (f);xz € X, f € C.(G)}.
Moreover, the maps ié,ix and i are injective,
ix (@) () (5) = 2f () and i (&) () = o (£ (t'5))
forall f € C.(G,A) and s,t € G and
ig ) (@@ f)(s) =m () [ (ts)
forallx € X, for all f € C.(G) and for all s,t € G.
Proof. By [5, Theorem 3.5], there is (ié{,ix,ig) a covariant morphism from X to
G x, X such that ié,i x and ig are injective. The assertion (1) follows from the
proof of Proposition 3.8 [5].
(2) Let (CIDGX”X,H,IC) be a faithful nondegenerate representation of G' x,, X

(see [1, Theorem 3.11]). Then there is a nondegenerate covariant representation
(v,®x,u, H,K) of (G,n,X) such that ®gx,x = Px X u, where

(@x xu)(f) = £<I>X (f (1) wedt

for all f € C. (G, X), and pgy_, 4 = @4 X u. Moreover,
Dy xuoix =®x and p, X uoig = u,
(see the proof of Proposition 3.8 [5]). Thus, we have
(@x xu) (ix ()i (f) = Txxulix (@) FaXulic(f))
= Px(@)u(f)=(®x xu)(z® f),

whence, it follows that ix (z)ig (f) = 2 ® f for all f € C.(G) and for all x € X.
Since X ®a1g Cc(G) is dense in G x,, X,

span{ix (z)ic (f);f € Ce(G),x € X} =G %, X.

O

Theorem 4.2. Let (G,n, X) be a dynamical system on a Hilbert C*-module X and
Y a full Hilbert C*-module over B with the property that there is a nondegenerate

covariant morphism (jg,jx,jg) from X toY which satisfies the following:
(1) for any nondegenerate covariant representation (v, ®x,u, H,K) of (G,n, X),
there is a nondegenerate representation (®y, H,KC) of Y such that EOjX =

®x and pgojo = u;
(2) Y = span{jx () jo (f);z € X, f € Ce(G)}.

Then there is an isomorphism of Hilbert C*-modules J : Y — G x, X such that

Jojx =ix and jo jg =ig,
where j is the underlying C*-morphism of J.
Proof. Let (@GX"X,H,IC) be a faithful nondegenerate representation of G x, X
(see [1, Theorem 3.11]). Then ®gx,x oix is a morphism of Hilbert C*-modules
and its underlying C*-morphism is P 4 0ia. Since
(@GxanA © 7:G) (t) (@Gxay,A © Z'A) (a) (QDGXM;A o iG) (til)

= Poxna lic()ia(a)ic (t7))

(@GXMA o Z'A) (04? (a))
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for all @ € A and for all ¢ € G, there is a strictly continuous morphism v from
G to U(L(K)) such that (U,@GX"X 01X, PGx.mA© ig,H,IC) is a nondegenerate
covariant representation of (G,7,X) (see [5, Lemma 3.4]). Then there is a non-
degenerate representation (®y,H,K) of Y such that ®y o jx = Dgyx,x oix and
Pp°Jc =Pax.naCic- Since we have

Py (jx (z) ja (f)) = Pax,x (ix (2)ia(f))

for all x € X and for all f € C.(G), it follows from the assertion (2) and Proposition
4.1 (2) that [y (V)] = [Bax, x (G xy X)]. Let J = (Bax,x) o®y. Then J is a
morphism of Hilbert C*-modules from Y to G'x, X and its underlying C*-morphism
isj= (@GXMA)_l o @p. Moreover, Jojx =ix and jo jg = ig.

In the same manner, we obtain a morphism of Hilbert C*-modules ¥ : G x, X —
Y such that Woix = jx, ¥ oig = jg. Then,

(Jo¥) (ix (z) ic(f)) = ix (x)ic(f) and (¥ o J) (jx (z)jc(f)) = jx (z) ja(f)

for all x € X and for all f € C.(G), and so J is an isomorphism of Hilbert C*-
modules. (]

Suppose that (G,n, X) is a dynamical system on a Hilbert pro-C*-module X.
Then G x X = lim G x;» X, with G x;p X, = (G %) X)) for all p € S(A) (see, for
—p

example, [4, Lemma 5.3]). It is easy to check that (iXT’)pES(A) is an inverse limit of

injective linear maps. Let ix = limiy,. Then ix is an injective morphism of Hilbert
—p
pro-C*-modules and its underlying pro-C*-morphism is i4 = limia,. For t € G,
—p
(ig’;p (t))pES(A) and (i, (t))peS(A) are inverse systems of unitaries in L (G X,» X,),
p € S(A), respectively M (G X 4ur Ap),p € S(A), and then i§ (t) = 1(1_1%1 ig*;p (t) and
i (t) = lim4l,(t) are unitaries in L (G x, X), respectively M (G xq4n A), and the
—p

maps t — i§ (t) and t — ig (t) are strictly continuous group morphisms from G to

U(K (G %, X)) respectively U (M (G xqn A)). Since we have
i (t)ix ()i (t7) l}_fi}’&% (t)ix, (op (2))ig (t71) = {nglixp (n? (o7 ()))

— timix, (7 (0, (@) = ix (3, (@)

for all t € G and for all x € X, we deduce that (zg;(, ix, ig) is an injective covariant
morphism from X to G x, X, and since ix, is nondegenerate for all p € S(A), it is
nondegenerate. Moreover,

span{ix (v)ic (f),z € X, f € Cc.(G)}
= limoS*"¥ (span{iX (@)ic (f),z € X, feC. (G)})

P

= limspan{ix, (a{f (2))i% (f),z € X, f € C.(G)}
—p

= 1limG x,p Xp =G x5 X.
—p

Theorem 4.3. Let (G,n,X) be a dynamical system on a Hilbert pro-C*-module
X and Y a full Hilbert pro-C*-module over B with the property that there is a
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nondegenerate covariant morphism (j)cé)jx,jg) from X to Y which satisfies the
following:
(1) for any nondegenerate covariant representation (v, ®x,u, H,K) of (G,n, X),
there is a nondegenerate representation (®y, H,K) of Y such that ®yojx =
®x and pgojo = u;
(2) Y = span{jx () jo (f);z € X, f € Ce(G)}.
Then there is an isomorphism of pro-C*-modules J : Y — G x, X such that

Jojx =ix and jo jo =ig,
where j is the underlying pro-C*-morphism of J.
Proof. The proof it is similar to the proof of Theorem 3.3. (]
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