APPROXIMATION BY COMPLEX BIVARIATE
BALAZS-SZABADOS OPERATORS

ESMA YILDIZ OZKAN

ABSTRACT. This study deals with approximation properties by the complex
bivariate Baldzs-Szabados operators of tensor-product kind. The upper and
lower estimates and a Voronovskaja-type theorem of these operators are given.
The exact degree of approximation for these operators is obtained.

1. INTRODUCTION

The applications on the real and complex approximations properties of the oper-
ators have been recently an active subject in the area of the approximation theory
(' see [10, 11, 7, 14, 13, 12]).

Baldzs [3] defined the Bernstein type rational functions. He gave an estimate for
the order of its convergence and proved an asymptotic approximation theorem and
a convergence theorem concerning the derivative of these operators.

In [4] , Baldzs and Szabados obtained the best possible estimate under the more
restrictive conditions, in which both the weight and the order of convergence
would be better than [3]. They applied their results to the approximate certain im-
proper integrals by quadrature sums of positive coefficients based on finite number
of equidistant nodes.

Atakut and Ispir [2] defined the bivariate real Bernstein type rational functions
of the Bernstein type rational functions given by Baldzs [3] and proved the approx-
imation theorems for these functions. In [8], Gupta and Ispir studied on the Bezier
variant of generalized Kantorovitch type Baldzs operators.

The rational complex Baldzs-Szabados operators was defined by Gal [6] as follows

where D = {z €: |2| < R} with R > 0, f : DRU[R, o0) — is a function, a,, = n~!,
b, =nP for 0 < 3<2/3,n €N, z € C with 2 # —1/a,. He obtained the uniform
convergence of R, (f;z) to f (z) on compact disk and proved the upper estimate in
approximation of these operators. Also, he obtained the Voronovskaja-type formula
and the exact degree of its approximation.

Gal extended some complex univariate operators to the case of several com-
plex variables. To illustrate, he studied the approximation properties of the com-
plex Bernstein polynomials, both tensor-product and non-tensor product types, the
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complex Favard-Szasz-Mirakjan operators of tensor-product kind without exponen-
tial growth conditions on f and the complex Baskakov operators of tensor-product
kind([6], see pp. 155-179).

We consider the following real bivariate Balazs-Szabados operators of the uni-
variate Bernstein type rational functions given by Baldzs and Szabados[4]

R () (21, ZZf( ) b (00 (2).

k=0 j=0

where f : [0,00) x [0,00) — R is a function, a,, = n?71, b, = n?, a, = m’L,
b =mP forn,m € N,0 < 8 <2/3,and 1, 22 € Rwith x1 # —1/an, 2 # —1/am,

(2) (ana1)" (7) (@m2)’
1+ apz1)" (1 + amze)™’
The real bivariate Balazs-Szabados operators are well defined, linear and positive.
For 8 = 2/3, we get the real bivariate Baldzs-Szabados operators given by Atakut
and Ispir [2].

We define the complex bivariate Baldzs-Szabados operators as follows

Pn.k (551) = and Pm.j (152) =

Ry (f) (21, 22) Zif( )pnk(zl)pm,J( 2), (1.1)

k=0 j=0
where f : (Dg, U[Ry,00)) x (Dg, U[Rg,0)) — C is a function , a,, = n”7!,
by = 1P, @y, = mP71 by =mP forn, m e N, 0 < B <2/3, and 21, 22 € C, with
21 # —1/an, 22 # —1/am,

() (anz0)" (5) (amz2)’

(1+anz)" (1+ amz)™"

The complex bivariate Baldzs-Szabados operators are well defined, linear, and these

operators are analytic for all n > ng, m > mo, |21] < r; < n(l)fﬁ and |z2] < rgy <

mé_ﬁ since z1 # —1/a, and 29 # —1/a,,.
Throughout the paper, we denote with || f||

Pn.k (Zl) = and Pm.j (32) =

ri,re max{‘f(zlﬂz2)| : (21322)
€ D, x D, } the uniform norm of f in the space of continuous functions on
DT1 XDT1 and with ||fHB([O,oo)><[O,oo)) = Sup{‘f (th?)' : (Zl’ZQ) € [0,00) X [0700)}
the uniform norm of f in the space of bounded functions on [0, c0) x [0, 00) , where
D, ={zeC:|z| <r}forr>0.

2. AUXILIARY RESULTS

We need following lemmas and theorems in order to prove the main results for
the operators (1.1).

Lemma 1. For all n,m € N, we have

Ry m (eoyp) (z1,22) =1,

x
Ry (e10) (w1, 22) = !

1+anx1’

T
Rn,m (60,1) (1101,%2) = HTQM»
m
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Roym (€2,0) (1, 72) 4 y_n
n,m \€2,0) (T1,T2) = )
(1+an$1)2 bn (1+anm1)2

x% L2

R, . (e T1,x2) = + ,
m (€0.2) (21, 22) (1+amx2)2 bm(l—i—amxg)2

where (e; ;) (x1,22) = €} (z1) €l (x2) with €l (z1) = i and €} (x5) = o, fori,j =
0,1,2.

Proof. Using Barbosu technic in [5] and Lemma 2.1 in [3], the lemma can be easily
proved, so we will omit the proof of the lemma. (I

Lemma 2. Let f:[0,00) x [0,00) = R be a continuous function. If

lim || Ry,m (€0,0) — €00l

= 5
n,Mm—00 1,72

= 0’
7,1M—> 00 71,72

(
lim || Ry,m (e1,0) — €10l
(

oJim | Bnm (e01) = eoall,, ,, =0,

pdim [ B (2,0 +€02) = (e20 +e02)ll,, 1,

then {Ry, m (f)} converges uniformly to f on [0,r1] x [0,72] for ri,re > 0.

Proof. From Lemma 2, taking into account Volkov’s theorem in [15] (also see in [1],
p-245),the lemma can be easily proved, so we will omit the proof of the lemma. O

Lemma 3. Let ng,mo > 2,0< 8<2/3,1/2<r <Ry < n[l)fﬁ/Q and 1/2 <
ro < Ry < my) B2, If f: (DR, U[Ry,0)) X (Dg, U[Ry,0)) — C is a uniformly
continuous bounded on [0,00) x [0,00) and analytic in Dg, X Dg,, then we have
the form

Rn,m 21722 chk] n,m ek,])(zlaZZ)

k=05=0

for all (z1,22) € Dy, x D, where (ex,;) (21,22) = b (z1) € (z2) with €k () = 2k
and €} (z2) = zj, for k,j € N.

Proof. For any s,r € N, we define

S r
fsr(z1,22) = chk,jek,j (21,22) if |21] <71 422 <o
k=0 j=0
and
Jor (21,22) = [f(21,22) if (21,22) € (r1,00) X (1r2,00).

From the hypothesis on f, it is clear that each f , is bounded on [0, c0) x [0, 00),
which implies that

n

m
|Rn,m(fsr 21722 ZZ P,k Zl ||pmj(22)|Mfer<OO
k=0 j=0

where My, . is a constant depending on fé r, so all Rn m (fs,r) are well-defined for

alln,me N, n>ng, m>mg,r < ”0 /2 ro < mo B/Q and (z1,22) € Dy, X D,.,.
Defining

fsrkg(21,22) = crjen;(21,22) if |z1] <rpylze] <o
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and

fs,r,k,j (2172’2) = m if (2’1,22) S (Tl,OO) X (TQ,OO).

It is clear that each fs, k ; is bounded on [0, 00) X [0, 00) and

fs,r (217 2:2) = Z Z fs,r,k7j (217 Z2) .

k=0 j=0
From the linearity of R, ,,, we have

S T

Rn,m (fs,r) (2’1, 22) - Z Z Ck,jRn,m (ek,j) (217 22) .

k=0 j=0

It suffices to prove that
im Ry (fsr) (21, 22) = B (f) (21, 22)

S,r—00

for any fixed n, m € N, n > ng, m > my, |z1] <71 and |22| < ry. Since

Hfs,'r - f”B([O,oo)X[O,oo)) < ||f5,r o f||7"17T2 ’

we can write

|Rn,m (fs,r) (Zla Z2) — Rnm (f) (Zlv 22)‘

< Moo 1 fsr = Fll 50,00y x [0.00))
< My romm ||fs,r - f”rl,m (2~1)
for |z1] < r; and |z3| < ro.
In (2.1), taking limit as s,r — oo and using S,Liinoo [ fs.r = fllyy .y = 0, we get

the result. 0

Next lemma and theorem will help to get the convergence result of the operators
(1.1).
Lemma 4. Let ng,mg > 2,0 < 8<2/3,1/2 <7 < Ry <np?/2 and 1/2 <
ro < Ry < mé_B/Z. For all m > ng, m > my, |z1] < r1 and |z2| < ra,the following
inequality holds
| R (ek,5) (21, 22)| < Kt (2r1)" (2r)

Proof. Using Lemma 1.10.2 in [6] (see p. 141), the lemma is easily proved, so we
will omit the proof of the theorem. (I

3. MAIN RESULTS

Let us denote with Ac (f) the space of the all complex valued functions, which
are uniformly continuous on (Dg, U [R1,00))X(Dg, U [R2,00)), bounded on [0, co) x

[0,00) and analytic in Dg, x Dg,, that is f (z1,22) = Y. fx (22) zFfor all (21, 22) €
k=0

Dpr, x Dg, with f(22) = Y, ck’jzg, and for which there exist M > 0, 0 <

7=0
Ay < 1/2r; and 0 < Ay < 1/2ry with |ep ;| < MA¥AL/kKj! (which implies
|f (21, 20)| < MeArlzl+A2122] for all (21, 23) € Dg, x Dg,).

Now, we can give the following convergence result.
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Theorem 1. Let no,mo Z 2,0< 8 <2/3,1/2<r <R < né_B/Q and
1/2 < rg < Ry < m - /2 If f € Ac(f), then the sequence of operators
{Rnm (f) (z1,22)} is umformly convergent to f on D, x D,, for alln > ng and
m > mg.

Proof. From Lemma 3 and Lemma 4, we can write

[Rnm (f) (21,22)] < Z Z ekl [ Rnm (€r,5) (21, 22)]
kforo
< MZZ (2r1 A1)F (2r45)7 < 0, (3.1)
k=0 53=0

where the series Z Z (2r1 A1)" (2r2A5)7 is convergent since 0 < A; < 1/2r1 and
k=0 j=

0< Ay < 1/2r5.
On the other hand, from Lemma 2, we know that

lim Ry (f) (z1,22) = f (21, 22) (3.2)

n,m—00

for all (x1,2z2) € [0,71] x [0,72].

Using (3.1) and (3.2) and taking into account the Vitali’s theorem [9] (see p.112,
Theorem 3.2.10), it follows that {Ry_ ., (f) (21,22)} uniformly converges to f on
Drl X DTQ for all n > ng and m > my. [l

We have the following upper estimate.

Theorem 2. Let no,mo >2,0< p<2/3,1/2<r <R < n(l)_’B/2 and
1/2 < ry < Ry <m{ /2. If f € Ac(f), then for all n > max{no,l/ri/ﬂ},

m > max {mo, 1/7"2 } , |21l <11 oand |22| < 1o the following inequality holds

R (1) G122) = £ a0 < (a0 ) € (0 + (a5 ) 20,

bm
where
1 2r1 A1 +ra A 4M ro A . k—1
C*(f) = maxq2riMe ATz e 2Zk(2T1A1) ,
T1
k=1

02 (f) = max 27”2M62T2A2 (27”1141 s Z 27‘1A1 kZ] 27“2142 5

k=0 k=0 Jj=1

and also the series Z (2r A1) Z k(2r1 A and S j (2raA2)’ " are convergent.
k=0 k=1 j=1

Proof. Using Lemma 3, we can write

| By (f) (z1522) = £ (21,22)] < D0 D lenil [ Rum (eng) (21, 22) = enyj (21, 22)]

k=07=0
(3.3)
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Taking into account Lemma 1.10.2 and the estimate given in the proof of Theorem
1.10.5 in [6] (see p. 141 pp 144-145), for all |z1| < r; and |22 < 72, we obtain

|Rnm (er,5) (21, 22) — ek, (21, 22)]

IN

‘Rn (e}) (21) -Rom (e

|Rn (e]f) (zl)| ’Rm (e%) (z2) — zé‘ + ‘zé’ |Rn (e’f) (z1) — zf|

) (z2) — 2F 2]

bm

< (k) (2r)" {<2amr2> (aray? + 3P <j!>}

—|—rg {2anr1 (2r1)k +

LBk (k) (2r)r

J
2

8 (2r)" !

T (k;!)}

(2an71) (2r)" 7 + (2amrs) (K!) (2r1)" (2r5) |
48 (k") (2r1)" 5 (31) (2r2)"

bn

Applying (3.4) in(3.3), we get

|Rn,m (f) (21, 22) = f (21, 22)|

which complete the prove.

b7n

oo o J
QGHTIMZZ(ZrlAl) (TQAQ)

k
151
== kgl

oo 00 k j
+2amr2M Z Z (27‘1141) .|(2T'2A2)
k=0 j=0 J:

_|_

8MA1 i k (2T1A1)k_1 (T2A2)j
Ly ey
k=1 j=0

SM Ay A ) -
+ bm 2 ZZ(QTlAl)k](2T2A2)j 1

k=0 j=1

O

In what follows a Voronovskaja type result for the operators (1.1) is presented.
It will be the product of the parametric extensions generated by Voronovskaja’s
formula in univariate case in Theorem 1.10.6 in [6] (see p. 145).

Theorem 3. Let ng,mo > 2,0 < 8 < 2/3,1/2 < r < Ry < ny"/2 and
1/2 < 19 < Ry < méfﬁ/l If f € Ac(f), then for all n > max{no,l/r}/’g},

m > max {mo, 1/7';/5} , |z1] <11 and |z2| < 1o the following inequality holds

22Ty (f) (21, 22) 0 21Ty (f) (21, 22)] < C3(f)

. 2+ + 2
27 b, am b )
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where C3 (f) = 1/2maX{Cﬁ,r2 (f) ,C’:%m (f)} with

o0

Cliva (f) = MCyryppze®=N " (k—1)k(k+1) (k+2) (24;m)"
1
k=2
o ) 2 2 4
w max { 1, o—Azra Z (24573)7 | amTs ’ az,bmrs + 12 i
= L —amr2 2b,, (1 — a;,r2)
* OO .
Crzrs (f) = MGy ye™™ Y (=15 (G +1) (5 +2) (242r2)
j=2

X max { 1,e" A1 Z (2417m1)", L apb,ri + 71 e
k=0 I —anr1” 2b, (1 —a,r)

forl/2 <rm <ri< n(l)_ﬁ/2 and 1/2 <1y <13 < mé_ﬁ/l

Proof. For f(z1,22), we define the parametric extensions of the Voronovskaja’s
formula by

2
AT () Grz) ¢ = Baf () (o) = f ) + o2 oy )
__bniitm O
2bn(1+anzl)2 073 b
and
2
T () (z1,22) = R (F (1)) (22) — f (o) + —m2 0T )

14+ aymzo 029
a2 b2y + 20 O*f

— 5 ~ 5 \R1,%2) -
2bm (1 +am22)2 325 ( 1 2)

Their product(composition) gives

22T (f) (21, 22) 0 21T (f) (21, 22) =
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anz?  Of
1+a,z1 01

Rm[RnUYwJM%J—f(mM)+ (21,.)

B aZb,zt+ 2 &
by, (1+ apzy)? 021

_ [Rn (f (22)) (21) = f(21,22) +

B afbbnzi1 + 2 @
by, (1+ apzy)? 021
2
amz; 0
T . . a9 Rn * - )
(05 DR ) 1) = £ erva) +
B aibnzi1 + 2 &
2b,, (1 + anz1)2 023
B a2 b2y + 22 872
2b,, (1 4+ amzz)2 023
alb,zi + 21 O*f

- —= (21,2
%, (1 + anz1)? 022 (21, 22)

(21, -)] (22)

anz?  Of

1+a,21 3721 (21722)

(21, 32)]

an,z?  Of

14+ a,z1 8721 (21, 22)

(21, 22)]

a2zl  Of

1+ anz 021 (21, 22)

hum@mm—ﬂ%@+

Z:El—E2+E3—E4.

After simple calculation, it is obtained the commutativity property

22T (f) (21, 22) 0 21T () (21, 22) = 2110 (f) (21, 22) © 22T (f) (21, 22) -
(3.5)

From the analyticity of f, since the all partial derivatives of f are analytic in
Dpr, X Dpg,, using Lemma 3, we can write

ot 0f

T+ anz1 021 1)

R (f(,22) (1) = [ (21, 22) +
__Gibezit s Of
2bn (1 + an21)2 az%

= > fr(z)
k=2

(a2bpzt +21) k(k—1) 252
2b,, (1 + anzl)2 '

(21, 22)

(anz}) 2kt

Ry, (€f) (z1) — €f (z1) + T a
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Applying now R,, to (3.6) with respect to 23, we obtain

B, =

Mg

m (fr) (22) [Rn (e}) (21) — e} (21)

=

=2
( n2t) kzbt B (a2bn2t + 21) k (k= 1) P
1+apz 2b, (1 + anz1)2

= i ick,ij <e§> (22) [Ra (e’f) (z1) — ¥ (1)

k=2 j=0
(anzt) ko1 B (a2bn2t + 21) k (k= 1) P (3.7)
1+ anz O (14 anz1)’ '

n (3.7), passing now to absolute value for |z1] < r; and |z3| < r9 and taking into
account the Lemma 1.10.2 and the estimate given in the proof of Theorem 1.10.6
in [6] (see p.141 and pp 145-146), it follows

1 2
N

X f: i lex s 3! (2r2) (k — 1)k (k + 1) (k+2) k! (2r)*

k=2 j=0

1 2
S (an + bn> MCrlrrfeAzw

<3 (k= 1)k (k+1) (k+2) (241m1)" Y (242r2)7 | (3.8)
k=2 7=0

where 1 <77 < R < ”0 5/2 with 77 < 1/2A; and C;, ,+ is a constant depending
on r; and ry.
Similarly, using Lemma 3, we have

(anz%) sz_l

1+a,z1

|Ba| < Zlfk (22)| | Rn (€F) (21) — €} (21) +

(anbnzl +21) k(k—1) 282
2b,, (1+ anz1)”

1 2
< —_ "
> (an + bn> Oﬁ‘rl
XZZWW Dk (k+1) (k+2) k) (2r)"
k=2 j=0
1 2
S <an + b) MCrl’TIeAsz

X i(k:— Dk (k+1) (k+2) (24,m)" . (3.9)

k=2
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Using

R, ((ﬁf wa) (2) = ). Zi (22) B (e) (1)

k=0
= DD iz Ra(eh) (=),
k=0 j=1
we can write
U 22 of af
By = —22 IR, | = (. -z
3 1+ a2 [R ((’)zg ( 722)> (21) Dzs (21722)
anz% 82f (Z Py )_ a%bnz‘f +Zl a?;f (Z 2 )
L+ anz 021029 072 2b,, (1 + anzl)z 023029 =2
OB NN  [Ra (eh) (o) — e ()
1+ a2 =2 =1 ’
(an2?) k21 B (a2bpzt +21) k(k—1) 252
1+a,21 2b,, (1 +anz1)2 ’

which implies

B3| < P L) i
3 = QAp b, 1—a,rg LTy
XD lewldrd Tt (k= 1)k (k+ 1) (k +2) (k) (2r1)"
k=2 j=1
< n 1\? amr§
- n bn, 1—apre
oo
XMCh, e e®™ " (k= 1)k (k+1) (k+2) (24m)" . (3.10)
k=2

and also, using

R (G5 ) ) = X TR ) R ) ()
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we can write
a? byz3 + 22 0% f 0% f
B, = —m™m2 % R (== (, — = (z,
4 %, (1 +am22)2 |: <8Z§ ( Z2)> (Zl) azg (Zl 22)
an2? o3 f
1+ apz1 021022

albyzi+2z  Of
20, (1+ ayz1)” 021023

(21,22) —

(Zl’ Z2)]

2 4
az,bmzs + 22

= RGNS i (G- 1) 2 [Ra (ef) (21) —ef (21)

2b,, (14 am22)2 =2 =2

(anz?) k21 (a2bp2t + 21) k (k- 1) sz]

1+anz 2y (1 + anz1)”

which implies

1\? a2 bnri+rs > 9
By < |an+—) —2"2 2 C, (i 1)y
- ( bn) Qbm(l—amr2)2 : 132_32](] )Ty
X Z lexs| (k= 1)k (k+ 1) (k+2) (k) (2r)",
k=2
2 9 "
< (an + 1) M
bn 2bm (1 - amrg)
XMCn,TI@Az?Q Z (ki — 1) k (k’ + 1) (]41 + 2) (2A17’1)k ) (311)
k=2

Using (3.7)- (3.11), we get

|22T0m (f) (21, 22) © 21T (f) (21, 22)] < |Ex|+ |Ea| + | Es| + |Eq]
Ty 1 2
< Crim (f) (an + b> .

If we estimate |21 T}, (f) (21, 22) © 22T (f) (21, 22)|, then by reason of symmetry we
get a similar order of approximation, simply interchanging above the places of n
with m and r; with 5.

In conclusion, using the commutativity property given in (3.5), we reach the
result. 0

Let us denote with Ag) (f) the space of the all complex valued functions that
they and their first and second partial derivatives are uniformly continuous on
(DR, U[R1,0)) x (Dg, U[Rg2,)), bounded on [0,00) x [0,00) and analytic in
Dpg, x Dpg, and there exist M > 0, 0 < Ay < 1/2r;, 0 < Az < 1/2ry with
lexj| < MAYAS/K!5!( which implies |f (21, 22)| < MeAlz1lH421%1 for all (21, 2) €
DR1 X DR2).

Theorem 2 and Theorem 3 will be used to find the exact degree in approximation
of Ry, (f) . In this sense we have the following lower estimate.

Theorem 4. Let ng > 2,0 < 8 < 1/2, 1/2 < r; < Ry < né_ﬁ/2 and 1/2 <
ry < Rg < néfﬁ/Q. If f € A(CQ) (f) and f is not a solution of the complex partial
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differential equation

0? 0?
—5 (21,22) + 29 —5
az% ( 1 2) 2 823

then for all n > ng we have

1 1
R )=l 515y (0 ) 1K D

Proof. We can write

Ron (f) (21,22) = f (21, 22) =

K (f) (21,22) = =1 (21,22) =0, (3.12)

2 ( + bl) Ko (f) (21, 22) + 2 ( + bl) Z<<f>+<b)>

+En (f) (21, 22) + F (f) (21, 22) } (3.13)

where

Dy, (f) (21, 22) = 22T (f) (21, 22) 0 21T (f) (21, 22)

E, (21, 22) ZE (21, 22)
with

EL () o) = syt (R (35 10) (o) - L (1)

—Qpbp 23 of of
E72L (f) (Zlsz) = ) (1 + anbn) (1 + anz2 |:R" (8 ( aZZ)) (22) - 8722 (21722):| )

alb,zi + 21

R0 (55 G10) () - T Gan]|
4(1+ apby) ( 1—|—anz12 ’ 027 7 ,

anb Z2 + 22 f 827.]0
4(1 +anbn 1 —|—6an2 <8 2 (.,22)) (Zl) aZ% (Zl’ZQ) ’

21T (f) (21, 22) + 22T (f) (21, 22)
2 (an + i)
anb,z?  Of anbpzs  Of
C2(L+anz) 0z 2(1+apz2) 022
aZb, 2323 o f
2(1+ anbp) (1 4+ anz1) (1 + apza) 021022
(a%bnz‘f + 21) (anzg) o3 f
A1+ anby) (14 anz1)? (14 apzy) 077022
((Jbibnzé1 + 22) (anz%) o3 f
P ) (21722)
4 (14 anbp) (1 + anz1) (1 4+ anzy)” 021023
(a2bn2t + 21) (aZbnzs + 22) o f
8by (1+ anby) (1+ anz1)? (1 + apz)? 072023

By (f) (21, 22) =

Ep (f) (21, 22) =

Fo(f) (z21,22) =

(21,22) — (21, 22)

(21, 22)

(21,22)

(Zlv 22) )
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and

(21,22) +————5 25

1 albyzt + 21 O*f
R { o) 11+ anea)? 07

alb, 28 + 29 O f
1 2 0.2 (Z],ZQ)
+a,b, |4 (14 anz1) 0z

Under the conditions of theorem, since lim a, =0, lim 1/b, =0and lim a,b, =
n— 00 n— o0 n— oo

0 for 0 < 8 < 1/2, considering Theorem 1.10.5 and Theorem 1.10.6 in [6] (see p.
145), it is clear that

nh_)rr;oEn (f)(21,22) =0 and lim F, (f) (21,22) = 0. (3.14)

n—oo

From Theorem 3, we obtain

lim |2 (an + 1) %
n— 00 bn 1

Using lim a,b, =0for 0 < 8 <1/2 and 1/1+ ay, 21| > 2/3, we get
n—o0

FED RG] =0

1,72

2

o5 (21, 22)

. 1
5 (3.15)

|21]

1
K (A +anby)
|| n(f)”rl,rz — 18 (1+anbn)

Similarly, it follows
2
7.9 (Zlv 22)

2
0z3

1
K, >
H (f)||7‘17/r’2 =18 (1 +anbn) |22|

From (3.15) and (3.16), we can write

1
K, = 36 (1 + anby)
H (f)”mﬂ“z — 36 (1—|—Cbnbn)

In (3.13), taking into account the inequalities

-G

. (3.16)

1K (N ey - (3.17)

> H|,, ., — Gl
HH+GHT1;"‘2 71,72 71,72 | — H 1,72 1,72

> |17
and (3.17), it follows

HRmn (f) - f”hﬂ“z

1
> 20t ) {IK0 O,

D, (f)
_ 2<+bl> m + B (f) + Fu (f)

71,72

Y

(an n bl) V& (D)l

1 1
(o0 5) g0y 1K Dl

for all n > ng with ny depending only f,r; and ro, We used here that by hypothesis
we have || K (f) > 0. O

v

||7"1,r2

Combining Theorem 3 with Theorem 4, we immediately obtain the following
result giving the exact degree of the operators (1.1).
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Corollary 1. Suppose that the hypothesis in the statement of Theorem 6 hold. If
Taylor series of f contains at least one term of the form ck+17oz’f with cp41,0 # 0

and k =1,2,... or of the form co7j+1zg with co j+1 #0 and j = 1,2, ..., then for all
n > ng we have

o (5= Ty~ (a0 5-)-

Proof. 1t suffices to prove that under the hypothesis on f, it cannot be a solution
of the complex partial differential equation

2 o2 f
21872% (21,22) + 228725 (21,22) =0, |2z1| < Ry, |22| < Ra.
Indeed, suppose the contrary. Since simple calculation give
o? 92 f
2’1872% (21, 22) + 228723 (21,22) ];Ck—&-l ok (k+1)2F kZleH vk (k+1) 282
+QZC2JZ1Z2 + chk+1 ik (k+1) 2523,
k=2 j=2

+ ZCOJ-Hj (j+1)2) + Z c1j41 ( +1) 212
: =

+2ch2z1zQ+ZZCm+1J Jj+ 1)31227

k=2 j=2

by equaling with zero and by the identification of coefficients, from the terms under
the first and fifth sign >, we immediately get that cxy1,0 = co 41 = 0, for all
k=1,2,... and j = 1,2,..., which contradicts the hypothesis on f. Therefore
the hypothesis and the lower estimate in Theorem 4 satisfy, which complete the
proof. O
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