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Abstract: In this paper, we consider the interval oscillation criteria for second order damped
differential equations with mixed nonlinearities

(r®)('())") +p(O) (' (1) + Z ai(t) |(gi(£))|" sgn x(g:(t)) = e(t),
where 7 is a quotient of odd positive integers, ap =7, a; > 0,i=1, 2, ---, nwithr, p, e
and ¢; € C([to,),R), r(t) > 0, gi : R — R are nondecreasing continuous functions on R
and lim;—oo gi(t) = 00, ¢ =0, 1, 2, -+, n. Our results in this paper extend and improve

some known results. Some examples are given here to illustrate our main results.
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1 Introduction

In this paper, we are concerned with the interval oscillation criteria for the certain second order
damped differential equations containing mixed nonlinearities of the form

(r(6) (@' (1)) + )T+ Zqz ) [e(gi(£)™ sgn x(gi(t)) = e(t), t=to,  (L.1)

where 7 is a quotient of odd positive integers, ag =7, a1 > g > -+ > > 7 > Qg1 > -0 >
an >0 (n>m >1). We also assume that r, p, e and ¢; € C([to, ),R), T t) >0,9;,: R—Rare
nondecreasing continuous functions on R, lim; , g;(t) =00, i =10, 1, 2, - n.

By a solution of Eq. (1.1), we mean a function z € C([t;,0),R), t, Z to, which has the
property r(z')? € C([ts,00),R) and satisfies Eq. (1.1) on [t;,00). A nontrivial solution of Eq.
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(1.1) is said to be oscillatory if it is neither eventually positive nor eventually negative, otherwise
it is nonoscillatory. Eq. (1.1) is said to be oscillatory if all its solutions are oscillatory.

In the last few decades, a great deal of effort has been spent in obtaining sufficient conditions
for the oscillation or nonoscillation of solutions of the second order and higher order differential
equations without forcing terms and it is usually assumed that the potential function ¢ is positive.
We refer the reader to the papers [1-18] and the references cited therein.

However, from the Sturm Separation Theorem, we see that oscillation is only an interval prop-
erty, i.e., if there exists a sequence of subintervals [a;, b;] of [t,, 00), as a; — oo, such that for each
i, there exists a solution of equation (1.1) that has at least two zeros in [a;, b;], then every solution
of equation (1.1) is oscillatory, no matter how equation (1.1) is on the remaining parts of [¢,, 00)
( [19]). Recently, it has been an increasing interest in establishing interval oscillation criteria for
second order differential equations with forcing terms, see [19-34].

In 2004, Li [22] considered the problem of interval oscillation of second order quasi-linear
differential equation with forced term of the form

(r@®)ly' @11y (0) + POy () (8) + aOly®)  y(t) = e(t), ¢ > to, (1.2)

where 0 > a > 0 are constants, r € C([tg,0),(0,00)), p, ¢, e € C([to,>),R). By using two
inequalities as well as averaging functions, the author obtained several interval criteria for oscil-
lation, that was, criteria given by the behavior of Eq. (1.2) only on a sequence of subintervals of
[to, 00). These oscillation criteria extended some known results.

Li et al. [30] studied the oscillation of second-order functional differential equations with mixed
nonlinearities

(p(D)2' ()" + q(t)a(t —7) +Z% )t =)

Ysgn x(t —7) =e(t), t>to,

where 7 > 0. Without assume that the functions ¢, g;, e are nonnegative, the results in this paper
extended the results given in [25].

In 2011, Hassan et al. [33] were concerned with the oscillatory behavior of the following forced
second order differential equations with mixed nonlinearities

(a(t)(z'(£))) + po(t -I-Zpl )% sgn z(t) = e(t), t>to (1.3)

and
(a()(@' (1)) + po(t)z” (go(t)) + sz ) [2(gi(1)]*" sgn z(gi(t) = e(t), t > to, (1.4)
where « is a quotient of odd positive integers, a; > 0, ¢ =1, 2, ---, n and a; > v for i =
1,2, -, ma <yfori=m+1, m+2 -, nwith a, e and p; € C([ty,),R), a(t) > 0,
gi : R — R are positive nondecreasing continuous functions on R and lim;_ , g;(t) = oo for
i =0, 1, 2, ---, n. The authors established some sufficient conditions for the oscillation of Eq.
(1.3) and Eq. (1.4) that did not assume that e and p;, i =0, 1, 2, --- | n are of definite sign. The

results generalized and improved the results in [24], which studied interval oscillation criteria for
special case for Eq. (1.3) in case v = 1.

In this paper, we intend to use the Riccati transformation technique to obtain some inter-
val oscillation criteria for Eq. (1.1). Our results do not require that the functions p, ¢; and e,
1=20, 1, 2, ---, n are of definite sign and are based on the information only on a sequence of
subintervals of [tg, 00) rather than the whole half-line. To the best of our knowledge, nothing is
known regarding the oscillation criteria for a damped differential equations with mixed nonlinear-
ities and with delayed or advanced arguments. As far as we are aware, these types of equations
were not studied earlier, so our results initiate the study. Our results obtained here improve and
extend the main results of [22-25, 27, 30, 32, 33].

The paper is organized as follows: In the next section, we present some lemmas which will
be used in the following results. In Section 3, using the Riccati transformation technique and
inequalities, we establish some new interval criteria for oscillation of Eq. (1.1). In Section 4, we
give two examples to illustrate Theorems 3.1 and 3.5, respectively.



2 Some preliminary lemmas

Before stating our main results, we begin with the following lemmas which will play important
roles in the proof of the main results.

Lemma 2.1 (/24, Lemma 1]) Let (a1, g, -+, an) be an n-tuple satisfying
QL > Q> > Q> D> Q1 > >y > 0.

Then there exists an n-tuple (n1, 12, -+, nn) with 0 <n; < 1 satisfying

> ami =, (2.1)
i=1

and which also satisfies either
domi<1 (2.2)
i=1

or

> mi=1. (2.3)
i=1

Lemma 2.2 (/33, Lemma 2.2]) Let o, B, u, A and B be positive real numbers and v be a
quotient of odd positive integers. Then

N e S A
Auv_Buv—wz—a«VAa) () ) L 0<a<n, (2.4)
vy

B—y\ #
AuP" + BuT > 3 <<A>Py (B) 7) , 0<y<p. (2.5)
v B—7

Lemma 2.3 Suppose that for any T > to, there exist constants ay, by € [T,00) such that
ar < bg, k=1, 2, with

Q=

qi(t) Z O, fO’I” te [Gl(al),Gg(bl)) U [Gl(ag),Gg(bg)), 7 = O, 1, 2,

and
(=DFe(t) >0, te[Gi(ar),Ga(br)), k=1, 2,

where Gy (t) = min{t, go(t), g1(t), ---, gn(t)} and Ga(t) = max{t, go(t), g1(t), ---, gn(t)}.
Furthermore, assume that Eq. (1.1) has a nonoscillatory solution x on [ty,00). Then fort € [ag, by)
and k=1, 2, we have

x(t) 2 5i,k§(t)7

where fori =0, 1, 2, ---, nand k=1, 2, we denote

5i7k<t>={¢“’“(“’ o=t c<t,ak)=exp</t p(d>

Eir(t), gi(t) >t, G (ap) T(8)

9:(t) du t du !
bty = [ — ( )
’ /W) (r(u)C(u, ar))’ /m) (r(w)C(u, ar))

. /gi(bk) du </9i(b1«) du )1
k() = _ P E— :
; 0w  (rCua)’ \Jr (W), ar)

~

2=

and

2=
2=



Proof. Let = be an eventually positive solution of Eq. (1.1). Then we can pick T' € [tg, ),
such that z(¢t) > 0, x(g;(t)) > 0,¢ =0, 1, 2, ---, n, for all ¢ > T. When «z(¢) and z(g;(¢)),
1=0, 1, 2, ---, n are eventually negative, the proof follows the same argument using the interval
[G1(az), G2(b2)) instead of [G1(a1), G2(b1)). By assumption, we can choose by > a; > T, such that
¢i(t) > 0 and e(t) <0 on [G1(a1),G2(b1)). From Eq. (1.1), we find that

(r() @' (1)) + p(t)(' ()7 <0,
that is
!
(r(®)(@'(1)7¢(t 1)) <0,
where (¢, a1 ) is defined as in Lemma 2.3. Hence, r(¢)(2'(t))7((¢, a1) is nonincreasing on [a1, G2 (b1)).
If g;(t) <t,thenfor i =0, 1, 2, ---, nand t € [a;,G2(b1)), we have

- [ @@ @) an)
o) —slo) = [ A

g@@ﬁMﬂ@m»wmwﬂm*/m@wgia»'

2=

Therefore,

2=

(r(gi(t)) (=" (9:(t))) "¢ (gi(t), a1))
)

i du
x(gi(t)) ~ 2(gi(t) /gi@) et (2.6)

Also, since g;(t) are nondecreasing, we see that, for ¢ € [a1, G2(b1)),

9:() (p ¢ (u,
x(gi(t)) > x(g:(t)) — 2(gi(a1)) = /,( ) (r(u ()(( () )() ¢( N

i(t)

1
i)) du
1

> (r(g:(8)) (' (g (2) %/

,_.

(r(u)C(u,ar))™

which implies that

2=

(r(g:(t)) (2" (9i(t)))"C(gi(t), a1))
z(gi(t))

From (2.6) and (2.7), we get

(t) t i (t) ! 1
z(g:(t)) = / i(a1) ( C(u,a1)) % </g (a1) ( C(u,a1)) % a ¢1¥1(t).

9i(t) du -
_ , for tela,Ga(br)). (2.7
<<Lmn@@%@mﬂ%> a1, Ga(by)).  (2.7)

Therefore,
z(gi(t)) > ¢in(t)a(t), € [ar, G2(br)). (2.8)
On the other hand, if g;(¢t) > ¢, then for i =0, 1, 2, ---, n and ¢ € [a1, G2(b1)), we obtain
9:(t) / v 5
() (@) Cm )’

(o (0) =20 = | (rw)C(war))

19 du
> (r(gi(®) (@ (9:(1))¢(gi(t), a1))™ S —
’ ’ ’ /t (r(u)¢(u, ar))™
Therefore,
o(t) (o) @) g0, (#0 du
2(gi(t)) = z(gi(t)) /t (r(u)¢(u,a1))7 29



Also, since g;(t) are nondecreasing, we see that, for ¢ € a1, by),

9600 (p(u) (2! (u)) "¢ (u,y ay
—l0(0) < wla ) ~ata) = [ AT

2=

du

gi(b1) du

(0 (r(w)¢(u,ar))

)

< (T(gi(t))(I’(gi(t)))VC(gi(t),al))%/

which implies that

(@) (=" (9:(1)) "¢ (ga (1), a))? O -1 )
x(gl(t)) < (\/fh(t) (T(U)C(’U/7a1)) ) ’ tE[ 1,b1). (210)

From (2.9) and (2.10), we get

z(t) gi(b1) du < gi(b1) du >_1 _ 1
z(g:(t)) = ~/t (r(u)¢(u, a1)) /g,i(t) (r(u)C(u, al))% ialt)

z(gi(t)) > &a(W)x(t), t € [ar,br). (2.11)
Combining (2.8) and (2.11), we have

2=

2=

Therefore,

w(gl(t)) Zél,l(t)x(t)) 2207 17 27 o, N a'nd te [ahbl)-

This completes the proof.

3 Main results

In this section, we will establish some new criteria for oscillation of Eq. (1.1). In the sequel, we
say that a function u belongs to a function class

€(a,b) = {u € Ca,b] : u(a) =ud) =0, u(t)Z0}, a, be [ty,o0) with a < b,

denoted by u € £(a,b).

Theorem 3.1 Suppose that for any T > to, there exist constants ay, by € [T,00) such that
ar < b, k=1, 2, with

qi(t) >0, fOT’ te [Gl(a1)7G2(b1)) U [G1(@2),G2(b2))7 1=0,1,2, ---, n

and
(=1)*e(t) >0, for te[Gi(ar),Ga(br)), k=1, 2,

where G1 and Gy are defined as in Lemma 2.3. Furthermore, assume that there exist functions
p € CY([tg,00),RT) and u € &(ay, by), k =1, 2, such that

o t)r(t)
P (t 7+1t—p(7P7+1t dt >0, k=1, 2, 3.1
[ Pt o - LEEG P (31)
where
Pyi(t) = p(t) <q(>(t)53,k(t) K | (R IOLC )’“) ;
i=1
_ P p(t)
m=1 Zm, = (7 u'(e) + (p@) 20 )t
n >0,i=1, 2, ---, n satisfy (2.1) and (2.2) of Lemma 2.1 and §; %, =0, 1, 2, ---, n and

k=1, 2 are defined as in Lemma 2.3. Then every solution of Fq. (1.1) is oscillatory.



Proof. To arrive at a contradiction, suppose that Eq. (1.1) has a nonoscillatory solution z
on [tg,00). Without loss of generality, we assume that there exists a t; > tg, such that xz(t) > 0,
xz(g;(t)) >0,i=0, 1, 2, ---, n, for all ¢ > ¢;. By assumption, we can choose b; > a; > t1, such
that ¢;(¢) > 0 and e(¢) < 0 on the interval [G1(a1), G2(b1)). From Lemma 2.3 and Eq. (1.1), we

have, for ¢ € [a1,b1),

(r(t)(='(t)") + T+ Zqz )61 () z (t) < e(t).
Define the function w by &)
r(t) (' (1))
W(t) = p(t)w, te [al,bl).
It follows from (3.2) and (3.3) that
10) = =0 — () Z%(m

pt)e®) | p'(t) 2O ()

+xw>+ma“*“) 2 (1)
= —p(t)ao(t)s Zqz )ori () (t)
_p@le@®] (P )Y SR0)
o) <p(t> r(t)) ! o () (t))%'
Corresponding to the exponents «;, i = 1, 2, ---, n in Eq. (1

1)5 let U 1= la 27

(3.4)

.’n

be chosen to satisfy (2.1) and (2.2) in Lemma 2.1, and let 79 = 1 — Y7 | ;. Employing the

arithmetic-geometric mean inequality in [35],

n n
Zniui > Hu:ha Uq > 07
=0 =0

we see that, for t € [aq,b1),

()] (t +Zqz )5 (1) (1)

=10(ng '[e(®)|277 (1) +Zm n; (D07 (D)2 (1)

n
> (no ez @)™ [ [ '@ ()55 ()2 ()™
i=1
n
noH ai( 5?1 ).
=1

Combining (3.4) and (3.5), we get

< PO _pOY w0
It < Pl’l(tH(p(t) r(ﬂ) () (pOr()r

Multiplying (3.6) by u?*1(¢) and integrating from a; to by, we obtain

by b1
/ w ()W (H)dt < —/ u () Py (t)dt

1 ay

(3.6)



. l)/(t)_@ () B b1 Mw%‘“
o[, (G =) e [ e o

Using integration by parts on the first integral, we have

b1

by
- / (v + D (O (o)t < — / W () Py (D) dt

1 ay

b1 p'(t) _@ u’y—i—l y B by ,yu'y—&-l(t) w%ﬂ
+/al ( 7‘@)) (et /a (p(t)r (1))~ (t)dt

. ) P p\] .
+/a1 {(7 + 1)u'(t) + u(t) (p(t) - 7"@))] u? (H)w(t)dt. (3.7)
Set "
Fv :Ptu"’tv—lewT+1
O ey
where P is defined as in Theorem 3.1. By simple calculation, we find that, F' has the maximum
(LN e _ Prp(t)r(t)
Frax = (’M) P (t)p(t)r(t), when v= CESVIRIOE (3.8)

From (3.7) and (3.8), we obtain

b1 b1 r
/al U'y+1(t)P171(t)dt < /al mp’ﬂrl(t)dt,

which contradicts (3.1). The proof when « is eventually negative follows the same arguments using
the interval [G1(az2), G2(b2)) instead of [Gi(a1),G2(b1)), where we use ¢(¢) > 0 and e(t) > 0 on
[G1(az2), Ga(bs)). This completes the proof.

Remark 3.1 If p(t) = 0, then Theorem 3.1 reduces to Theorem 2.5 in [353]. Furthermore, if
we take g;(t) =t,i=0, 1, 2, ---, n, then Theorem 3.1 reduces to Theorem 2.1 in [35].

Theorem 3.2 Suppose that for any T > to, there exist constants ag, by € [T,00) such that
ar < bg, k=1, 2, with

qi(t) Z 0, fOT’ te [Gl(al),Gg(bl)) @] [Gl(&g),Gz(bg)), 1= O, 1, 2, e, N

and
(=1)*e(t) >0, for te[Gi(ar),Ga(br)), k=1, 2,

where Gy and Gy are defined as in Lemma 2.3. Furthermore, assume that there exist functions
p € CY([to,00),RT) and u € &(ay, by), k =1, 2, such that

b
t)r(t)

P,tqﬂ“tfp(iP”lt dt >0, k=1, 2, 3.9
/ k(07 0) = LI P (3.9)

where

Pak(t) = p(t) (qO(t)53,k(t) + H(nflqi(tﬁﬁi(ﬂ)"") ;
i=1

n>0,i=1, 2, -+, n satisfy (2.1) and (2.3) of Lemma 2.1, P is defined as in Theorem 3.1 and
0ik, 1=0,1,2, -+, nand k=1, 2 are defined as in Lemma 2.3. Then every solution of Eq.

(1.1) is oscillatory.



Proof. Suppose that Eq. (1.1) has a nonoscillatory solution x on [tg, c0). Without loss of gen-
erality, we assume that there exists a t; > tg, such that z(¢) > 0, x(g;(t)) >0,i=0, 1, 2, ---, n,
for all t > t;. By assumption, we can choose b; > a; > t1, such that ¢;(¢) > 0 and e(¢) < 0 on the
interval [G1(a1),G2(b1)). We define the function w as in the proof of Theorem 3.1. Proceeding as
in the proof of Theorem 3.1, we have

R PO PO oy v (@)
(1) < ~pla(Hd }j% i 0+ (5 = )= 2 a0
Corresponding to the exponents «;, ¢ = 1, 2, ---, nin Eq. (1.1), let n;, ¢ = 1, 2, --- | n

be chosen to satisfy (2.1) and (2.3) in Lemma 2.1. Employing the arithmetic-geometric mean
inequality in [35],

anui > HU?Za u; >0,
i=1 =1
we get, for t € [ay,b1),
Yo a®)s iz () = [ ni ™ ()57 ()™ (3.11)
i=1 =1
Combining (3.10) and (3.11), we obtain
d@<_&ﬂﬂ+«uxjmth_vwww_
-0 p(t) (1) (p(t)r(t)7

The remainder of the proof is similar to that of Theorem 3.1, so is omitted. Then the theorem is
proved.

Remark 3.2 If p(t) = 0, then Theorem 3.2 reduces to Theorem 2.6 in [33]. Furthermore, if
we take g;(t) =t,i=0, 1, 2, -+, n, then Theorem 3.2 reduces to Theorem 2.2 in [33].

Theorem 3.3 Suppose that for any T > tq, there exist constants ap, by € [T,00) such that
ar < bk, k=1, 2, with

qi(t) >0, fOT’ te [Gl(a1)7G2(b1)) U [G1(@2),G2(b2))7 1=0,1,2, ---, n

and
(=1)*e(t) >0, for te[Gi(ar),Ga(br)), k=1, 2,

where G1 and Gy are defined as in Lemma 2.3. Furthermore, assume that there exist functions

p € CY([tg,00),RT) and u € &(ak, by), k =1, 2, such that
b
pE)r(t
/ Py i ()u (1) — MPW“(@] dt >0, k=1, 2, (3.12)
ak

Pya(t) = p(t)an(t)o +p§}%« %ﬁﬁy(g?wmvyi

Ai are positive numbers with Y . N = 1, P is defined as in Theorem 3.1 and 6; 1,1 =0, 1, 2, -~ , n
and k =1, 2 are defined as in Lemma 2.3. Then every solution of Eq. (1.1) is oscillatory.

where

Proof. Suppose that Eq. (1.1) has a nonoscillatory solution x on [tg, c0). Without loss of gen-
erality, we assume that there exists a t; > to, such that x(¢) > 0, x(g;(t)) >0,i=0, 1, 2, ---, n,
for all t > t;. By assumption, we can choose b; > a; > t1, such that ¢;(¢t) > 0 and e(¢) < 0 on the
interval [G1(a1), G2(b1)). We define w as in the proof of Theorem 3.1. Then from (3.4), we find
that

n

W (1) = —p(t)ao(D)55 1 (t) = p(t) D [a: ()55 ()77 (8) + Asle(t) |27 (2)]

i=1



PO PO v @)
+ (5 %) =0 PO (3.13)
From (2.5), we get, for t € (a;,b1) and i =0, 1, 2, --- | m,
O 42101 (AN 0 A
qi ()07 (t)x () + Nile(®)]|z77(t) > oy << 5 ) ( o 7) ) . (3.14)
Combining (3.13) and (3.14), we obtain
< PO Pt oy 2w
02 =P+ (G = 7)ot - 20

The remainder of the proof is similar to that of Theorem 3.1, so is omitted. The proof is complete.
Next, let us introduce the class of functions Y, which will be extensively used in the sequel.

Let Dg = {(t,5) 1 tg <s<t<oo}and D= {(t,s):t) <s<t< oo} Wesay that the function
H € C(D,R) belongs to the class Y, denoted by H €Y, if

(i) H(t,t) =0, t > to, H(t,s) > 0 on Dy;
(ii) H has continuous partial derivatives 0H /9t and 0H/Js on D such that

LHg’S) = hi(t,s)H7¥(t,5) and an(t’s) = ho(t, ) H7H1 (1, 5),
S

where hy and ho are locally integrable functions.

Theorem 3.4 Suppose that for any T > tg, there exist constants ag, by € [T,00) such that
ar < b, k=1, 2, with

qi(t) >0, fO’f‘ te [Gl(a1)7G2(b1)) U [Gl(ag),Gg(bg)), 1=0,1,2, ---, n

and

(=1)*e(t) >0, for te [Gi(ar),Ga(br)), k=1, 2,

where G1 and Gy are defined as in Lemma 2.3. Furthermore, assume that there exist functions
p € CY([to,00),RT) such that for some H € Y and ci, € (ag,by),

1 o p(s)r(s) 1
T — H P - B gt d
H(Ckyak) /ak [ (svak) l,k(5> (,Y+1)fy+1 1 (s>ak) S
N p()r(s) i
T E— H(bg, s)P; - B2 gt ds>0, k=1, 2 3.15
+H(bk,6k,) \/Ck |: ( k S) Lk(s) ('Y + 1)'y+1 2 ( k> S) S ) ) 4y ( )
where o) ()
1 p'(s p(s
Ki(s,ar)=h (s,ak)—&—Hwil s, ay ( —),
o) = AT
. p'(s)  p(s)
K>(b =H> (b — —=< ] —ha(b
2( k75) Tt ( k75) <p(8) ’l“(S) 2( k,5)7
n >0,1=1, 2, ---, n satisfy (2.1) and (2.2) of Lemma 2.1, Piy, k = 1, 2 are defined as in
Theorem 8.1 and 6;,7=0, 1, 2, ---, nand k =1, 2 are defined as in Lemma 2.5. Then every

solution of Eq. (1.1) is oscillatory.

Proof. To arrive at a contradiction, suppose that Eq. (1.1) has a nonoscillatory solution x
on [tg,00). Without loss of generality, we assume that there exists a ¢; > to, such that z(t) > 0,
x(gi(t)) >0,i=0, 1, 2, ---, n, for all ¢ > t;. By assumption, we can choose b; > a; > t1, such
that ¢;(t) > 0 and e(t) < 0 on the interval [G1(a1),G2(b1)). Proceeding as in the proof of Theorem



3.1, we get (3.6). Multiplying both sides of (3.6) by H(s,t), and integrating with respect to s from
t to ¢y, for t € (ay,c1], we have

/:1 H(s,t)Py1(s)ds < — /:1 H(s,t)w'(s)ds + /:1 H(s,t) (';/((j)) - fgg) w(s)ds

/ H(s,t)———w™ (s)ds. (3.16)

In view of (i) and (ii), we see that

/:1 H(s,t)w'(s)ds = H(cy,t)w(cr) — /tCl h (s, t)H7T (s, t)w(s)ds. (3.17)

Then, using (3.17) in (3.16), we get

/ H(s,t)P11(s)ds < —H(cy, Hw(cy) /t H(s, t)ﬁw%l(s)ds
+/tcl (hl(s,t)lel(s,tHH(s,t) <‘/’)’j - EZ’)) (3.18)

Set
Gv) = K 57tHv11 s, t)v— H(s,t %Uﬁla
(v) 1(s,1) (s,1) ( )(p(s)r(s));

where K is defined as in Theorem 3.4. By simple calculation, we find that, G has the maximum

K7 (5,0p(3)r(s)

Grax = mK”l(s,t) 1) T (s, 1). (3.19)

Sy

From (3.18) and (3.19), we obtain

when v =

/:1 H(s, )Py (s)ds < —H(er, )w(c1) + /t (’Yp(j)lr)()[(vﬂ(s £)ds.

Letting t — a] in the above inequality and dividing it by H(cy,a;), we have

H(cjal)/a {H(s,al)Pl,l(s) (j(j)f)()m“( s 1)} ds < —w(er). (3.20)

Similarly, multiplying both sides of (3.6) by H(t, s), and integrating with respect to s from ¢; to
t, for t € [c1,b1), we get

/C t H(t,5)Py1(s)ds < — / t H(t, 5) (s)ds + / t H(t,s) (’; ((j)) _ ’;23) w(s)ds

Let
Gv) =K t,sHvll t,sv—Ht,sify 1’UW:1,
(v) 2(t, 5) (t,s) ( )( (5)r(s))7

where K5 is defined as in Theorem 3.4. By simple calculation, we find that, G has the maximum

K3 (t,5)p(s)r(s)

émax = mI(’H—l(t 5) ('7 + 1)"/

T H1(t, 5). (3.22)

when v =

1N



From (3.21) and (3.22), we obtain

/ H(t,$)Pyy(s)ds < H(t en)w(er) + / m Kt 5)ds.

Letting ¢ — by in the above inequality and dividing it by H (b1, c1), we have

1

H(blcl)/ {H(bl,s)Pl,l(s) KJT (b, )]d < w(ey). (3.23)

(y+ 1)+

Adding (3.20) and (3.23), we get a contradiction to (3.15). This completes the proof.

Remark 3.3 when v =1, Theorem 3.4 reduces to the main results in [25].

Particularly, when g;(t) =¢,i=0, 1, 2, ---, n, Eq. (1.1) reduces to the following equations
n
/ .
(r(6)(' ())") + ) (@' ()7 + D ai(t) [(t)|** sgn x(t) = e(t). (3.24)
i=0

We can also remove the sign condition imposed on the coefficients of the half-linear terms to obtain
interval oscillation criterion for Eq. (3.24) which is applicable for the case when some or all of the
functions ¢;, i = m + 1, ---, n are nonpositive. The results is as follows.

Theorem 3.5 Suppose that for any T > tg, there exist constants ag, by € [T,00) such that
ar < b, k=1, 2, with

qi(t) ZO, fO?” te [al,bl)u[a2,b2), i:O, 1, 2, e, M

and
(=) e(t) >0, for tclap,by), k=1, 2.

Furthermore, assume that there exist functions p € C([tg,o0),R") and u € &(ag,by), k = 1, 2,
such that

"ot - 2O pran )
/ak l@(t)u () (VH)WP * (t)] dt >0, k=1, 2, (3.25)
where |
- (0N (el TN
Q(t)—P(t)‘Jo(t)+p(t); (( . ) (ai_y) >
_ ()T (e )T =
p(t)i:%:ﬂ (( ¥ ) <)\¢|e(t)|) ) ,
Ai are positive numbers with 3 3;_ Ny = 1, (¢i(t))- = max{—g(t), 0}, i=m+1, m+2, ---, n

and P is defined as in Theorem 3.1. Then every solution of Eq. (1.1) is oscillatory.

Proof. To arrive at a contradiction, suppose that Eq. (1.1) has a nonoscillatory solution x
on [tg,00). Without loss of generality, we assume that there exists a t; > to, such that z(t) > 0,
xz(g;(t)) >0,i=0, 1, 2, ---, n, for all ¢ > t;. By assumption, we can choose by > a; > t1, such
that ¢;(t) > 0 and e(t) < 0 on the interval [a;,b;). We define the function w as in the proof of
Theorem 3.1. Similarly to the proof of Theorem 3.1, we have

(1) = —p()ao(t) = p(t) Y [as(D)z 77 (1) + Mile(t) |~ (1)]

i=1

n

—p(t) Y @Oz () + Nile(t)]a 77 (1)]

i=m-+1

11



PO PO o 2w (@)
(55 - 58) "0 Loy (8.26)
From (2.5), we get, for t € (a1,b1) and i =0, 1, 2, , m,
i o o [((EDYT (M@
G(OF () + Melt) | (1) > 1<(7/) = ) S e
From (2.4), we obtain, for ¢t € (a1,b;) andi=m+1, m+2, -+, n,

G0z (8) + Nile@®)|z () = Mle®)]z7 (1) — (qi(t))—z 7 (t)
— (qi(t)) - T y—ay \TT™ a
Z <( v > (Me(t)) > : (3.28)

PO POy w0
) O o)

v

Combining (3.26)—(4.2), we have

w0200+ (55 - 1

The remainder of the proof is similar to that of Theorem 3.1, so we omit it. Then the theorem is
proved.

Remark 3.4 Ifp(t) =0, g;(t) =t,i=0, 1, 2, ---, n, then Theorem 3.5 reduces to Theorem
2.9 in [33].
4 Examples

In this section, we will present the applications of our interval oscillation criteria in three examples.
In particular, we will show a real life application problem of our results.

Firstly, we give an application of Theorem 3.1 on damped simple harmonic motion
2" (t) + B’ (t) + wiz(t) = 0, (4.1)

where 3 > 0 is the damping constant. Here

Let no =1 =12 = 1/3, and

h—1)m hm h+1)m
ah:¥7 bh:ah+1:73 bh+1:u, h:17 27...’
wo wo wo

such that (2.1) and (2.2) in Lemma 2.1 are satisfied, and

s T 27
t) >0 0, —)U[—,—),
@)= 0 on [0.2)u T =
and (k-1
“Dke(t) >0, te [T T g1 9,
(-Dfelt) 20, te [ET T

Setting p(t) = €’ and u(t) = sinwpt, we have P; 1(t) = P 2 = tw3, P(t) = 2w coswt and

2 {Pm(t)zﬂ“(t) - %PWH(@] At = [0 [tw? sin®(wot) — w2e® cos?(wot))] dt

8=

2 2 B
Z%—f—;%(l—e%),

19



and

27
S22 [Paurti(e) = £ priin)] ar =[50 [t sin(wot) — whe cos(wot))] dt
wo

2 w2, Bx 287
=2+ 55(e%0 —ew0).

Then by Theorem 3.1, every solution of Eq. (4.1) is oscillatory if

2 2 o 32 2 L o
%+%(1—6E)>07%+%(6W—62“’70)>0. (4.2)

In particular, take g = i,wo = 7. Then two inequalities in (4.2) hold. Hence every solution of

" 1 / T2 _
x"(t) + 1 (t) + (Z) x(t)=0 (4.3)

is oscillatory. See Figure below for damped simple harmonic motion equation (4.2).

Displacement

Figure 1: damped simple harmonic motion

Next, we will give another example to illustrate Theorem 3.1.

Example 4.2 Consider the following second order damped differential equations with mixed
nonlinearities.

sin 8¢ + 2

sin 8t + 2
(= 7

; (' (1)) + co sin® 8t 7 (t) + 4c; cos 2t|x(t)|%"sgn z(t)

(1)) +

+cg 8in 2t|x(t)| 2 sgn x(t) = —cos4t, t>1, (4.4)
where + is a quotient of odd positive integer, cg, ¢; and co are positive constants. Here

sin 8t + 2 sin 8t + 2

; , p(t) = 2 W (t) = cosin®8t, qi(t) = 4cy cos2t, qa(t) = casin2t,

r(t) =

19



)
e(t) = cos 4t, gl(t) =1, 1=0,1,2, ap= 577 Qg = %

Let o =m =ne = 1/3, and

an = 2h, bhzah+1:2hw+%, bh+1:2h7r+£, h=0,1,2, -,

such that (2.1) and (2.2) in Lemma 2.1 are satisfied, and

a(t) >0 on [2h7r,2h7r+g)u[2h7ﬂ—%,2h7r+%), i=0,1, 2,

and

(—1)ke(t) > 0, te [2hm,2hT + g) U [2hr + g,zhﬂ n %), k=1, 2.

Setting p(t) =t and u(t) = sin 8t, we have

Pa(t)=t (co sin? 8¢ + 3{/2¢1 ¢y sin 4t cos 4t|) )

and
by
/al

jusy ) . t 2
_ /8 [t (co sin? 8t + 3{/crea sin 8t> sin? 1 8¢ — %((v +1)8cos 8t)7+1] dt
0 Y

Pra(t)u? ! (t) - mwwl at

vV
o\‘
E)

|:27T (co sin? 8t + 33/cieo sin St) sin? ! 8¢ — 23773(2cos? L 8t + sin 8¢ cos? ! 8t)} dt

_mym | cy(v+2) TG +3\?/@(37+1)F(3”§1) L |avT @) 1
4 | (v +3)(y+ 1)1 3y+4  r(2H) T ;

where I' is the Gamma function. Then by Theorem 3.1, every solution of Eq.

T | coy(y+2) T(3) +3\3/0102(37+1)F(%) S8 W I(3) 1
4 | (y+3)(v+ 1 Jy+4 (3 YHIT(F) v +2

Finally, we will give an example to illustrate Theorem 3.5.

Example 4.3 Consider the following second order damped differential equations with mixed
nonlinearities

sin 2t + 2

sin 2t + 2
T -

o)) +

(2 ()Y + co cos™ 2t 27 () 4 ¢y sin 2t|x(t)[*Vsgn x(t)

—cycos" 2t (1) Fsgn (t) = —cos2t, t > 1, (4.5)

where + is a quotient of odd positive integer, cg, ¢; and co are positive constants. Here

in 2t 4+ 2 sin 2t + 2
r(t) = %, p(t) = %, qo(t) = cocos® 2t, q1(t) = ¢y sin 2t,

v &

@2(t) = —cocos™TE 2t e(t) = cos2t, a3 =2y, ay= 5 G0 > 52
Let
0 T
a; = 2hm, b1:a2:2h7r+z, b2:2hﬂ'—|—§, h=1,2 -,
such that

%(t) >0 on [2h7r,2h7r+%)U[Qhw—k%,ﬂm—kg), i=0, 1,2

1A



and

(—1)ke(t) >0, te[2h7r,2h7r+4) [2hm + = 2h7r+2) k=1, 2.

Setting p(t) =1, Ay = Ay = 1/2 and u(t) = sin 2¢, we get

’Y+1) 21
Q) = t(CO cos®7 2t + \/2¢1 sin 21| cos 2t| %>

2| cos 2t|

and

by r
[ et - PO pw]a

z
= / [ (co cos?Y 2t 4+ 1/2¢; sin 2t cos 2t — cos2W+1 Zt) sin? ! 2t
0

sin 2t + 2

—W((f}/ +1)2cos 2t)7+1} dt

™

Z 2
> / {27r(<co — %2) cos?7 T 2t + 1/2¢; sin 2t cos 2t) sin? ! 2t
0
—27" (sin 2t cos? T 2t + 2 cos? ! 2t)} dt

_ E(C _ é) L3 +DC(y+1) I \/EF(LJE))F(%) B 27+1( 1 W T(
2" L(37+2) 2 T(3+2)

o2

)

+ )
Y+2  y+10(H)

2

where T is the Gamma function. Then by Theorem 3.5, every solution of Eq. (4.5) is oscillatory if

m TG +DT(+1)  V2aTERTE) o 1 w7 T3
H(0-3) CE R TR R (R R Ch A A

+[oR

2

2

5 Conclusions

In this paper, new interval oscillation criteria for certain classes of second order nonlinear differ-
ential equations with mixed nonlinearities and with delayed or advanced arguments. Our results
do not require that the functions p, ¢; and e, i = 0, 1, 2, ---, n are of definite sign, and these
criteria are different from most known ones in the sense that they are based on the information
only on a sequence of subintervals of [tg, 00), rather than on the whole half-line. Moreover, our
results improve and extend the main results of [16-19, 21, 24, 26, 27], for example, if p(t) = 0, then
Theorems 3.1 and 3.2 reduce to Theorems 2.5 and 2.6 in [33]. Furthermore, if we take g;(¢) = t,
i=0,1, 2, ---, n, then Theorems 3.1, 3.2 and 3.5 reduce to Theorems 2.1, 2.2 and 2.3 in [33].
When v = 1, Theorem 3.4 reduces to the main results in [23]. The method can be applied on the
second-order Emden-Fowler neutral differential equation

“sgn x(g;(t)) = e(t), t>to.

(r(&)(2' (1) + p(O)z(r(£))") +p(t) (&' (D) + D ai(t) J=(gi()|"
=0
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