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Abstract

For a,7 > 0 and 8 < 1, let Ws(a,y) denote the class of all normalized analytic functions f
in the open unit disc E = {z : |z| < 1} such that

f(2)

Reit ((1 —a+ 27)? +(a=29)f"(2) +vzf"(z) — B) >0, ze F

for some ¢ € R. For f € Wg(a,7), we consider the integral transform

FE =@ = [ a0

0
1
where A is a non-negative real-valued integrable function satisfying the condition At)dt =

0
1. The aim of present paper is to find conditions on A(¢) such that V) (f) is starlike of order §
(0 <6 <1/2) when f € Wg(a, ). As applications we study various choices of A(t), related

to classical integral transforms.
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1 Introduction

Let A denotes the class of analytic functions f defined in the open unit disc E = {z : |z| < 1}
with the normalization f(0) = f/(0) —1 =0 and Ay = {g: g(2) = f(2)/z, f € A}. Let S be
the subclass of A consisting of functions univalent in £. A function f in A is said to be starlike

of order (3 if it satisfies

R (20

zel
)78 sen
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for some 5 (0 < B < 1). We denote by S*(3), the subclass of S consisting of functions which
are starlike of order 3 in E. Set S*(0) = S*. For any two functions f(z) = z + a2® + a3z + - --
and g(z) = z +bg2%2 +b3z® + -+ in A, the Hadamard product (or convolution) of f and g is the
function f x g defined by

(f*g)(z) =2+ Zanbnz”.
n=2

For f € A, Fournier and Ruscheweyh [1] introduced the operator

1 z
FE) = W(NE) = [ Mo, (L.1)

where ) is a non-negative real-valued integrable function satisfying the condition 1 A(t)dt = 1.
This operator contains some of the well-known operators (such as Alexander, Libgra, Bernardi
and Komatu) as its special cases. This operator has been studied by a number of authors for
various choices of A(¢) ([1], [3], [4], [6], [9], [12]). Fournier and Ruscheweyh [1] applied the
Duality theory ([10], [L1]) to prove the starlikeness of the linear integral transform Vy(f) over

functions f in the class

P(B) = {f € A:3p € RIRe (f'(2) ~ §) >0, z€ B}

In 2001, Kim and Rgnning [5] investigated starlikeness properties of the integral transform (1.1)

for functions f in the class

fz)

Py (B) = {f € A: 3¢ € RIRe™ <(1 ) +f(2) - 5) >0, z € E} .

Recently in 2008, Ponnusamy and Regnning [9] discussed the same problem for the functions in

the class
R, (B) = {f € A:3¢p € RRe (f'(z) +v2f"(z) = B) >0, z € E} .

It is evident that R, () is closely related to the class Py (). Clearly, f € R,(3) if and only if
zf" belongs to P ().

In a very recent paper, R. M. Ali et al. [1] discussed this problem for the functions f in the
class

We(a,v) := {f € A:3p € R|Re™ ((1 —a+ 27)@ +(a=27)f"(z) + vz f"(2) —ﬁ) >0,z € E} :
(1.2)

Note that Wg(1,0) = P(8), Ws(«,0) = Pa(5) and Wg(1 + 2v,7) = R+ ().



In Section 3 of the paper, we shall mainly tackle the problem: For given 0 < § < 1/2, to find
conditions on § such that V\(f) € S*(6) whenever f € Wg(c,7). In Section 4, we find easier
criteria of starlikeness of the integral operator V) (f). While in the last section of the paper, we

discussed applications of results obtained for various choices of A(t).

To prove our result, we shall need the duality theory for convolutions, so we include here

some basic concepts and results from this theory. For a subset B C Ay we define
B*={geAy: (f*g)(2) #0,z€ E, for all f € B}.

The set B* is called the dual of B. Further, the second dual of B is defined as B** = (B*)*. The
basic reference to this theory is the book by Ruscheweyh [10] (see also [11]). We shall need the

following fundamental result.

Theorem 1.1. (Duality Principle) Let

1+ 2z
14+ yz

B={p+0-0) (152 ): el =ll=1}, seR 521

We have
(1) B* = {g € Ao : 3¢ € Rsuch thatR (e’ (g(z) — B)) >0, z € E}.

(2) If T'y and T2 are two continuous linear functionals on B with 0 & T'a, then for every

g € B** we can find v € B such that

2 Preliminaries
We use the notations introduced in [1]. Let g > 0 and v > 0 satisfy

w+v=a—vy and pv=r. (2.1)
For v = 0, u is also taken to be 0, in which case, v = a > 0. Writing & = 14 27 in (2.1), we get

pu+v=1+vy=1+pv,or (u—1)(1—-v)=0.

(i) When « > 0, then writing p = 1 gives v = 7.
(ii)) fy=0,then y=0and v =a = 1.



In the particular case o = 1+ 2+, the values of y and v for v > 0 will be taken as 4 = 1 and
v =« respectively, while in the case when v =0, we have y =0 and v =1 = «.

Define

(nv+1)(np+1
bun(z) =1 +Z 1 )z", (2.2)

and

_1 n—l-l n
v = = 1
Uuw(2) = ¢ (2) +Z (nv+1) nu+1)z

dsdt
_ // T (2.3)

Here d);,lj denotes the convolution inverse of ¢, , such that ¢, , * qﬁ;}, =z/(1—2). If we

take v =0, then p =0, v = a in (2.3), we have

(o @] 1
n+1 dt
Vo.a(2) + nzzl na+1° /0 (1 —t22)?

If v > 0, then v > 0, p > 0, and making the change of variables u = t¥, v = s* results in

1/1/ 1 1/u 1
——————dudv.
d]”’ ;w/ / (1 —uvz)? uav

Thus the function v, , can be written as

11/11 1
L[ fy e dudv, 4> 0;

Yuw(2) = (1=uwz)? (2.4)
fO W Y= O, a > 0.

Further let g be the solution of the initial-value problem

2 /-1 1 1-8(1+st) _ )

t " o T s, v > 0; 25)
2 1-6(1+t _ ’
E(l—<5)((1+t))2 e, 7=0,a>0

SO+ g(1) =

satisfying ¢(0) = 1, where 0 € [0,1/2]. A simple calculation leads to the solution given by

/ / 1+Swt) SYE L v sy — 1. (2.6)
,UV 1—0)(1+ swt)?
In particular
2 e [* 1jees 1= 8(1+u)
o(t) = St e e pdu—1, v =0, - 2



3 Main results

Theorem 3.1. Let > 0, v > 0 satisfy (2.1), and § < 1 satisfy

g / !
= | ABg(t)dt, (3.1)
1-p 0
where g is the solution of the initial-value problem (2.5). Further let
1
A(t) = / )\Sx) dx, v >0, (3.2)
¢ w/v
1/1/ 1- 1/ud > 0;
() = JiA o (3.3)
Aa(t)? 7y=0,(p=0,v=a>0).

and assume that tY/VA,(t) — 0, and tYM11, ,(t) — 0 as t — O0F. Then for § € [0,1/2], we
have Vx(Wg(a,7)) C S*(8) if and only if Ln1, ,(hs) > 0, where L1, ,(hs) and hs are defined by

following equations :

'CH (hd) _ { §Rf() t tH/ R ( tz (1— 6)(1+t)2) dt, v > (), (3 4)
” a—1 (hs(tz 1-5(1+¢ _ .
%fo Hﬂ,a (t)eHe ( 6t(z = = 6)((1+t))2> dt, ~=0.
and
: (1 + 6+262512>
halz) = =1 (3.5)

(1-2)* 7

respectively. This conclusion does not hold for any smaller values of 3.

Proof. The case 7y = 0 (u = 0, v = «) corresponds to the Theorem 1.2 in [2], so we will prove

the result only when ~ > 0.

Let
) = 0 —at 2 D 4 (29 f1) 422
Since p + v = a — v and pr =+, then
I (e P A A R T R T

= (I+uw—p—v + (p+v—w)f'(2) + przf(2).

Writing f(z) =z + Y .- 5 apz™, we obtain from (2.2)

H(z)=1+ Zan+1(nu + 1) (np+1)2" = f(2) * duu(2), (3.6)

n=1
and (2.3) gives that
f(z) = H(z) * Yuu(2). (3.7)



Now, let f € Wg(a, ). Then, in the view of the Theorem 1.1, we may restrict our attention to
functions f € Wg(a, ) for which

f(z)

H(z) = (1= a+29)"2 + (a = 2)f'(2) +72"(2) = B+ (1= B) (1 ”Z) 2] = Jyl = 1.

Thus (3.7) gives

1+z2
£ = (=D TEE 45) x b, 55)
and therefore
z 1 [ 1+ 2w
1) _ / <( - ﬁ) s ﬂ) dw * (z), (3.9)
z Z Jo
here ¢ := 1), ,,.
Also, a well-known result from the theory of convolutions [10] (see also [11]) implies that
1
FeS* () < ;(F* hs)(z) #0, z€ E,
where

261
(14—6; 55 z)
(1—2)2

hs(z) = le| = 1.

Hence F' € §*(6) if and only if

f(zz)dt * ha(Z)] = /01 A®) dt = 1) * hi(2)

1—tz z z

1
07 LANE o) = - | [ 2

z

Using (3.9), we have

0 # [P [ [ (a-n T 5)aw o) «

1—1tz 1+

_ /OllAjtgzdt*hiZ)*[i/:(( 1= ) >dw]*w<z>
(1- [i
-

+
_ h5 1+ 2w I5]
S TP [ (S S
_ hgtz I5] 1 142w
= (1-p [/ At dt ﬁ)}*z/o 1+ywdw*¢)(z)

— (1-p) UO () (Z/O h‘ssuw)d >dt+(1fﬁ)]*ii§z*q/)(z).

This holds if and only if [11, p. 23]

O R R e R CE
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- /o a0 (3 e )i P = | vt 2o
@>mﬁ[k@(ié”ﬁf%m)ﬁ—2+2uéﬁﬂ b(z) > 0,

& R :/01 A(t) (i /OZ hét(;w)dw ! +2g(t)> dt} x1p(z) >0, (Using (3.1))

- %'A{Mw<mg@_1+;w)d4*Z[fwwmw>u

o R:Alxn<hff)l+;@>d4 ii(mh+5aﬂ+1)za (Using (2.3))

=0
! > 2" hs(tz) 14 g(t)
< §R/O A®) (Z (nv+1)(np+1) T 2 )dtzo’

dnd¢ h5 (tz) 1+g(t)
- / <// C—perz) 2 2 )dtZO’
hs( tZ??VC“ 1+g(t)
o w [ ([ [ M - 20 o

which can also be written as

1 1
3‘%/ </ / 1 hg (tzuv) 1/”—1v1/“_1dvdu _ 1+g(t)> dt > 0.
0 py o tzuv 2

Writing w = tu, we get

1 t 1
" A) [ Ps(020) 1oty i gy — e 2EID] gy 5
o YV | Jo Jo wazv 2

An integration by parts with respect to t and (2.5) gives

1
§R/ / h5(t2v)tl/”_1v1/“_1dv B tl/l/—l/ 1—6(1+ st) sYn=14s| dt > 0.
0 tzv o (1—=208)(1+ st)?

Again writing w = vt and 1 = st reduces the above inequality to

! ! hs(wz) L1 —5(1+n)
1/v—1/u—1 5 p—1y n 1/p—1 >
§R/0 A (t)t [/0 0y Y dw /0 —(1 S TE 7))277 dn] dt >0,

which after integration by parts with respect to ¢ yields

! w1 (he(tz)  1—=06(1+1)
3%/0 I, , ()t /1 ( P TG +t>2> dt > 0.

Thus F € S*(6) if and only if Ly, , (hs) > 0.

Finally, to prove the sharpness, let f € Wg(c,7) be of the form for which

(1—a+2’y)f(zz)+(a—27)f/(z)+72f”(2) :ﬁﬂL(l—ﬁ)itj




Using a series expansion we obtain that

[e.9]
— 2 1— n—l—l‘
Jz) ==+ r; nv+1) nu+1)z
Thus
1 e}
f(tz) Tn 1
F(z) =V, = [ At dt =z +42(1 — "
& =(NE) = A0l = 22093 e
where 7, = fo t)t"dt. From (2.6), it is a simple exercise to write g(¢) in a series expansion as
2 = (-D)"(n+1-9)
gty =1+ " (3.10)
16~ (nv+1)(np+1)
Now, by (3.1) and (3.10), we have
g /1
= — | A@)g(t)dt
T ROI0
1
"(n+1-9)
= — | @)1 t" | dt
/0 +1—5Z nl/+1 J(np+1)
2 1-6
= 1= 1”+ 1)/ A" dt.
—0 = ( ny—i- Y(np+1) Jo
Therefore
1 n—i—l—é)rn
— . 3.11
1—[3 1—52 nl/+ )(np + 1) (3:.11)
Finally, we see that
> (n+ 1)1, n
F'(z)=1+2(1-
(2) =1+ ; (nv+1 n,u—l—l)z
For z = —1, we have
o0
"(n+ 1)1,
F'(-1) = 1+2(1
(=1) + z:: ny—i-l )(np+1)
o0 o0
"n+1-— 5)Tn 1)1,
= 1+2(1-p 21-p
+ Z ny+1 J(np+1) Z m/—i— )(np+1)

n=1 n=1
00

- 1—(1—5)+52(1—5)Z (="

1 (v +1)(np+ 1)

o n+1
— _5< 1+2(1 Z W+ WH))

n=1
— §F(-1).

Thus zF'(z)/F(z) at z = —1 equals . This implies that the result is sharp for the order of

starlikeness. ]



4 Consequences of Theorem 3.1

Theorem 4.1. Let 0 < 6 < 1/2. Assume that both I1,,,(t) and A,(t), as given in Theorem 3.1,
are integrable on [0,1] and positive on (0,1). Further assume that p > 1, and

1T, (t)
(1+1t)(1—t)1+2

is decreasing on (0, 1). (4.1)
If B satisfies (3.1), then we have Vyx(Wg(a,7)) C S*(9), where V\(f) is defined by (1.1).

Proof. For yu > 1, the function t'/#~1 is decreasing on (0,1). Thus the condition (4.1) along with
[Theorem 2.3, 8] gives

! _y [ hs(tz 1—6(1+¢
%A HM,,(t)tl/'u 1( 5t(z ) . (1_5)((1_:—t))2> dt > 0.

The result now, follows from Theorem 3.1. O

Below, we obtain the conditions to ensure starlikeness of V) (f). As defined in Theorem 3.1,

for v > 0,

1 1
I, (1) :/ AV(x)ffl/Vflfl/“dx, and A, (t) :/ )\Sf) dx.
t P v

In order to apply Theorem 4.1, we have to prove that the function

0, (t
p(t) = (1+t)€i (35)1+25

is decreasing in (0,1). Since p(¢) > 0 and

i) _ Ay (1) 2(t+0(1+1))
p(t) - e=lvID, (8 11— 7

or equivalently,

Pt)  2t+6(1+1) {Hu e (1— tQ)AV(t)tl/ull/'u}

p(t) (1 —t)I,,(t) 2(t+ (1 +1))

S0 it remains to show that ¢(¢) is increasing over (0,1), where

(1 — A, (t)t/v—1-1n
2(t+0(1+1))

q(t) == () —

Since ¢(1) = 0, this will imply that ¢(¢) < 0, and thus p(t) is decreasing on (0,1). Now

1/v—1-1/
J(t) = —tz(t - 5(1”11;)? [MEY (1= 1)+ 61+ 1)

AL (1) ((1 - D 1y 1= 1)t + 601+ 1)) — (1 — £ — 51+ £)(1 + 25)) } L (42

9



So, ¢'(t) > 0 for ¢t € (0,1) is equivalent to the inequality r(t) < 0, where 7(t) is equal to

MO (=) (46 (14+8))+A, (1) (“t_’%/y 1)+ 6L+ t) — (1 —t—8(1+1)(1+ 25)) .

By using the idea similar to the one used to prove Theorem 3.1 in [3], we can write

r(t) = —ABX (1) + L / " Als)ds,
t

t
where,
At) = MotV
X(t) = (1—t)(t+0(1+1),
Yt) = X)A/v—1-1/p)+ Z(t),
Z(t) = —t(l—t—061+1¢))(1+20). (4.3)

Clearly, A(t) > 0 and X (¢) > 0 for all t € (0,1).
Case (i). If Y(¢) <0 on (0,1), then 7(¢) < 0 on (0,1) and thus the result follows.

Case (ii). When Y (¢) > 0. We may write

1
r(t) = Yit)B(t), where B(t) = —A(t)i)/(((;) —i—/t A(s)ds, and B(1) = 0.

Thus, to prove that r(¢) < 0, it is enough to prove that B(t) is an increasing function of ¢. Now

A,(t)er (?,()/(t)Jrl
() |

B = A0 30 v

() (0]

For Y (t) > 0, B'(t) > 0 is equivalent to

e[ (838

Now, following three possibilities arise :
(a) If Y(¢t) > 0 throughout the interval (0,1), then (4.4) implies that B’(t) > 0 on (0,1). Thus,
B(t) is increasing in (0,1) which implies that, B(¢) < B(1) = 0. Therefore, r(t) < 0 on (0,1).
(b) If Y(¢) > 0 on some interval (0,¢y) and Y (¢) < 0 on [tg, 1) for some ¢y € (0,1), then (4.4) im-
plies that B’(t) > 0 on (0,ty). Thus, B(t) is increasing in (0, tp) which implies that, B(t) < B(to)
for any ¢ in (0,tg). Since B(tg) — —oo, this implies that B(t) is negative. Therefore, r(t) < 0

10



on (0,tp). In view of Case (i), r(t) < 0 whenever Y (¢t) < 0. Thus, r(t) <0 on (0,1).

(¢) If Y(t) < 0 on some interval (0,¢p] and Y (t) > 0 on (t9,1) for some ¢ty € (0,1), then
(4.4) implies that B’(t) > 0 on (tg,1). Thus, B(t) is increasing in (tg,1) which implies that,
B(t) < B(1) =0 for any ¢ in (tg, 1). Therefore, r(¢t) <0 on (to,1). In view of Case (i), r(t) <0
whenever Y (t) < 0 which implies that, r(t) < 0 on (0,1).

Subcase (i). For 6 = 0, X(¢) and Y (¢) reduces to the simple form

X(8) = (1 1) and V() = £(1 ) (i P ;) .

1 1
Clearly Y(t) <0 on (0,1) if — —2— — < 0 or simply v > u/(2u+ 1) and so r(¢) < 0 in this
v 7
case. On the other hand, if 0 < v < u/(2u+ 1) on (0,1), then Y (¢) > 0 on (0,1) and thus (4.4)

gives that

tN(t) 1
<1l+—
A(t) I

on (0,1) and hence r(t) < 0 throughout the interval (0,1).

In the case when v =0, we have y =0, v = a > 0. Let

L \(z) i

k(t) := Aa(t)tl/oc—l’ where A, (t) :/ . )
¢ oal/e

To apply Theorem 2.3 in [9] along with Theorem 3.1, the function

k()

PO = a5 pa -

must be shown decreasing on the interval (0,1). Since, P(¢) > 0 on (0,1) and

P'(t)  2@+0(1+1) [ (1—tHK(t)
P(O) (L= 2)k(D) {2(t+5(1 1) ”“(t)}’

thus, P(t) is decreasing in (0,1) provided

(1 — )k (1)

QU =k + 363507 0)

<0.

Since, Q(1) = 0, thus Q(¢) < 0 will certainly hold if @ is increasing on (0, 1). Now

Q'(t) = 2 Jr(l(sai)rt)ﬁ {A =)+ 6L+ )K" (t) + [20(t +6(L+ 1)) — (L — )1+ 0)]K'(¢) },
where (1 —¢)(t+0(1+ )K" (t) + [20(t +0(1 4+ t)) — (1 — ¢)(1 + 9)]K/(¢) is equal to
tt/a=2 {t(l —H)(t+0(1+)A () + [2 (; — 1> (1=t +5(1+1) +2t5(t+5(1+1) —t(1 —t)(1 +9)

11



Ao/ (t) + é—z (1;75)

Thus, Q'(t) > 0, for ¢ € (0,1), is equivalent to the inequality

(£ 4 6(1+ 1)) +26(t +5(1+1)) — (1—1)(1+ 5)] (1 - 1) Aa(t)} |

(07

{t(l —)(t+5(1+8)A" (1) + [2 (; - 1> (=8t +6(1+¢t)+2t6(t+6(1+¢t) —t(1—¢t)(1+ 5)} AL (1)

+(5-2) S e sar oy sa s - a-na+a) (5 -1) s ] 2o

a e
The latter condition is equivalent to A(t) > 0, where

At) = {—t/\'(t)(l —t)(t+0(1+1t)) + A¢) {(2 - ;) 1=t +6(1+1¢)—2t0(t+6(1+¢)+¢(1—)(1 +5)}

| (2-2) a-ouanm s - -oa+o)] (L-1) o).

a

A simple computation along with (4.3) shows that A can be rewritten as

—tX ()N (t)+ KS — ;) X(t) — (X(t) + Z(t))} A(t)+ Ki - 3) X(t) + (X (t) + Z(t))} (i - 1) O IAL (1),

(4.5)
Since A, (t) > 0 and setting

[<; - 3) X (1) + (X(8) + Z(t))] (; - 1) >0,
A > 0 follows from
EX(ON () + [(3 _ ;) X(t) - (X(8) + Z(t))] A(t) > 0.

Since X (t) is non-negative on (0,1), thus the inequality A > 0 follows from

o)X (1) 0] () o

« o

~+

For 6 =0, (4.6) reduces to

t\(t 1 1 1
/\(i)) <3- o for (a — 1) (a — 3) > 0or equivalently fora € (0,1/3] U [1, 00).

These observations for 6 = 0 lead to the following result by, R. M. Ali et al. [1, Theorem 4.3].

Corollary 4.2. Assume that both I1,,,(t) and A, (t), as defined in Theorem 3.1 are integrable on
[0,1], and positive on (0,1). Let A(t) be a normalized non-negative real-valued integrable function

on [0,1]. Under the same conditions as stated in Theorem 3.1, if A satisfies

N (1) _ L+ 4, u>1(y>0);
A 7| 3-L 4=0,ae(0,1/3|U[1,00),

then F(z) = V\(f)(z) € S*. The conclusion does not hold for smaller values of 3.

12



Subcase (ii). If 0 < § < 1/2 with v > 0, then (4.4) can be rewritten as

(i — tf\‘é?) XY () > Y2+ Y () (X' (t) + X (1)) — Y/ ()t X (¢).

Since Y (t) = X(t)(1/v — 1 —1/u) + Z(t), so the above inequality is equivalent to

(1 i ;) X () + Z@]X (1) - (1 - tj(g)) [(1 1o i) X0+ Z(t)]

v v

< Z'(H)(EX (1) — Z(6)(tX (1)) — Z%(t). (4.8)
Define D(t) = t(1+J) — (1 — 9). Rewriting the expressions for X (¢) and Z(t) in terms of D(¢),
we get
X(t)=(1=t)(D(t)+1)and Z(t) = (1 + 20)tD(t)
and so a simple computation gives that

Z'(t)(tX (1) — Z(t)(tX)(t) — Z2(t) = 26(1 + 26)t*(1 — D?(1)). (4.9)

Since D?(t) < 1 for ¢ € [0,1] thus (4.9) is non-negative in (0,1). Since X (¢) + Z(t) and X (t) are
non-negative on (0,1), so if (1/v —1—1/u) < 0 or simply v > p/(p + 1), then the inequality
(4.8) holds on the interval where Y (¢) > 0 and hence, r(¢) < 0 on (0,1).

While on the other hand, for 0 < § < 1/2 with v = 0, from (4.6) we have

0 (o-2) ()20 )

Since X (t) and X (t) + Z(t) are non-negative on (0,1), thus equivalently,

N () 1
) <3- = fora € (0,1/3].

Hence, for 0 < § < 1/2 with v = 0, we have A > 0 throughout the interval (0,1).

o

Thus, we see that above Corollary continues to hold for ¢ € (0,1/2] but with some restric-

tions. More precisely, we have

Theorem 4.3. Let A(t) be a non-negative real-valued integrable function on [0,1]. Assume

that both 11, ,,(t) and A,(t) are integrable on [0,1], and positive on (0,1). Let A satisfying the

condition
/ 1+ u>1(y>0);
o) [ 1k nz10>0 0
A(t) 3—1 4=0,a€(0,1/3].
Let f e Wa(a,y) withv > p/(p+1), and § < 1 with
B 1
2 — [ \®gt)dt, 4.11
== [ Awe) (411)

where g(t) is defined by (2.6) with 6 € (0,1/2].Then F(z) = V\(f)(z) € S*(§). The conclusion

does not hold for smaller values of (.
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Remark 4.4. (1) For a = 1+ 2y with v > 0 and p = 1, Theorem 4.3 yields Theorem 3.1 in [3]
with 0 < 6 < 1/2.
(2) With § = 0, our Corollary 4.2 coincides with the Theorem 4.3 in [1].

5 Applications

In this section, we present a number of applications of Theorem 4.3 for various well-known
integral operators. Let (a), denote the Pochhammer symbol, defined in terms of the Gamma

function, by
F(a, + n) ]., nZO,

(@)n = I'(a) B ala+1)..(a+n—1), neN.

Define the Gaussian hypergeometric function by

o0

(@)n(b)n
Fi(a,b;c; b; 2" <1
oF1(a,b;¢;2) = F(a,b;c; 2) Z CRONE |z] <1,
n= O
where a, b and ¢ are complex numbers with ¢ # 0, —1, —2,.... Note that the series o F7 converges

absolutely for z € E. Now let ® be defined by ®(1—¢) =1+ 2, b,(1—1)", b, >0 forn > 1,
and

At) = K" 11 — )27 P(1 — ¢), (5.1)
where K is a constant chosen such that fo t)dt = 1. The following result holds in this instance.

Theorem 5.1. Leta, b, ¢, « >0, v > pu/(n+1) and B < 1 satisfy
:—K/ 0711 — )b D (1 — t)g(t)dL,

where K is a constant such that K tb Y1 =) %®(1 — t)dt = 1 and g is given by (2.6).
0
Then for ¢ € [0,1/2], we have Vx(Wg(c,7)) C S*(d) provided the following condition hold

2-1—7, >0 >1);
c>a+bandb < 7 (=) (5.2)

4—-1 4>0 ae(1/4,1/3),

o’

where

t
The value of B is sharp.

Proof. Using (5.1), we have

EN(2)
A(t)

(c—a—=0bt t®'(1—1)
1—t  ®(1—t)

:(b—l)—
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The condition (4.10) is satisfied when

(c—a—Db)t tq)’(l—t)< 1+%, w>1(y>0);

b-1) - 01—t T ) 3-1 ~4=0,ac(01/3.

Since ®(1—t) =1+ 77, by(1—1)", by > 0 for n > 1, so the functions ®(1—t) and ®'(1—1¢) are

wwithc—a—bZO,

non-negative in (0,1). Therefore, a simple computation of (b —1) — 5=

implies that the condition (4.10) is satisfied whenever b satisfies (5.2). Hence the result follows

by applying Theorem 4.3. O
Writing v = 0, a > 0 in Theorem 5.1 leads to the following corollary:

Corollary 5.2. Let a, b, ¢, « > 0, and 8 < 1 satisfy

L :—K/ 711 — 1) D(1 — t) ga(t)dt,

where K is a constant such that K tb Y1 — 1)@ (1 — t)dt = 1 and gq is given by (2.7).
0
If f € Ws(a,0) = Po(B), then the function

K/ tb 1 c a— bq)( )f(:z)dt

belongs to S*(8) with 6 € (0,1/2] whenever a, b, ¢ are related by ¢ > a+b and b < 4 — 1,
a € (1/4,1/3], for allt € (0,1). The value of B is sharp.

Writing o = 1427, v > 0 and ¢ = 1 in Theorem 5.1 gives the following corollary, which is

an improvement of the Theorem 4.3 in [3]:

Corollary 5.3. Leta, b, ¢ >0, v >1/2 and 8 < 1 satisfy
:—K/ (1= 1D (1 — g, (t)dt,

where K is constant such that K/ P71 — )P (1 — t)dt = 1 and g, is given by (2.7). If
0
f e Ws(1+2y,7), then the function

K/ tb l c a— b(I)( )f(zZ)dt

belongs to S*(8) with 6 € (0,1/2] whenever a, b, ¢ are related by ¢ > a+b and 0 < b < 3, for all
t €(0,1) and v > 1/2. The value of 3 is sharp.

The following special case of Theorem 5.1 corresponds to Bernardi operator, which we state

as a theorem.
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Theorem 5.4. Let ¢ > —1, v > u/(u+1) and 8 < 1 satisfy

/8 1

- = c

- (c+ 1)/0 t°g(t)dt,
where g in given by (2.6). If f € Wg(a, ), then the Bernardi Transform

1
MNE =W+ [ e
0

belongs to S*(3) with 6 € (0,1/2] if

L+, p>1(y>0);
3—L1 v=0ae(1/4,1/3].

c <

The value of B is sharp.
Taking v = 0, a > 0 Theorem 5.4 reduces to the following corollary:
Corollary 5.5. Let —1 <c¢<3—1/a, a € (1/4,1/3]and 5 < 1 satisfy

B ',
g = 1)/O £ ga(t)dt,

where gq is given by (2.7). If f € Ws(a,0) = Po(), then the function

1
() = (1+e¢) / 1 f(t2)dt

0
belongs to S*(0) with 6 € (0,1/2]. The value of 3 is sharp.

Remark 5.6. (1) For a« =1+ 27, v> 0 and p = 1 in Theorem 5.4 yields Corollary 4.1 in [3].

To prove the next theorem, we define

ta(1-tb—9) .
A(t) = (a+1)(b+1)—5——, b#a; (5.3)
(a+1)%%log(1/t), b=a,

where b > —1 and a > —1.

Theorem 5.7. Letb> —1,a>—1,v>p/(p+1) and a > 0. Let 5 < 1 satisfy

ﬁ B 1
5= /0 A(t)g(t)dt,

where g is given by (2.6) and \(t) is defined by (5.3). If f € Ws(a,7), then the convolution
operator
(et DO [ pa=1(1 — -9) f(t2)dt, ba;

Gela, by z) =
AT e e om0 e
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belongs to S*(0) with ¢ € (0,1/2] if

o) pzl(r>0);
| 3-1L v=0,ae(1/4,1/3].

o)

The value of (8 is sharp.

(5.4)

Proof. We omitted the proof as it follows on the same lines as discussed in Theorem 5.3 [1]. [

Remark 5.8. (1) For « =142y, v > 0 and p = 1 in Theorem 5.7 yields Theorem 4.1 in [3].

(2) For v = 0, Theorem 5.7 gives a result similar to Theorem 2.1 [2].

Now, we define
(1+a)P

L'(p)

In this case, V) reduces to the Komatu operator

A(t) = t* (log(1/1))P', a > -1, p > 0.

Va(F)(z) = L) /01 (log <1>>p_1ta_1f(tz)dt, a>-1p>0

I'(p)
For p = 1 Komatu operator gives the Bernardi integral operator. For this A, the following result
holds.
Theorem 5.9. Let -1 <a,a>0,p>1,v>pu/(p+1) and 5 <1 satisfy
6 (1 + a)p /1 a -1
= - t* (log(1/t))P~" g(t)dt,
T g ), ey ()

where g is given by (2.6). If f € Wg(«, ), then the function

B, (a; 2) * f(z) = (1;@‘;)]0 /0 1 <log (1))17_1 191 (1) dt

belongs to S*(8) with § € (0,1/2] if

L+ 4, u>1(y>0);
| 3-1 4=0,ac(1/4,1/3].

o’

The value of B is sharp.

Proof. Since
t\(t) p—1

Mo YT log(1/1)

therefore, using the fact that log(1/t) > 0 for ¢t € (0,1), and p > 1, condition (4.10) is satisfied

whenever a satisfies (5.5).

O]

Remark 5.10. Setting « =14 27, v > 0 and g = 1 in Theorem 5.9, we get Theorem 4.3 in [3].
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