MAXIMAL ENERGY OF SUBDIVISIONS OF GRAPHS WITH A
FIXED CHROMATIC NUMBER

MEILING HU, WEIGEN YAN, AND WEI QIU

ABSTRACT. The energy of a simple graph G, denoted by E(G), is defined as the sum
of the absolute values of eigenvalues of G. In this paper, we show that, among all
subdivisions of graphs with n vertices and chromatic number k, the subdivision of the

Turdn graph T'(n, k) has the maximal energy.

1. INTRODUCTION

Let G be a simple graph with vertex set {vy,vs,...,v,} and edge set {ey,es,..., €}
Suppose S(G) is the subdivision of G, which is obtained from G by replacing each edge
with a path with three vertices (i.e. inserting a new vertex to each edge of GG). For the
graph G in Figure 1(a), the subdivision S(G) of G is illustrated in Figure 1(b). Hence
S(G) is a bipartite graph with m + n vertices and 2m edges. Let A(G) be the diagonal
matrix of G whose i-th diagonal entry is the degree of the vertex v; (1 < i < n). The
adjacency matrix A(G) of G is the square matrix A(G) = (a;;) of order n, where a;; = 1 if
v; and v; are adjacent and 0 otherwise. Let Q(G) = A(G)+A(G) be the signless Laplacian
matrix of G. The eigenvalues of Q(G) are called the signless Laplacian eigenvalues of G.
Let K4, 45.....a, be the complete multipartite graph with n = Zle a; vertices, whose vertex
set is partitioned into k parts: Vi, V5, ..., Vi, of cardinalities aq,as, ..., ax, and an edge
joins two vertices if and only if they belong to different parts. Let n and k£ be two positive
integers satisfying n = rk + s and r > 0,0 < s < k. The complete multipartite graph

Kr, vl TS called the Turan graph, denoted by T'(n, k).

~~
k—s s

Gutman [8] define the energy of a graph G with n vertices, denoted by E(G), as
E@G) =) M@,
i=1

where )\;(G)’s are the eigenvalues of the adjacency matrix of G.

2000 Mathematics Subject Classification. Primary 05C15, 05C16.
Key words and phrases. Signless Laplacian matrix, Multipartite graph, Energy, Chromatic number.

The second author was supported in part by NSFC Grant (11171134).
1



2 MEILING HU, WEIGEN YAN, AND WEI QIU

(a)

FIGURE 1. (a). A graph G. (b). The subdivision S(G) of G.

Historically chemists used the model in which the experimental heats of formation of
conjugated hydrocarbons are closely related to the total m-electron energy. Today such a
model is over simplistic, but nevertheless HMO has some value as it points to that part
of the experimental heats of formation of conjugated hydrocarbons that can be viewed as
due to molecular connectvtiz (molecular topology). The calculation of the total m-electron
energy in a conjugated hydrocarbon can be reduced (within the framework of the HMO
approximation [10]) to £(G) of the corresponding graph G. The energy of graphs has
been studied extensively (see for example [1, 7, 11, 12, 13, 14, 16, 19]).

In general, let X} be any square matrix of order k£ and let I be the unit matrix of order

k. The characteristic polynomial of X} is defined as
O‘(Xk, ZL’) = det[a?[k — Xk],

where det| | is used to denote the determinant of a square matrix.

It well know [3] that if G is a bipartite with n vertices then the characteristic polynomial

o(G, x) of G has the following form:

[n/2]
(1.1) o(G,z) = det(xl, — A(G)) = Y _(=1)'b(G, t)2" >,

=0
where b(G,0) = 1 and b(G,t) > 0 for all ¢ = 1,2,...,[n/2]. This expression for o(G,x)
induces a quasi-order relation (i.e. reflexive and transitive relation) on the set of all
bipartite graphs with n vertices: If G; and GG are bipartite graphs with characteristic

polynomials in the form (1.1)
Gy = Gy = b(Gl,t) > b(GQ,t) forall t=0,1,..., [n/2]

If Gy = G5 and there exists k such that b(G1, k) > b(Ga, k), then we write G; > Gs.

Gutman [5] introduced this quasi-order relation in order to compare the energies of a

pair of graphs. It is well known that if G is a bipartite graph, then the energy of G can
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be expressed by means of the Coulson integral formula [6, 10]

oo [n/2]
(1.2) BG) =2 / 2l + Y b(G, Ha?]d,,

t=1
which implies: G; = Gy = E(G;) > E(G2) and G >~ Gy = E(G1) > E(G3).

This increasing property of E has been successfully applied in the study of the extremal
values of the energy over a significant class of graphs. See for example the papers [15, 16,
20, 21].

In this paper, we compute the signless Laplacian eigenvalues of the complete multipar-

tite graphs K, 5., I the next section. In Section 3, we prove that, among all graphs

k
with n vertices and chromatic number k, the Turdn graph 7'(n, k) has the maximal coef-
ficients of signless Laplacian characteristic polynomial, which implies immediately that,
among all subdivisions of graphs with n vertices and chromatic number k, the subdivision

of the Turan graph T'(n, k) has the maximal energy.

2. THE SIGNLESS LAPLACIAN EIGENVALUES OF COMPLETE MULTIPARTITE GRAPHS

Delorme [4] determined the eigenvalues of the adjacency matrix of the complete multi-
partite graphs. In this section, we use a similar method to compute the signless Laplacian

eigenvalues of complete multipartite graphs.

Theorem 2.1. The characteristic polynomial of signless Laplacian matriz of complete
multipartite graph G = K, a,,..a, With Zle a; =mn is

k

o(Q(G),x) = H(a: —n+a;)%! <H(a: —n+2a;) — Z a; (x —n+ 2ai)) :
7=1 i=1,i#7j

i=1 i=1
Proof. For the convenience, we use @), A and A to denote matrices Q(G), A(G) and A(G).

Note that if vertices v and w are in the same part of G, the transpose of the row vector 3;
whose coordinates on v, w and elsewhere are respectively 1, —1 and 0 is an eigenvector for
the eigenvalue n—a; of the signless Laplacian matrix (), and there are a;—1 eigenvectors for
the eigenvalue n—a; (1 < i < k). So we can find Zle(ai—l) = n—k linearly independent
eigenvectors of matrix () which generate a linear subspace U of dimension n — k. Now
we choose an orthogonal basis of the orthogonal complement of U. It is constituted by
the transposes of k row vectors v; (1 < i < k), where ~; is the vector V\ihose coordinates
on vertices v € V; are 1 and elsewhere are 0 , that is, v; = (0, .. .,o,m,o, .5 0). It

is easy to find that Q(v{,~2,...,7F) = (v, 43, ..., 7F) Nk, where Ny = (n;) is a k x k
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matrix such that n;; =n —a; if i = j and n;; = a; if ¢ # j. It is not difficult to prove the
following claim.

Claim. The characteristic polynomial of N}, is given by
k

det(x],yf—]\fk):1_[(:6—714—2@Z Za] H (x —n+2q;).
i=1 j=1 1=1,i#j
Let
:<6fvﬂgvu g_k77f77§7---771?)-

Then QX,, = X,,M,,, where the block diagonal matrix
M, = diag((n — a1)lg—1,(n — a2)lay—1,- .., (n — ag)la,—1, Nk).

Hence Q = X, M, X, ! has the same eigenvalues as M,. Note that, by the the claim

above,
k k k k
|z 1, — M,| :H(:c—n+ai)‘”_1 (H(:c—n+2ai)—z ; H x—n+2al)> :
i=1 i=1 j=1 =l
The theorem has thus proved. O

Remark 2.2. By Theorem 2.1, the signless Laplacian eigenvalues of Ky, 45,0, (Zle a; =

n) are n — a; with multiplicity a; — 1 (i = 1,2,..., k) and the roots of the polynomial

k k k
[[(z—n+2a)—> a; [] (z—n+2q).
i=1 J=1 T i=1iAj

3. MAIN RESULTS
First, we define the relation > (<, =, <) as follows.

Definition 3.1 ([17]). We say p is partial larger than ¢ if [p| > |¢|, denoted by p > g.
Similarly, we have p < ¢,p = ¢,p = q.

Definition 3.2 ([17]). Let p(z) = > pia’ and g(z) = > gz’ If |p;| > |q| (vesp.
Ipi| < |g;|) for each 0 < @ < n, then we call p(x) = g(z) (resp. p(x) = q(z)). If p(x) = q(z)
(resp. p(z) < q(x)), and there exists a j € {0,1,---,n} such that p; > ¢; (resp. p; < ¢;),
we call p(z) > g(z) (resp. p(z) < q(x)).

By the definition above, the following result is immediate.

Lemma 3.3. Suppose a; = b; >0 forv=1,2,--- . n. Then

ﬁx—al ﬁ:ﬂ—b
i=1 i=1
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furthermore, if there exists a j € {1,2,--- ,n} such that a; > b;, then

n n

[[@—a) =[] —-0).

i=1 =1

Lemma 3.4. Let n,a and b be three positive integers and a —b > 2,a < n. Then
(x—n+ta—-1) "4 (r—n+b+1)">(x—n+a) (zr—n+b)""

Proof. Note that

(z—n+a—1)(r—n+b+1)=2>-2nz+ (a+bz—nla+b)+ab+n*+a—-b—1

and
(x—n+a)(r—n+0b)=2>—2nz+ (a+b)x —n(a+b)+ab+n’

Since a — b — 2 > 0, by Lemma 3.3,

(3.1) (z—n+a—1)" z—n+b+ 1) = (z—n+a)l " (z—n+bd)"

Again, by Lemma 3.3,

(3.2) (z—n+a—1)"""Tz—n+b+ D> (z—n+a)"

The result follows from (3.1) x (3.2). O

Lemma 3.5 ([9]). Let G; and Gy be two bipartite graphs with n vertices. Then
0(G1,z) = 0(Ge,z) = E(Gy) = E(Gy);
0(Gy1,z) = 0(Ge,z) = E(Gy) = E(Gs).
Lemma 3.6 ([18]). Let G be a graph with n vertices and m edges. Then
o(S(GQ),x) = 2™ "0(Q(G), 2%) = 2™ " det(2%I, — Q(Q)).

A subgraph H of a graph G is called a TU-subgraph if each component of H is a tree
or a unicyclic graph whose cycle has an odd number of vertices. Suppose all components
of a TU-subgraph H are T1,T5,...,Ts,Uy,Us, ..., Uy, where T;’s are trees and U;’s are

unicyclic graph, and n; is the number of vertices of T; for i = 1,2,...,s. Define:

o(H) = 4tHni.
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Lemma 3.7 ([2]). Let G be a simple graph of order n with the signless Laplacian char-

acteristic polynomaial of form
U(Q(G)> l’) = det(xln - Q(G)) =a" + Q1(G)$n_1 + Q2(G)$n_2 +.o.+ Qn—l(G)x + Qn(G)

Then, for 0 <i < n,
(~1)'a(G) =) _o(H),
H

where the summation is over all TU-subgraph of G with 1 edges.

We use G to denote the complement of a graph G. For any e = uv € E(G), i.e., e = uv
is not an edge in G. We use G + e to denote the graph obtained by adding e to G.
Similarly, for any set W of vertices (edges), G — W and G + W are the graphs obtained
by deleting the vertices (edges) in W from G and by adding the vertices (edges) in W to

G, respectively. By Lemma 3.7, we obtain immediately the following result.

Lemma 3.8. Let G be a non-complete connected graph of order n and e € E(G). Then
0(Q(G +e),x) =det(zl, — Q(G+e)) > det(zl, — Q(G)) = 0(Q(G), z).

Lemma 3.9. Let n,a;, k and b; be positive integers and a; = ay =,...,> ag, and
a1 — ay = 2, where n = Zleai. Ifa;=0; (3<i<k),bp =a1—1,by =ay+1, then

k k

[[@-—n+20)->"b [] @—n+20) > H(m—n—i—Qai)—ZaJ

i=1 =1 i=l,i#j i=1

k
(x —n+2q;).
77

i=1,i#j

Proof. Note that

(z —n+2a1)(x —n+ 2az) = 2% — 2nx + 2(a; + az)x — 2(a1 + ag)n + n? + daay
and

(z —n+2by)(x —n+ 2by) = 2% — 2nz + 2(by + by)x — 2(by + by)n + n* + 4b1by

= 2% — 2nx + 2(a1 + az)r — 2(ay + az)n + n? + dajay + 4(a; — ag) — 4.

(3.3) (x —n+2b)(x —n+2by) — (x —n+2a;)(x —n+2a2) =4(a1 —az) — 4.

(—a1)(xr —n+ 2a3) + (—az)(x —n+ 2a1) = — (a1 + az)x + (a; + az)n — 4ayas
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and
(=b1)(x —n + 2by) + (=ba) (@ — n 4 2b1) = —(by + ba)x + (b1 + ba)n — 4b1by

—(a1 + az)x + (a1 + as)n — dajas — 4(a; — ag) + 4.
Thus

(3.4) —by(x—n+2by)—bo(z—n+2by)—[—a1 (z—n+2as) —as(x—n+2a;)] = —4(a;—az)+4.

Hence, by (3.3) and (3.4),

=1 i=1 j=3
(3.6)
2 k 2 k k
—ij H (a:—n—l—Qb,-)—l—Zaj H (x—n+2ai):—[4(a1—a2)—4]H(x—n+2aj).
J=1  i=l,i#j J=1 i=1,ij j=3

—a;(z —n+2a1)(x —n+ 2ay) = —a;[2* — 2nx + 2(a; + az)z — 2(ay + ax)n + n? + 4ajas)
and

—b;(2—n+2b1 ) (1—n42by) = —b;[2> —2na+2(a1+az)x—2(a; +ag)n+n’+4ayay+4(a; —ay)—4].
Therefore,

(3.7) —=bi(x—n+2by)(x—n+2by) — [—a;(x —n+2a;)(x —n+2a2)] = a;(—4(a; —az) +4).

By (3.6) and (3.7),

k k k k
(38) =2 Il @=nv2)+3 oy J] (@=nt20)
j=1 i=1,i#j Jj=1 i=1,i#j
k k k
= —[4(a; — ay) — H:c—n+2aj +) 0 JI @ = n+2a)a-4(ar — az) +4)).
1=3 j=3,j#1i
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Thus, by Definition 3.2

k k k k
[[@=n+20)=>"b; [] @—n+2b) - [[(x—n+2a)=> a; [] (z—n+2a).
i=1 J=1  i=l,i#j i=1 J=1 =l
Hence we have finished the proof of the lemma. U

Theorem 3.10. Let G be a connected graph of order n with chromatic number k. Then
a(Q(G), ) 2 (x —n+r) V(g —n 4y + 1) [(x —n+2r)"(x —n+2r +2)°

—(k—=s)r(x—n+2r) "o —n+2r +2)° —s(r+1)(x —n+2r)"5(z —n+2r +2)*71.

The equality holds if and only if G = K, el 1 where r and s are integers

~~
k—s s

withn =rk+s and 0 < s <k.

Proof. Let G* be a graph having the maximum coefficients of the signless Laplacian
characteristic polynomial among all connected graphs of order n with chromatic number
k. Then V(G*) can be partitioned into k color classes, say Vi, Va, ..., Vi Let |Vi| = «;
fori=1,2,..., k. Then Zle a; = n. Lemma 3.8 implies that G* = K, 4, 4,. Assume
that a; > ay > ... > a;. By theorem 2.1,

k k k k
o(Q(G),x) = H(:)s —n 4 a;)% ! (H(:)s —n+2a;) — Z a; H (x —n+ 2a,~)> .

i=1 i=1 i=1,i#j

If a, — a, > 2, Lemma 3.4 implies that (let a, = a,a, = b in Lemma 3.4)
(x—n+a,— )" *(z—n+a,+1)% = (x—n+ay) (x —n+a,)% "

Hence
k

(3.9) H(m—n—i—bi)bi_l - H(I—n—i-ai)‘“_l,

i=1 i=1
where b, =a, — 1,0, =a,+ 1,b; = a; for 1 <¢ < k,i # p,q. By Lemma 3.9,

k k

[[@-—n+20)=> "t [] @—n+2b) = [[(e—n+2a)=> a; [] (x—n+2a).

i=1 =1 i=li#j i=1 j=1  i=li#j
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Hence, replacing any pair (a;, a;) satisfying a; — a; > 2 with the pair (a; — 1,a; +1) in

product

k k k k
H(:)s —n+a;)% ! (H(:)s —n+2a;) — Z a; H(:)s —n+ 2a,~)> =: f(x)

i=1 i=1 J=1  i#j

will increase the coefficients. By repeating this process, we find the coefficients of f(z) with
Zleai =nanda; > ay > ... > ais maximum if and only if a; = ay = ... =ap_s =7
and ay_s11 = ... = ax = r + 1, where r, s are integers with n = rk 4+ s and 0 < s < k.

Then G* = K, 4pr41.... r+1, which is called the Turdn graph. It is not difficult
Y ) N Y 7 -,

~~
E]

k—s
to prove that if G* gKr,...,r,r—l—l,...,r—i—l’ then

~~
k—s s

o(QG*),x) = (x —n+r) 0 VED (g —npr + 1)[(x —n+2r) 5z —n+ 2r +2)°

—(k=s)r(x —n—+ 27’)k_s_l(x —n+2r+2)°—s(r+1)(z—n+ 2r)k_s(:c —n+2r+2)*71.

The theorem thus follows. O

Remark 3.11. Theorem 3.10 implies that the Turan graph K. = ... 1 41 has
Y ) 7¥ ) Y =,

g
— s

k—s
the maximum coefficients of signless Laplacian characteristic polynomials among all graphs

of order n with chromatic number k, where n = rk + s and 0 < s < k.

The following lemma is immediate from Lemmas 3.5.

Lemma 3.12. Let Gy and G5 be two bipartite graphs with ny and ny vertices, respectively.

For any two positive integers py and po satisfying ny + p1 = ng + ps, then
2Po(Gy,x) = 2?0 (G, v) = E(Gh) = E(Ga);

2P o(Gy,x) = 2P20(Ge, x) = E(Gy) = E(Gs).
By Lemmas 3.6 and 3.12 and Theorem 3.10, the following result is obvious.

Theorem 3.13. Let G be a simple graph of order n whose chromatic number is k, where

n=rk+sand 0 < s<k. Then

E(S(G)) < E(S(Kr,...,r,r+ 1,...,r+ 1)
N y _

v~
E]

k—s

with equality if and only if G is the complete multipartite graph Kr, el

Vo
k—s s

where S(G) denotes the subdivision of G.
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