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1 Introduction

In order to model vagueness and uncertainty, Molodstov [25] introduced soft set theory and it has
received much attention since its inception. Nowadays, many related concepts with soft sets, especially
soft set operations, have undergone tremendous studies. Ali [3-5] proposed many new operations on soft
sets. Maji [22] discussed further soft set theory. Sezgin [29] also investigated some new operations on
soft sets. In the same time, this theory has been proven useful in many different fields such as decision
making [7,8,10,12,23,27], data analysis [32,38], forecasting and so on. Recently, the algebraic structures
of soft sets have been studied increasingly, such as, soft rings [1], soft groups [2], soft semirings [11], soft
BCK/BCI-algebras [13,15], soft ordered semigroups [14,35], soft mappings [24], soft equality [26].

As a generalization of rings, semirings have been found useful for solving problems in different areas
of applied mathematics and information sciences, since the structures of a semiring provides an algebraic
framework for modelling and studying the key factors in these applied areas. We know that ideals in

semirings do not in general coincide with the ideals of rings. For this reason, the usage of ideals in
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semirings is somewhat limited. By a hemiring, we mean a special semiring with a zero and with a
commutative addition. For hemirings, for more details, see [9,16-21,31, 33,34, 37].

Recently, Cagman and Sezgin proposed the concepts of soft intersection and soft union theory in
algebraic structures, see [6,28,30]. This theory was put forward an important research direction for soft
set theory. In [36], we investigated some characterizations of h-hemiregular hemirings by means of soft
union left(right) h-ideals of hemirings. As a continuation of this paper, we organize the present paper as
follows. In section 2, we first recall some basic definitions and results on soft sets and hemirings. Then
in sections 3 and 4, we introduce the concepts of soft union h-bi-ideals and soft union h-quasi-ideals,
respectively. In section 5, we investigate some characterizations of h-hemiregular hemirings by means of
soft union h-bi-ideals(h-quasi-ideals). Finally, we consider some characterizations of h-intra-hemiregular

hemirings in section 6.

2 Preliminaries

A semiring is an algebraic system (.5, +,-) consisting of a non-empty set S together with two binary
operations on S called addition and multiplication (denoted in the usual manner) such that (S, +) and
(S, ) are semigroups and the following distributive laws:

a(b+c¢) =ab+ ac and (a + b)c = ac + be
are satisfied for all a,b,c € S.

By zero of a semiring (5, +, -), we mean an element 0 € S such that 0-2 = -0 = 0 and 0+z = 2+0=10
for all z € S. A semiring with zero and a commutative semigroup (S, +) is called a hemiring. For the
sake of simplicity, we shall write ab for a - b(a,b € 5).

A subhemiring of a hemiring S is a subset A of S closed under addition and multiplication. A subset
A of S is called a left(right) ideal of S if A is closed under addition and SA C A(AS C A). A subset A
is called an ideal if it is both a left ideal and a right ideal. A subset B of S is called a bi-ideal of S if B
is closed under addition and multiplication such that BSB C B. A subset () of S is called a quasi-ideal
of S if @ is closed under addition and SQ N QS C Q.

A subhemiring(left ideal, right ideal, ideal, bi-ideal) A of S is called an h-subhemiring(left h-ideal,
right h-ideal, h-ideal, h-bi-ideal) of S, respectively, if for any z,z € S,a,b € A, and z +a+ 2 =b+ 2z
implies = € A.

The h-closure A of a subset A of S is defined as

A={xeS|lz+a+z=>b+z for some a,bec A, z € S}.

A quasi-ideal Q of S is called an h-quasi-ideal of S if SQNQS C Q and for any z,z € S and a,b € Q
from x +a+ z =b+ z, it follows z € Q.
From now on, S is a hemiring, U is an initial universe, F is a set of parameters, P(U) is the power

set of U and A,B,C C F.



Definition 2.1 [25] A soft set fa over U is defined as fa : E — P(U) such that fa(z) =0 if x ¢ A.
Here fa is also called an approximate function. A soft set over U can be represented by the set of ordered

pairs fa = {(z, fa(z))x € E, fa(x) € P(U)}.

It is clear to see that a soft set is a parameterized family of subsets of U. Note that the set of all soft

sets over U will be defined by S(U).

Definition 2.2 [7] Let fa, fg € S(U). Then

(i) fa is called soft subset of fp and denoted by falfg if falz) C fg(z) for allz € E.

(i3) The union of fa and fp, is denoted by faUfp = faup, where faup(x) = fa(z) U fp(x) for all
zeE.

(#3i) The intersection of fa and fg, is denoted by faNfp = fanp, where fanp(x) = fa(x) N fp(x)
forallxz e E.

(iv) The V-product of fa and fp, is denoted by fa V fg = favp,where fayp(x,y) = fa(z) U fp(y)
for all (z,y) € E X E.

(v) The N-product of fa and fg, is denoted by fa N fg = fanp,where farp(x,y) = fa(x)N fp(y) for
all (z,y) € Ex E.

Definition 2.3 [6] Let fa, fg € S(U), ¥ be a function from A to B. Then the anti-image of fa under
U, denoted by U*(fa) is a soft set over U by
N{fa(a)la € Aand ¥(a) =0}, if U71(b) # 0,

0 otherwise,

(U*(fa))(b) =

for all b € B. And the soft pre-image of fz under ¥, denoted by ¥~'(fp), is a soft set over U by
(=Y(fB))(a) = f5(¥(a)) for all a € A.

Definition 2.4 [28] Let fa € S(U) and o C U. Then, lower a-inclusion of fa, denoted by L(fa; ), is
defined as L(fa;a) = {x € A|fa(x) C a}.

Definition 2.5 [36] Let fg,gs € S(U). Then
(1) Soft-intersection-union sum fs @ gs is defined by

(fs ®gs)(x) = N (fs(a1) U fs(az) U gs(b1) U gs(ba))

r+ai1+bi+z
=az+bz+z

and (fs ® gs)(x) = U if © cannot be expressed as z + ay + by + 2z = as + be + 2.
(2) Soft-intersection-union product fs{>gs is defined by
(fsCygs)(z) = N (fs(ai) U fs(a}) U gs(b;) U gs(b]))

T+ il:l a;b;+z= i:l a; b;+z

foralli=1,2,...m; j=1,2,...n,

and (fs{gs)(x) = U if x cannot be expressed as x + Y a;bi + 2= Y alb; + 2.
i=1 j=1



Definition 2.6 [28] Let A be a subset of S. We denote by Sac the soft characteristic function of the
complement of A and define as
if x €A,

0
Spe(x) =
w@=1 if © € S\A.

Definition 2.7 [36](i) A soft set fs over U is called a soft union hemiring(briefly, SU-hemiring) of S
if

(SU1) fs(x+y) € fs(x)U fs(y), for all z,y € S;

(SUz) fs(zy) C fs(z) U fs(y), for all z,y € S;

(SUs) fs(z) C fs(a)U fs(b) withx +a+z=>b+z for all x,a,b,z € S.

(i) A soft set fs over U is called a soft union left(right) h-ideal of S over U (briefly, SU-left(right)
h-ideal) if it satisfies (SUy), (SUs) and

(SUs) fs(zy) € fs(y)(fs(xy) C fs(x)) for all z,y € S.

A soft set fg over U is called an SU-h-ideal of S over U if it is both an SU-left h-ideal and an SU-right
h-ideal of S over U.

It is easy to see that if fg(z) = 0 for all € S, then fg is an SU-hemiring(left h-ideal, right h-ideal,
s-ideal) of S over U. We denote such a kind of SU-hemiring(left h-ideal, right h-ideal, h-ideal) by 6 [36].

Proposition 2.8 [36] Let A CS. Then A is an h-subhemiring(left h-ideal, right h-ideal, h-ideal) of S
if and only if Sy is an SU-hemiring(left h-ideal, right h-ideal, h-ideal) of S over U.

Theorem 2.9 [36] Let fs be a soft set over U. Then
(1) fs is an SU-hemiring of S over U if and only if it satisfies (SUs) and
(SUs) fs & fs2fs;
(SUs) fsOfs2fs-
(2) fs is an SU-left(right) h-ideal of S over U if and only if it satisfies (SUs), (SUs) and
(SU7) 00 fs2fs (fs0021s).

3 SU-h-bi-ideals

In this section, we introduce the concept of soft union h-bi-ideals and investigate some related prop-
erties.
Definition 3.1 A soft set fs over U is called a soft union h-bi-ideal (briefly, SU-h-bi-ideal) of S over
U if it satisfies (SUL), (SUz), (SUs) and

(SUs) fs(ayz) € fs(@)U fs(z) for all z,y, = € S.



Example 3.2 Assume that U = Dy = {< 2,y > 2% = y? = e, 2y = yx} = {e,x,y,yx}, Dihedral group,
is the universal set. Let S = Z4, ={0,1,2,3} be the hemiring of non-negative integers modulo 4.

Define a soft set fs over U by fs(0) = {y}, fs(1) = fs(3) = {e,y,ya} and fs(2) = {y, ya}.

One can easily check that fs is an SU-h-bi-ideal of S over U.

Theorem 3.3 Let fs be a soft set over U. Then fs is an SU-h-bi-ideal of S over U if and only if it
satisfies (SUs), (SUs), (SUs) and
(SUs) fs00O fs2fs

Proof. By Theorem 2.9, we know that the conditions (SU;), (SUsz), (SUs) are equivalent to the
conditions (SUs), (SUs) and (SUs).
Assume that fs is an SU-h-bi- 1dea1 of S over U. Let rzeS. If (fs<>0<>fs)( ) = U, then it is clear

that fs8O fsD fs. Otherwise, let z+ Z ab;+z = Z ajbi+zforalli=1,2,..,m;j=1,2,...,n. Thus,
i=1
(fs000f3) () = ((fs00)O fs) ()
= N ((fs00)(ai) U (f500)(a)) U fs(bi) U fs(b)))

m n
o+ > abi+z=) a;b;Jrz
i=1 j=

= N C N (fs(ai) U fs(af,) UO(by,) UOD,))
I+1§1a1b1+2 a; kéjl 7kbik+zl
:z:la;b;Jrz

_ ’
- Jlb7l+zl

N (fs(azk)Ufs( ) UB(bi, ) UOW;)) U fs(bi) U fs (b))

m;

a;-‘r 2 @iy biy +22

Il
A

'
= Z i1 b;l “+2z2

= N (fs(ai) U fs(a}) U fs(bi) U fs(b]))

a:+§: aicibi+z'= i a;c’jb;+z/
i=1 j=1

2 N (fs(;aicz bi) Ufs(Z ajcib))
m+§:1 a;jcibi+z' = i:l a;c;bfj+z’ B

2 N (fs(z))
:L’Jrz a;cib; +z’—z aJ Jb;Jrz’

= fS(x)>

which implies, fs<>9~<>f5§fs. This proves that (SUg) holds.

Conversely, assume that the given conditions hold. Let x,y, z € S, we have



fs(zyz) C (fsO0Ofs)(xyz) = (fsO(00 fs)) (xy2)
= N (fs(ai) U fs(ah) U (0 £s)(b:) U (0O f5) (b))

zy+ Y. aibi+z'=3 a;b; +z/
i=1 j=1

C fs(0) U fs(x) U (0O f)(0) U (0 f5)(yz)
= fs(x)U N (0(c;) UO(c)) U fs(di) U fs(d)))

. n
yz+ 3o cidi+z"'= 37 cjdi+z"
i=1 =1

= fs(z)UB0) UO(y) U f5(0) U fs(2)

= fs(@) U fs(2).
Thus, (SUs) holds. This proves that fg is an SU-h-bi-ideal of S over U. O

The following proposition is obvious.

Proposition 3.4 A non-empty subset A of S is an h-bi-ideal of S if and only if the soft subset fs defined
by
a ifxeS\A,
fs(x) = ,
B8  ifxzes,
is an SU-h-bi-ideal of S over U, where a, 8 C U such that « 2 (5 .

Corollary 3.5 Let A be a non-empty subset of S. Then A is an h-bi-ideal of S if and only if Spc is an
SU-h-bi-ideal of S over U.

Theorem 3.6 (i) Let fs be a soft set over U and a C U such that « € In(fs). If fs is an SU-h-bi-ideal
of S over U, then L(fs;«) is an h-bi-ideal of S.
(ii) Let fs be a soft set over U, L(fs;a) a lower h-bi-ideal of fs for each a C U and I,,(fs) an

ordered set by inclusion. Then fs is an h-bi-ideal of S over U.

Proof. (i) Since fs(z) = « for some x € S, ) = L(fs;) € S. Let 2,z € L(fs; ) and y € S, then
fs(z) C o and fs(z) C a. Then
fs(x+2) C fs(x)U fs(z) CaUa=a,
fs(zz) C fs(z)U fs(z) CaUa=aq,

fs(zyz) C fs(x) U fs(z) CaUa=q,
which implies, z + z, z and zyz € L(fs; a).

Now, let z,z € S and a,b € L(fs; ) with  +a+ z = b+ z, then fg(a) C a and fs(b) C a. Thus
fs(x) C fs(a) U fs(b) € aUa = a, which implies, © € L(fs; o). Hence, L(fs; ) is an h-bi-ideal of S.
(it) Let x,y,z € S be such that fs(x) = a1 and fs(z) = ag, where a1 C ag. Then z € L(fs; 1) and
z € L(fs;aa), and so x € L(fg; as). Since L(fg; as) is an h-bi-ideal of S for any « C U, = + z,z2z,zyz €
L(fs;asz). Hence, we have the following equalities
fs(@+2) Car CarUas = fs(z) U fs(2),
fs(z2) Cas CarUas = fs(x) U fs(2),
fs(zyz) Cas CarUas = fs(x) U fs(2).



Now, let x,z,a,b € S with © + a4 z = b+ z be such that fs(a) = @; and fs(b) = as, where a; C as,
then a € L(fs; 1) and b € L(fs; ) and so a € L(fg; ). Since L(fs; as) is an h-bi-ideal of S for each
aCU,z € L(fs;az). Then fs(z) C az Cag Uag = fs(a) U fg(b). Therefore, fg is an SU-h-bi-ideal of
Sover U. O

Proposition 3.7 Let fs, and fs, be two SU-h-bi-ideals over U. Then so is fs, V fs, over U.

Proof. Let (z1,y1), (x2,y2), (x3,y3) € S1 X S3. Then
(i) fsyvs, (1, 91) + (22, 92)) = fs,vs, (21 + 22,91 + y2)
= fs, (w1 4+ 22) U fs,(y1 + y2)
C (fsi(@1) U fsy(22)) U (fs,(y1) U fs,(y2))
= (fs1(z1) U fs,(y1)) U (s, (22) U [, (y2))
= fs,vs, (x1,91) U fs,vs, (72, y2)
(43) fs,vs, (21, 91) (T2, 92)) = fs,vs, (T172,Y192)
= fsi(@122) U fs, (y192)
C (fsi(z1) U fs,(22)) U (fs,(y1) U fs,(y2))
= (fsy(21) U fs, (1)) U (fs, (22) U [, (2))
= fs,vs,(T1,91) U fs,vs, (2, y2)
(@44) fs,vs: (21, y1) (2, ¥2) (23, ¥3)) = fsyvs, (T12223, Y12y3)
= fs, (T12273) U fs, (y192¥3)
C (fsi(@1) U fs,(@3)) U (fs.(y1) U fs,(y3))
= (fsy(z1) U fs,(y1)) U (fs, (23) U fs,(y3))

= fs,vs, (21,91) U fs,vs, (23, y3)
(iv) Let (z1,y1), (21, 22), (a1,a2), (b1, b2) € S1 x S3 be such that (z1,y1)+ (a1, a2)+ (21, 22) = (b1,b2)+

(21, 22), and so &1 + a1 + 21 = by + 21 and y; + as + 22 = by + z5. Then
fsivs, (T1,91) = fs,(21) U fs,(y1)
C (fsy(a1) U fs,(b2)) U (fs,(a2) U fs,(b2))
= (fs,(a1) U fs,(a2)) U (fs,(b1) U fs,(b2))

- fs1\/s2 (alv GQ) U fSI\/SQ (bla b2)
Thus, fs, V fs, is an SU-h-bi-ideal of S; x Sy over U. 0O

Remark 3.8 Note that if fs, and fs, are two SU-h-bi-ideals over U, then fs, A fs, is not always an

SU -h-bi-ideal over U as shown in the following example:

Example 3.9 Assume that U = Sy, symmetric group, is the universal set. Let S; = Z4 = {0,1,2,3} be

Y
Ty

the hemiring of non-negative integers modulo 4 and the hemiring Sy = | z,y € Zo = {0,1} 7,

2 X 2 matrices with Zo terms.

Defined two SU-h-bi-ideals fs, and fs, over U by



fs:(0) = {(1234)}, fs, (2) = {(1234), (1324) 12 )}
1

(
and fs, (1) = fs, (3) = {(1234), (1324), (12), (14), (

(14
sz ( 00 )) = {6}7 sz (( )) 13 }) fS2 (( b )) = {e’(13)’(14)} and
0 0 1 0

We obtain that

(At z))+(&(3 )
(s 1))
f&w((i )

{(1234) (1324), (12), (14), (12)(34)} N {e, (14)}
{(

I
E”
D
o
N
Nl N

(12}m{e (13), (14)}

S

={(1234), (1324), (12), (14), (12)(34)} n {e, (13)}

(2o ()
()L bl 1)

Thus, fs, A fs, is not an SU-h-bi-ideal of S1 x Sy over U.

Now, we give the following proposition.



Proposition 3.10 If fs and hs are two SU-h-bi-ideals over U, then so is fsUhg.

Theorem 3.11 Let fs € S(U) and hs an SU-h-bi-ideal of S over U. Then fs{hs and hsfs are
SU -h-bi-ideals of S over U.

Proof. For any x,y € S, we have

(1) (fsOhs) () U (fsOhs)(y)
= N (fs(ai) U fs(a}) Uhs(bi) Uhs(b}))

m n
z+ > ajb;+zy= > albl+4zy
i=1 j=1 77

; n (fs(e) U f(c)) U hs(d:) U hs ()
9”+‘i ciditzo= i hdl+zo

i=1 =1

(fs(ai) U fs(a}) U hs(bi) U hs(b;)U

= N N fslei) U fs(ch) Uhs(ds) Uhs(d)))

m P
z+ 3 ajbitzr T ‘ZI cidi+z2
=4 i=

i=

n .
=3 ajbj+z cjd jtzz
j=1

q
=2
j=1
2 N (fs(@i) U fs(2}) Uhs(y:) U hs(y;))
z+y+ Xk: TiYit+z1+22= Xl: @yl +21+22
i=1 j=1
(k = max{m, p},| = max{n, ¢}, v;y; = a;b; + c;d;, 2}y = a}b; + c}d})

= (fsOhs)(@ +y).
(ii) Let x,a,b,z € S with x + a + z = b+ z. Then it is similar to check that

(fsOhs)(a) U (fsOhs)(a) 2 (fsOhs)(@).
(11) (fsOhs) O (fsOhs) = fs&(hsO(fsOhs))2fsO(hsO(0Ohs)) = fsO(hsdBOhs) D fsdhs. (since
hsOOOhs Dhs)

(iv) (fsOhs) OO (fsOhs) = fsO(hsO (0O fs)2 fs(hsOOOhs) D fsOhs.
(since éOhsihs). Thus, fsQhg is an SU-h-bi-ideal of S over U. Similarly, we can prove that hs<{ fs
is also an SU-h-h-ideal of S over U. [

4 SU-h-quasi-ideals

In this section, we introduce the concept of soft union h-quasi-ideals and investigate some related

properties.

Definition 4.1 A soft set fg over U is called a soft union h-quasi-ideal (briefly, SU-h-quasi-ideal) of
S over U if it satisfies (SU,), (SUs) and (SUyg) (fs$0)D(0 f$) 2D f s

Example 4.2 Assume that U = Z~ the set of all negative integers, is the universal set. Let the hemiring

x
S = { ( Y ) | z,y € ZQ}, 2 x 2 matrices with Zo terms, be the set of parameters.
Yy



00 11
Define a soft set fs over U by fg (( )) ={-1}, fs (( )) ={-1,-2},
0 0 1 1

0 1 1 0
fs ) O))Zfs (0 . ={-1,-2,-3}.

Then, one can easily check that fs is an SU-h-quasi-ideal of S over U

From Definition 4.1 and Theorem 2.9, we have following theorem.

Theorem 4.3 Let fs be a soft set over U. Then fs is an SU-h-quasi-ideal of S over U if and only if
it satisfies (SUs), (SUs) and (SUqg).

Proposition 4.4 (i) Every SU-left(right) h-ideal of S over U is an SU-h-quasi-ideal of S over U.
(it) Every SU-h-quasi-ideal of S over U is an SU-h-bi-ideal of S over U.

Proof. We only show that (i7) holds. Let fs be an SU-h-quasi-ideal of S over U. Then (SUs) and
(SUs) hold. Moreover, we have,

fsOfs = (Fs0Ss)0(fs0 f5)2(£s00) 00 f5) 2 fs.
This proves that (SUs) holds. Finally, we have fg{8¢ fs 2000 fs 204 fs and fs OO fo2 fs OO fsbb,
which implies, f5<>9~<>fgi)(9~<>fs)0(f5<>0~)i)fs. This proves that (SUg) holds. It follows from Theorem
3.3 that fg is an SU-h-bi-ideal of S. [

Remark 4.5 Note that the converse of Proposition 4.4 is not true as following example.

Example 4.6 Assume that U = Z~ the set of all negative integers, is the universal set. Let the hemiring

x
S = { ( Y | z,y € Zo = {0,1} », 2 X 2 matrices with Zs terms, be the set of parameters.
y x

0 0 1 1
Define a soft set fs over U by hg ={-1}, hg ={-1,-2},
0 0 1 1

N () R (e
1 0 0 1

One can easily check that fs is an SU-h-bi-ideal of S over U but it is not an SU-left or right h-ideal

1 1 1 0 1 1 1 0
of S over U. In fact, hg =hg z .
11 0 1 11 01

Similar to Proposition 3.4 and Corollary 3.5, we have the following proposition.

Proposition 4.7 (i) A non-empty subset A of S is an h-quasi-ideal of S if and only if the soft subset
! if xe S\A,

fs defined by fs(x) = 3 if x € A,

10



is an SU-h-quasi-ideal of S over U, where a, f € U such that o 2 3.
ii) Let AC S. Then S is an h-quasi-ideal of S if and only if Spc is an SU-h-quasi-ideal of S over
U.

Theorem 4.8 (i) Let fs be a soft set over U and a C U such that o € I, (fs). If fs is an SU-h-quasi-
ideal of S over U, then L(fs; ) is an h-quasi-ideal of S.
(ii) Let fs be a soft set over U, L(fs;a) a lower h-quasi-ideal of fs for each o C U and I,,(fs) an

ordered set by inclusion. Then fs is an h-quasi-ideal of S over U.

Proof. (i) Let z,y € L(fs; ). Then as in the proof of Theorem 3.6, we know = +y € L(fs; ). Also,
let z,z € S and a,b € L(fs;a) with z +a+ 2z = b+ 2, we know that x € L(fs; ).

Now, let z € S L(fs;a) N L(fs; ) - S, then there exist s1,$2,t1,t2,21,20 € S and a1, a2,b1,b2 €
L(fs;«) such that « + s1a; + 21 = saa2 + 21 and © + bity + 20 = bata + 22 and so, fs(a1) C a, fs(az) C
a, fs(b1) C aand fs(ba) C . Then

(6 fs)(x) = N (0(ai) U O(a)) U fs(bs) U fs (b))

m n
o4+ > azbij+z= 3 al b4z
i1 j=1 77

C (s1) UB(s2) U fs(ar) U fs(az)
= fs(a1) U fs(az)

(fs00)(z) = N (0(a;) UO(a}) U fs(bi) U fs (b))

m n
z+ > a;bit+z= > a’ btz
i=1 j=1 77

N

C O(t1) UB(t2) U fs(br) U fs(bs)
= fs(b1) U fs(b2)
Ca.

Since fg is an SU-h-quasi-ideal of S, we have fs(z) C (80 fs)(x) U (fs0f)(x) € a Ua = a, and so,
x € L(fs; ). Hence L(fs; ) is an h-quasi-ideal of S.

(#4) Let x,y € S be such that fs(x) = oy and fs(y) = aa, where a; C ao. Then as in the proof of

Theorem 3.6, we know that fs(z +y) C fs(x) U fs(y). Also, let a,b,z,z € S withz +a+ 2z =b+ 2, we
know fs(z) C fs(a) U fs(b).
Let a € S such that (fs<>§)(a) = a7 and (éOfg)(a) = ao, where a7 C i, then a € L(f50§;a1) and
a € L(éofs;ag). Since a; C ag, we have a € L(st§; asz). We can deduce that a € mﬂ
L(fs;a0) - S. Since L(fs;a) is an h-quasi-ideal of S for all &« C U, a € L(fs;). Thus, fs(a) C
ay C g Uag = (f500)(a) U (6 fs)(a), to this result implies that fsC(fsf)U(0 fs). Hence, fg is an
SU-h-quasi-ideal of S over U. O

Proposition 4.9 Let fg and hg be two SU-h-quasi-ideals of S over U. Then fs{gs is an SU-h-bi-ideal
of S over U.

Proof. This proposition is a consequence of Proposition 4.4 and Theorem 3.11. [

11



The following two propositions are obvious.

Proposition 4.10 (1) Let fs and hg be an SU-right h-ideal and an SU-left h-ideal of S over U, respec-
tively, then fsUhg is an SU-h-quasi-ideal of S over U.
(2) Let fs and hs are two SU-h-quasi-ideals of S over U. Then so is fsUhsg.

Proposition 4.11 (1) Let fs,, fs, € S(U) and U be an isomorphism from Sy toSs. If fs, is an SU-h-
quasi-ideal of Sy over U. Then so is U(fs,) of Sa over U.

(2) Let fs,, fs, € S(U) and ¥ be a homomorphism from Sy to Sa. If fs, is an SU-h-quasi-ideal of
Sy over U. Then so is ¥~1(fs,) of S1 over U.

5 h-hemiregular hemirings

In this section, we investigate some characterizations of h-hemiregular hemirings via SU-h-ideals,
SU-h-bi-ideals and SU-h-quasi-ideals.
Definition 5.1 [37] A hemiring S is called h-hemiregular if for each a € S, there exist x1,x2,2 € S

such that a + axia + z = axsa + z.
Lemma 5.2 [37] If A and B, are respectively, a right h-ideal and a left h-ideal of S, then AB C AN B.

Lemma 5.3 [37] A hemiring S is h-hemiregular if and only if for any right h-ideal A and left h-ideal
B, we have AB = AN B.

Theorem 5.4 [36] For any hemiring S, the following statements are equivalent:
(1) S is h-hemiregular;
(2) fsOgs = fsUgs for any SU-right h-ideal fs and any SU-left h-ideal gs of S over U.

Lemma 5.5 [34] Let S be a hemiring. Then the following statements are equivalent:
(1) S is h-hemiregular;
(2) B = BSB for every h-bi-ideal B of S;
(3) Q = QSQ for every h-quasi-ideal Q of S.

Theorem 5.6 For any hemiring S, the following conditions are equivalent:
(1) S is h-hemiregular;
(2) fs = 508 fs for every SU-h-bi-ideal fs of S over U;
(3) fs = 500 fs for every SU-h-quasi-ideal fs of S over U.

Proof. (1)=(2) Let fs be an SU-h-bi-ideal of S over U. For any = € S, there exist a,a’, z € S such

that x + rax + z = za’x + z since S is h-hemiregular. Then the following equalities hold:

12



(5000 fs)(x) = N ((fs08)(ai) U (fs00)(a}) U fs(bi) U f5(b)))

m n
z+ > a;bi+z= 3 al btz
i=1 j=1 77

C (fs00)(za) U (fs00)(za’) U fs(z)

= N (fs(ai) U fs(af) U B(b) UOD)))
ma+i7§"1 aib,i+z=j§1 a; b;+z
U N (fs(ai) U fs(a) UO(b:;) UOD))) U fs(x)

zawigl aibi+z:j§1 o bl 4z
€ (fs(zax) U fs(za'z)) U (fs(zax) U fs(za'z)) U fs(x)
(xa + razxa + za = xa'za + za and xa' + xaxa' + za' = za'za' + za')
C fs(@)

This implies that fsCfs{0Ofs. Since fg is an SU-h-bi-ideal of S over U, fs{O0{ fs2fs. Hence
fsOOO fs = fs.

(2)==(3) This part is straightforward by Proposition 4.4.

(3)==(1) Let Q be any h-quasi-ideal of S. Then by Proposition 4.7(ii), Sgc is an SU-h-quasi-
ideal of S over U. For any € Q and z ¢ QSQ. We have Sgc = (. By our assumption, we have
(Sge OéOSQc)(m) = (). Since z € QSQ, it is clear that there do not exist a;, as, b1, b2 € Q and s1, 52,2 € S
such that x + a1s1b + 2 = agsaby + 2, and so, (Sge <>§<>SQ0)($) = U, a contradiction. Thus, we have
proved that Q@ C QSQ. Since Q is an h-quasi-ideal of S, QSQ C SQ N QS C @, and so, Q = QSQ.

Hence, it follows from Lemma 5.5 that S is h-hemiregular.

Theorem 5.7 Let S be a hemiring. Then the following conditions are equivalent:
(1) S is h-hemiregular;
(2) fsUgs = fs0gsdfs for every SU-h-bi-ideal fs and every SU-h-ideal gsof S over U;
SU-h-ideal gs of S over U.

Proof. (1)=(2) Let fs and gs be any SU-h-bi-ideal and any SU-h-ideal of S over U, respectively.

For any x € S, then there exist a,d’, z € S such that z+zaxr+2 = xa'x+ 2 since S is h-hemiregular. Then

(fs0gsOfs)(x) = N ((fsQgs)(ai) U (fsOgs)(a)) U fs(bi) U fs(b)))
z+§l a,ibi+z:j§1 a9b3+z
C (fsQgs)(za) U (fsOgs)(za') U fs(z)
= N (fs(ai) U fs(a;) U gs(bi) U gs(b)))U
ma+i§1 aibi+z:j§1 a,; b;.+z
we have N fs(ai) U fs(a}) Ugs(bi) Ugs(b;) U fs(x)
za’+i§1 aibi+z:j§1 albltz
C (fs(z)Ugs(aza)) U gs(a'za)) U (fs(x) U gs(aza’)) U gs(a'za’)) U fs(z)
(xa + zraza + za = xa'za + za and xa' + xaxad' + za' = za'xzad' + zad')
C fs(x)Ugs(z)
= (fsUgs)(z),
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The above result implies that 595 fsC fsUgs.

Since fg is an SU-h-bi-ideal of S over U, fs<>gs<>fs§fg<>é<>fséfs. (%)

Since gg is an SU-h-ideal of S over U, we have f¢{ggdfs20 g500 = (éogs)oéi)gsoéégs. ()

By () and (+*), we have fs{gs{ fs2fsUgs. Hence, fs{gsOfs = fsUgs.

(2)==(3) This is straightforward by Proposition 4.4.

(3)=(1) Since 6 is an SU-h-ideal of S over U, by the assumption, we have fg = fSCJé = fg<>§<>f5.
It follows from Theorem 5.6 that S is A-hemiregular. O O

Theorem 5.8 Let S be a hemiring. Then the following conditions are equivalent:

(1)S is h-hemiregular;

(2) fsUgsDfsdgg for every SU-h-bi-ideal fg and every SU-left h-ideal gs of S over U;

(8) fsUgsDfsgs for every SU-h-quasi-ideal fs and every SU-left h-ideal gs of S over U;

(4) fsUgsDfsgs for every SU-h-bi-ideal gs and every SU-right h-ideal fs of S over U;

(5) fsUgsDfs{gs for every SU-h-quasi-ideal gs and every SU-right h-ideal fs of S over U;

(6) fsUgsUhsD fs&gshs for every SU-h-bi-ideal gs and every SU -right h-ideal fs and every SU-
left h-ideal hg of S over U;

(7) fsUgsOhsD fs{gsdhs for every SU-h-quasi-ideal gs and every SU-right h-ideal fs and every
SU-left h-ideal hg of S over U.

Proof. (1)=(2) Let fs and gs be an SU-h-bi-ideal and an SU-left h-ideal of S over U, respectively.
For any x € S, there exists a,d’, z € S such that x + xax + 2z = za’z + 2 since S is h-hemiregular. Hence,

the following equalities hold.
(fsQgs)(x) = N ((fs)(ai) U (fs)(a}) Ugs(bi) Ugs(b}))

m n
o4+ > azbj+z= 3 albl4z
i= j=1 77

C fs(x) Ugs(azx)Ugs(a'r)
C fs(z) Ugs(z)

= (fsUgs)(z),
This implies that fsUgs2 fsgs.

(2)=(1) Let fs and gs be an SU-h-bi-ideal and an SU-left h-ideal of S over U, respectively. Then by
Proposition 4.4, fg is an SU-h-bi-ideal of S over U. By our assumption, we have fgUgs2 fs{gs2(fs00)D(00fg) D
fsUgs . Hence, fsUgs = fs<{>gs. It follows from Theorem 5.4 that S is h-hemiregular.

Similarly, we can show that (1)=(3), (1)==(4) and (1)==(5).

(1)=(6). Let fs, gs and hg be any SU-right h-ideal, SU-h-bi-ideal, SU-left h-ideal of S over U,
respectively. For any x € S, there exist a,a’,z € S such that x + zax + z = zd’x + z since S is

h-hemiregular, we have the following equalities:
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(fsQgsOhs)(x) = N ((fs0gs)(ai) U (fsCgs)(a)) U hs(bi) U hs(b)))
x+§l aibi+z=j§1 albl+z
C (fs¥gs)(x) Uhs(az) U hs(a'x)
= N (fs(ai) U fs(a}) U gs(bi) U gs(b;)) U hs(az) Uhs(a'z)
ma+i§1 “ibi+2=j§1 albltz
C fs(za)U fs(xa') U gs(x) Uhg(ax) U hg(a'z)
C fs(z) Ugs(x) Uhs(z)

= (fsUgsUhg)(z).
This implies that fsUgsUhsD fsgsdhs.

(6)==(7) This part is straightforward by Proposition 4.4.

(7)=(1) Let fs and hg be any SU-right h-ideal and any SU-left h-ideal of S over U, respectively.
Since 6 is an S U-h-quasi-ideal of S over U, we have
fsOhg = fs00hsD fs0BOhs D faOhsD(fs00)I(BOhs) 2D fsOhs. Then fsUhs = fsOhs, and hence, it

follows from Theorem 5.4 S is h-hemiregular. [

Lemma 5.9 [36] A hemiring S is h-hemiregular if and only if every SU-left(right) h-ideal of S is

idempotent.

Theorem 5.10 Let fs be an SU-h-quasi-ideal of an h-hemireqular hemiring S over U. Then (0~<>fs)0(f5<>0~) =
Is-

Proof. Let fg be any SU-h-quasi-ideal of S. Then (0 f5)0(f5{0)2 fs. We show that (0 f)0(fs$0)C fs.
We know f50(9~<> fs) is an SU-left h-ideal of S over U. In fact,we have the following equalities.

00 (fs0(00 f5)) = (60 f5)0(80.(60 1))
= (00.£5)0((090)O fs)
= (00 £5)0(60 f5)
=00 fs
Crs0(0 fs).
By Lemma 5.9, we can easily see that fsU(0< fs) is idempotent. Then we have the following equalities.
Fs2fs0(60 fs) = (£s0(6 f5)O(£s0(6¢ fs))
= ((fs0(60 1)) 0 fs)O((fs0(0O £5)) (6 f5))
= ((fs0F£5)0((00£)0 £5))O((fs O (04 £5))O((00 f5)O (04 f5)))
((fsO£5)0((0O(FsO F)O((fs0 (60 f5))D((8O f5)?)
2((00.£5)0(0 £5))D((00 (6 £5))O((00 £5)°)
D((64f5)0(00 f5)0(00 £5)0(04 f5

20<>f37
This implies that fs20¢ fs.

~—
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Similarly, we can prove that f¢2Ofs{8, and so, (9~<>f5)0(f5<>9~)§f5. Thus, (90f5)0(f5<>§) = fs.
O

Theorem 5.11 Let fg € S(U) and S an h-hemiregular hemiring. Then the following statements are
equivalent:

(1) fs is an SU-h-quasi-ideal of S over U;

(2) fs may be presented in the form fs = gshg, where gs is an SU-right h-ideal and hg is an
SU-left h-ideal of S over U.

Proof. (1)=(2) By Theorem 5.7, we have fg = 508 fg, for any SU-h-quasi-ideal fg of S over
U. Then, we have fs = fs080 fs = fsO(000)0 fs = (fsOB)O@BO fs).

We know that fs{8 and 6< fg are an SU-right h-ideal and an SU-left h-ideal of S over U, respectively.

(2)==(1) By Proposition 4.10, we know that fs = gsUhg is an SU-h-quasi-ideal of S over U. Since
S is h-hemiregular, by Theorem 5.4, we know that gg{hg = gsUhg, then fg = gshg. O

6 h-intra-hemiregular hemirings

In this section, we investigate some characteristics of the h-intra-hemiregular hemirings by mean of
SU-h-ideals, SU-h-bi-ideals and SU-h-quasi-ideals.
Definition 6.1 [34] A hemiring S is said to be a h-intra-hemiregular hemiring if for each x € S, there

m

n
exist a;, al, bj, b;», z € S such that x + Z a;x?al +z = Z bj;c2b;. + z. Equivalently,

i=1 j=1

(1) x € Sx2S,Vx € S;
(2) AC SA2S,VACS.

Lemma 6.2 [34] Let S be a hemiring. Then the following statements are equivalent:
(1) S is h-intra-hemiregular;
(2) LN R C LR for every left h-ideal L and every right h-ideal R of S.

Theorem 6.3 For any hemiring S, the following statements are equivalent:
(1) S is h-intra-hemiregular;

(2) fsUgsDfsgs for every SU-left h-ideal fs and every SU-right h-ideal of S over U.

Proof. (1) = (2) Let fs and gs be any SU-left h-ideal and any SU-right h-ideal of S, respectively.
For any z € S, there exist a;, af, b;, b}, 2 € S such that = + a;zla +z2=3Y bjgch; + z.
i=1 j=1
Then we have the following properties:
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(fsOgs)(x) = N (fs(ai) U fs(a}) U gs(bi) Ugs(b}))
m+§1 aibiJrz:]é:l aibl+z
C fs(aiz) U fs(bjz) U gs(zaj) U gs(zb})
C fs(x)Ugs(z)
= (fsUgs)(x),

Thus, this leads to fs<gsC fsUgs.

(2) = (1) Let L and R be any left h-ideal and right h-ideal of S, respectively. Then by Proposition 2.8,
Spe and Sge are an SU-left h-ideal and an SU-right h-ideal of S over U, respectively. If there exists a €
LN R such that a ¢ LR, then there exist a1,ay € L,by,by € R and z € S such that a+a1b; +2 = asby + 2.
Then we have (Spe)Sge)(a) =U. Since a € LN R, a € L and a € R, and so Spc(a) = Sge(a) = 0, by
our assumptions, we have the following equality: (Src<{Sg:)(a) = Spe(a) U Sge(a) = @, contradiction.

This means that L N R C LR. It follows from Lemma 6.2 that S is h-intra-hemiregular. [

Lemma 6.4 [34] Let S be a hemiring. Then the following statements are equivalent:
(1) S is both h-hemiregular and h-intra-hemireqular;
(2) B = B2 for every h-bi-ideal B of S;
(3) Q = Q2 for every h-quasi-ideal Q of S.

Theorem 6.5 Let S be a hemiring. Then the following statements are equivalent:

(1) S is both h-hemiregular and h-intra-hemiregular;

(2) fs = fsOfs for every SU-h-bi-ideal fs of S over U (that is, every SU-h-bi-ideal of S over U is
idempotent);

(8) fs = fsOfs for every SU-h-quasi-ideal fs of S over U (that is, every SU-h-quasi-ideal of S

over U is idempotent).

Proof. (1) = (2) Let fs be any SU-h-bi-ideal of S over U. Then it is easy to see that fg{g2Dfs.
For any = € S, then there exist a1, as, pi, D}, ¢;, ¢}, 2 € S such that

m

n n
T+ Z(azaijx)(xq;alx) + Z(malqj:r)(xq;agx) + Z(Ialpix)(xp;alx)
j=1 j=1 i=1
m

+ Z(xazpiw)(ﬂfpgazl‘) +z
i=1

m n

NE

(zagp;z)(zpiaix) + Z(xalpi:c)(:cp;agx) + Z(xalqj:c)(:cq;alx)

g

1 i=1 j=1
n
+ Z(wagqjm)(xq;agx) + z.
j=1
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Hence, we deduce the following equality.

(fsOfs)(x) = N (fs(ai) U fs(aj) U fs(bi) U fs(b)))
z+i§1 a;bi+z= 2::1 a;.b;.—i-z
C fs(zazq;x) U fs(zqja1r) U fs(zaiq;r) U fs(rqjazz)
Ufs(zaipiz) U fs(wpjarr) U fs(zasp;xz) U fs(wpjaze)

C fs(z),

This leads to fsfsCfs and so fsfg = fg.

(2) = (3) This part is straightforward by Proposition 4.4.

(3) = (1) Let Q be any h-quasi-ideal of S. Then Q2 C @ always holds. To show that Q C Q2.
If there exists # € Q and = ¢ Q2, then there do not exist aj,as,bi,bs € Q and z € S such that
T+ a1b1 + 2z = agsbs + 2, and so (Sg-$Sge)(x) = U. Since Q is an h-quasi-ideal of S, by Proposition
4.7, Sge is an SU-h-quasi-ideal of S over U, and so Sg-(x) = 0. Thus, by our assumption, we have
(Sqge{Sqe)(x) = Sge(x) = 0, a contradiction. Thus, we have proved that @ C Q2. Then Q = Q2. It

follows from Lemma 6.4 that S is both h-hemiregular and h-intra-hemiregular. [

Theorem 6.6 Let S be a hemiring. Then the following statements are equivalent:
(1) S is both h-hemiregular and h-intra-hemiregular;
(2) fsUgsDfsgs for all SU-h-bi-ideals fs and gs of S over U;
(8) fsUgsDfsgs for every SU-h-bi-ideal fs and every SU-h-quasi-ideal gs of S over U;
(4) £sUgsDfsgs for every SU-h-quasi-ideal fs and every SU-h-bi-ideal gs of S over U;
(5) fsUgsDfs{gs for all SU-h-quasi-ideals fs and gs of S over U.

Proof. (1)=(2) Let fs and gs be any two SU-h-bi-ideals of S over U. For any = € S,there exist
a1, az, pi, Pi; 4j; 45, 2 € S such that

m

n n
Z (zagq;z)(rqjarx) + Z (za1qjz)(rqjaze) + Z(xalpix)(xp;alx)
- =

j=1 i=1

3

+ Y (zazpz)(zpiasz) + 2

?

Il
-

m n

(raspir)(zpiaiz) + Z(xalpix)(xp’iagx) + Z(xalqjx)(xq;-alx)
i=1 j=1

(=

o
Il

+
.MS._.

<
Il
—

(xagqu)(:rq;agx) + z.
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Then we have

(fsOfs)(@) = N (fs(a:) U fs(ah) Ugs(bs) Ugs(b)))

z+ Y abi+z=3Y" a;b;-&-z
i=1 j

C fs(wazgjz) U fs(zargiz) U fs(zarpiz) U fs(zazpix)
Ugs(zgjai1r) U gs(zqjaze) U gs(apjair) U gs(zp;azz)

C fs(z) Ugs(z)

= (fsUgs)(z),

This implies that fs<gsC fsUgs.

(2) = (3) = (5) and (2) = (4) = (5) are clear.

(5) = (1) Let Q be any h-quasi-ideal of S over U. Then by Proposition 4.7, Sqe is an SU-h-quasi-ideal
of S over U, and so Sge = (). Thus, by our assumption, we have (Sgc{Sq:)(2)CSg:USg: =0 U 0 = 0,
and so (Sge{OSqe)(z) = 0.

If there exists z € Q and = ¢ Q2, then there do not exist ai,as,bi,bs € Q and z € S such that
T+ a1b1 + z = agbs + 2z, and so, (Sg-{Sge)(z) = U, a contradiction. This means that @ C Q2. Since
Q D Q? always holds.

Thus, we deduce that Q = Q2. It follows from Lemma 6.4 that S is both h-hemiregular and h-intra-

hemiregular. O

7 Conclusions

In order to give a foundation for providing a soft algebraic tool in considering varios problems related
with the uncertainties, we now investigate some characteristics of h-hemiregular and h-intra-hemiregular
hemirings by using the SU-h-ideals, SU-h-bi-ideals and SU-h-quasi-ideals. In our future study of soft
hemirings, we will try to apply the above new soft hemirings to some other fields such as decision making,

data analysis and forecasting and so on.
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