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Abstract

We study arithmetic problems for representations of finite groups over
algebraic number fields and their orders under the ground field extensions.
Let E/F be a Galois extension, and let G C GL,,(E) be a subgroup stable
under the natural operation of the Galois group of E/F. A concept gener-
alizing permutation modules is used to determine the structure of groups G
and their realization fields. We also compare the possible realization fields
of G in the cases if G C GL,(F) and if all coefficients of matrices in G are
algebraic integers. Some related results and conjectures are considered.
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1. Introduction

It is interesting to study the relationship between the classical representations h :
H — GL,(K) over fields K and some related representations f : H — GL,(S) over
Dedekind rings S in K as well as establishing extra properties of these representations;
here we are interested in the property of stability of h(H) under the natural action of



Galois group. This condition was considered earlier for Galois stability of groups and or-
ders in [16] and some other papers. In some mysterious way the representations involved
appear to be of special interest for nilpotent groups, many results are just related to rep-
resentations abelian groups. However, it is also interesting to establish the conditions for
existence of faithful representations of groups of the given nilpotency class (see [7], [8],
[13] for group representations of nilpotency class 2 and also [13], [14]) having this extra
property. It would be interesting to extend our considerations to some other classes of
groups [4], [6].

In this paper we study some arithmetic problems for representations of finite groups
over algebraic number fields and arithmetic rings under the ground field extensions. We
study finite subgroups G C GL,(S) for certain Dedekind rings S in algebraic number
fields K with the focus on S = Ok, the ring of integers of K.

The following definition and result generalize [20] and [17]:

Definition 1.1. Consider a finite Galois extension K of the rationals Q and a free Z-
module M of rank n with basis m, ..., m,. The group GL,(Ok) acts in a natural way
on O ® M = @) | Ogm;. The finite group G C GL,(Of) is said to be of A-type,
if there exists a decomposition M = @le M; such that for every g € G there exists a
permutation I1(g) of {1,2,...,k} and roots of unity €;(g) such that €;(g)gM; = Mry(g);
forl <i<k.

Fix a prime number p, a primitive p-th root of unity (,, and for the ring of p-adic
integers Zy, set m =1 — (,, R = Z,((p) and F), = R/7R.

We say R-representation M of GG for an RG module M which is free of finite rank as
an R-module. A permutation lattice (respectively module) for G is a direct sum of Z,G
(resp. F,G for a finite field ), containing p elements) modules of the form indfl(l). A
generalized permutation lattice for G is a direct sum of RG-modules of the form indflqb
for some homomorphism ¢ : H —< ¢, > of a subgroup H of G.

Theorem 1.1. ([20], Theorem 3). Let M be an R-representation of the finite p-group
G so that M = M/mM is a permutation Fj-module of G. Then M is a generalized
permutation lattice for G.

We consider some Galois extension E/F' of finite degree d with the Galois group
I for a field F' of characteristic 0 and a finite abelian subgroup G C GL,(F) of the
given exponent ¢, where we assume that GG is stable under the natural coefficientwise
I"-operation.

Throughout the paper Op is the maximal order of £ and F'(G) denotes a field that is
obtained via adjoining to F’ all matrix coefficients of all matrices g € G.

The main objective of this paper is to prove the existence of abelian I'-stable sub-
groups G such that F'(G) = E provided some reasonable restrictions for the fixed normal
extension £//F' and integers n, ¢, d hold and to study the interplay between the existence
of I'-stable groups G over algebraic number fields and over their rings of integers.
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We use the following result describing groups of A-type (see Definition 1.1) proven
in [2], see Section 3:

Theorem 1.2. Let K/Q be a normal extension with Galois group T', and let G C
GL,(Ok) be a finite I"-stable subgroup. Then G is a group of A-type.

In our context we study whether a given field £ normal over F' can be realized as
a field £ = F(G) in both cases G C GL,(F) and G C GL,(Og), and if this is so
what are the possible orders n of matrix realizations and the structure of G. Some similar
questions for I'-stable orders in simple algebras were studied by Ritter and Weiss. The
results related to the Galois stability of finite groups in the situation similar to ours arise
in the theory of definite quadratic forms and Galois cohomologies of certain arithmetic
groups if F' is an algebraic number field and G is realized over its maximal order ([1], see
also [18]). We can specify one application of the above result:

Corollary of Theorem 3.1. (Generalized ’Hasse principle”).

For arithmetic groups G defined over Q such that the group of R-points Gg is com-
pact, totally real K/Q and Gal(K/Q)-stable subgroup Go,, of GL,(Of) the kernel of
the natural cohomology map

H'(Gal(K/Q),Goy) — [ [ H'(Gal(K,/Qy), Gy)

is trivial.

We give a positive answer to the first question: we prove that any finite normal field
extension £/ F can be obtained as F'(G)/F if n > ¢ (t)d where ¢g(t) = [E((;) : E] is
the generalized Euler function and (; is a primitive ¢-root of unity. An explicit construction
of these fields is given in Theorems 2.1 and Theorems 2.2 in Section 2. In fact, we
construct some Galois algebras in the sense of [5], and we establish the lower bounds for
their possible orders n. We show (see Theorem 2.2 in Section 2) that the restrictions for
the given integers n, t, and d in Theorem 2.1 cannot be improved.

The situation becomes different if E is an algebraic number field and all matrix coef-
ficients of g € G are algebraic integers.

The existence of any Galois stable subgroups G C GL,(Og) such that F'(G) # F'is
a rather subtle question. In particular, for F' = Q all fields F'(G) whose discriminant is
divisible by an odd prime must contain non-trivial roots of 1 [2], [10], [11].

Our results have some applications to positive definite quadratic lattices, see Section
3. Note that some interesting results on orthogonal decompositions of integral lattices can
be found in [9], see also [19] for related finite linear groups.

We are also interested in applying our results to other problems using permutation
modules and the methods and techniques of [12], [17] where they were applied to the
Zassenhaus conjecture for the normalized unit group of the integral group ring of a p-

group.



It would be interesting to use the explicit construction of the subgroups
G C GL,(Ok,,) together with Theorem 1.2

Notation

We denote C, R and Q the fields of complex, real and rational numbers. Z is the
ring of rational integers. GL,,(S) denotes the general linear group over aring S. [E : F]
denotes the degree of the field extension E/F. Throughout this paper we write I" for
Galois groups, 0,7y € I for the elements of I". M,,(S) is the full matrix algebra over a
ring S. Finite groups are usually denoted by capital letters GG, I, and their elements by
small letters, e.g. g € G, h € H, {a,b...) denotes a group generated by a, b, .... We write
¢ for a primitive ¢-root of 1. We denote by ¢x (t) = [K({;) : K| the generalized Euler
function for a field K. I,, stands for a unit m X m-matrix. detM is the determinant of a
matrix M. If G is a finite linear group, F'(G) stands for a field obtained by adjoining to F’
all matrix coefficients of all matrices g € G. For I actingon G andany o0 € 'and g € G
we write g? for the image of g under o-operation. dim g A denotes the dimension of the
K-algebra A over the field K. Ok denotes the maximal order of a number field K.

2. Galois stable integral representations over fields

We are interested in the following existence theorem. Note that the proof is construc-
tive, so we can give explicitly the structure and the construction of the abelian I'- stable
subgroup G C GL,(FE) in the theorem below.

Theorem 2.1. Let F' be an algebraic number field, let d, t be some prescribed positive
integers and eithert > 1 such thatn > ¢g(t)d, ort = d = 1, and let E be a given normal
extension of F' having the Galois group I" and degree d. Then there is an abelian I'- stable
subgroup G C GL,(F) of exponent t such that E = F(G).

In fact, G can be generated by matrices g7,y € T" for some g € GL,(FE).

Note that the order n = d¢g(t) in our construction is the minimal possible order.

Proof of Theorem 2.1

Ifort =d =1, wehave or E = F and G = {I,}, in this case the theorem is
trivial. If ort > 1,d = 1,then E = F, [E((;) : E] = ¢g(t), and we can consider an
irreducible polynomial f(z) = 2* + ap_12*~" + ... + a1z + ag € E[z] for k = ¢p(t)
such that f((;) = 0. Since £ = F all a; € F, and we can consider the following matrix
corresponding to a regular representation of (;:

0 0 ... 0 ap

1 0 ... 0 al
M=

0 .

0 0 o1 ap_1



We have M' = I, and < M > is a cyclic group of order t. Next take g = M @ I,,_, €
GL,(FE), the direct sum of I,,_j and M. Then the group G =< g >, generated by g,
satisfies the requirements of the theorem.

Therefore, we can assume that¢ > 1 and d > 1.

For a given basis wy, wa, ..., wy, of E/F we intend to construct a matrix g = [g;;]i j =
Zle Bjw; and pairwise commuting matrices B; in such a way that the normal closure
of the field F'(g11, 912, ---, gnn) Over F' coincides with E and so the group G generated
by g?,0 € I' is an abelian I'-stable group of exponent ¢. First we determine the eigen-
values that matrices B; should have if g has the prescribed set of eigenvalues. Collecting
the given eigenvalues of pairwise commuting semisimple matrices and using the regular
representation, we construct a I'-stable abelian group G for integral parameters given in
Theorem 2.1

We consider two different cases in our proof.

1) We suppose that F'((;) and E are linearly disjoint over F' and [E : F] = d. In
this case ¢g(t) = ¢p(t). Let wy = 1, wo, ..., wq be a basis of E((;) over F((;), and let
I" be the Galois group of FE((;) over F'(¢;). Let g be a semisimple d X d-matrix having
eigenvalues (¢, 1, ..., 1. Using the expansion g = B +wsBa+...+wq By we can construct
the matrices B;,7 = 1,2, ..., d, and we can prove that the group G generated by g7,y € I’
is an abelian I'-stable group of exponent ¢. Let us consider the matrix W = [wf 7 ; for
{o1 = 1,09,...,04} = T'. Denote by W; the matrix W whose i-th column is replaced by
d chosen eigenvalues (;, 1, ..., 1 of g. We can calculate

o detW;

Y detW
and construct matrices B; as regular representations B; = R(\;) of A; in E(¢;)/F(().
Let «; ; be the coefficients of the inverse matrix w1l = [ai,j]i,j. Then a?{ = «;j and

Ai = (G—Dagn fori # 1, and >\v1 =1+ (¢ —1)ai1. So )\jj = (G— 1)04?{ = (G — 1)y
fori#1,and A7 = (s — 1)aj{ + 1 = (¢ — 1)ay; + 1. Since any linear relation

d
ki — 1)+ > ki\i =0,k € F(¢),i=1,2,...d
=2
implies the linear relation
d
Bi(A7 = 1)+ kA =0,k € F(¢),i=1,2,....d
=2

for all o; € I, this would also imply detW—! = 0, which is impossible. Therefore, A\; —
1, Ag, ..., A\g generate the field E'((;) overF'((;), and so B; — 14, Ba, ..., By generate F'((;)-
span F'((;)[Bi, ..., Bg] over F((;). Note that B; can be expressed as a linear combination



of g% ,i = 1,2, ...,d with coefficients in £: B; = Z;-lzl a;;9%7. This can be obtained
from the system of matrix equations

d
97 =Y wlB;,j=12,..d
i=1
if we consider B; as indeterminates. Since G has exponent ¢, F'((;) is a splitting field
for G, the group generated by all g°,0 € I'. Therefore, the dimension of F((;)-span
E(G)G = E(Gt) ®@p(¢,) F(¢)G over E(() is d, and so F'((;)-dimension of F'((;)-span
F(¢)G is also d.

Let us denote by E’ the image of F((;) under the regular representation of E(¢;)/F(¢;)
over F'(¢;). Then A = E(G)G = E(G) ®p(c,) F(¢)G, the E((;)-span of G, is the Ga-
lois E'-algebra in the sense of [5], that is, it is an associative and commutative separable
E’-algebra having a normal basis. We can choose idempotents

€5 (977 —13),j=1,2,....d

G—1
as a normal basis of A over F’ so that £; = 7" .

We have F'((;)G = F(()[< g7, ..., 9% > = F(¢)[(g — 1a)°", ..., (g — 14)??], and
dimp,) F(¢:)G = d. As the length of the orbit of M = [m;;] = (g — I3) under I'-
operation is d, we can use the coefficients of matrices M?i,i = 1,2, ..., d to construct an
element 0 = Z” kijmij, kij € F((), which generates a normal basis of E((;)/F(¢).
Therefore, for any given a € E((;) we have o = ) . k;07* for some k; € F((;).

Therefore, our choice of eigenvalues implies that F'((;)(G) = E(().

Now, we can apply the regular representation Ry of F'((;) over F' to matrices M =
[mijlij, mi; € F(() in the following way: Rp(M) = [Rp(mj)lij. So, using Rp
for all components of matrices B; € M, (F((;)) we can obtain an abelian subgroup
G C GLp,(E),n1 = [F({) : F]d of exponent ¢t which is I'-stable if we identify
the isomorphic Galois groups of the extensions F/F and E((;)/F({;). We have again
dimpFG = dimpEG, E is again the Galois algebra, and F/(G) = E. Now, using the
natural embedding of G to GL,(E),n > ny, we complete the proof of Theorem 2.1 in
the case 1).

2) In virtue of 1) we can consider the case when the intersection Fy =
E N F(¢) # F. We can use the regular representation R of E over F. Let I'y =
{01, 0%, ..., 0}, } be the set of some extensions of elements I' = {071, 02, ..., 04} to E({;)/F,
and let w; = 1,ws,...wq be a basis of E¥ over F'. So we can use our previous nota-
tion and go through a similar argument as in the part 1) of the proof for construction of
g= 2?21 B;w; and matrices B; as the regular representations R of eigenvalues

$E(t)
detW; -
i = L= AZ ]7‘:1727"'7d7
detW ng 56



in the following way: we consider
PE(t) A
B = Ro(\) = Y R(\ij)¢,
j=1

/ /
where R is the regular representation of £/ over . We also have )\TJ = a1j+1, )\?7 = j
for 5 = 2,...,d . Now, if we have any linear relation between the rows of the matrix

[aij(Cf 7 —1)]i,;» this would imply a linear relation between its columns, and so the
columns of W~ = [ov;j] are linearly dependent, and detW =1 = 0 which is a contra-
diction. So, again we obtain that A\; — 1, s, ..., A4 are linearly independent over F’, so
dimpFG' = dimpF[By— 14, B, ..., By] = dimp EG' = d for G’ generated by q%,i =
1,2,...,d. As earlier we can consider the elementwise regular representation Rz (B;) of
matrices B; in the field extension E((;)/E. So we obtain gy = Z?Zl RE(B;)w;, and
we can take the group G generated by all g;*,i = 1,2,...,d. Since [E(() : F] =
[E((t) : E|[E : F] = ¢g(t)d, the order n = ¢p(t)d coincides with the one required
in the formulation of Theorem 2.1. In this way we can construct a I'-stable group G that
satisfies the conditions of Theorem 2.1.
This completes the proof of Theorem 2.1.

As a corollary of Theorem 2.1 we have

Theorem 2.2. Let E// F be a given normal extension of algebraic number fields with
the Galois group I', [E' : F| = d, and let G C GL,(F) be a finite abelian I'-stable
subgroup of exponent t such that E = F(G) and n is the minimum possible. Then
n = d¢g(t) and G is irreducible under conjugation in GL,(F'). Moreover, if G has
the minimum possible order, then G is a group of type (t,t, ...,t) and order t" for some
positive integer m < d.

In the case of quadratic extensions we can give an obvious example. In particular,
it shows that there is an infinite number of realization fields £ = Q(G) for the fixed
integers d = t = 2 (which is not the case if G C GL,(Op)).

Example 2.1. Letd = 2,t = 2. Pick E = Q(y/a) and g = ‘agl (1) Va for any
a € F which is not a square in F'. ThenT is a group of order 2 and G = {I2, —I2, 9, —g}
is a I'-stable abelian group of exponent 2. Note that
G ¢ GL,(Og) in this example.

Proof of Theorem 2.2.
We can use the proof of Theorem 2.1.



Let G C GL,(F) be a group given in the formulation of Theorem 1.1, and let n be
minimal possible. Then we have the following decomposition of F-span A = EG:

A=A+ A+ ... +eA

for some primitive idempotents €1, ..., of A. &; are conjugate under the operation of
the Galois group I' = {07y, ...,04}. For if the sum of 5?,]’ =1,2,...,d is not I, then
I, =e +eyfore; =e{' + ...+ 5‘1” and ex = I, — e1, and ey, e are fixed by I and so
e1, eg are conjugate in G L, (F) to a diagonal form. Since either of 2 components e;G has
rank smaller than n, there is a group satisfying the conditions of Theorem 2.1 of smaller
than n degree.

Therefore, e, = €7°, k = d and the idempotents €1, ..., £4 form a normal basis of A.
But the rank of a matrix ¢; is not smaller than ¢g(¢). Indeed, ;G contains an element
£,g, for some g € G of order ¢ such that (g;9)" = ¢;, but (g;9)* # ¢; for k < t. We can
find g € G in the following way. Since I,, = €1 + ... + € for any h € G of order ¢ there
is £; such that (¢;h)! = ¢, but (¢jh)* # ¢; for k < t, and the same property holds true
for £;h with any o € I'. Then using the property of normal basis e, = €7* we can take
g= hoi 1‘”.

So, the irreducible component ;G determines a faithful irreducible representation
of a cyclic group generated by g. Butif 7' : C — GL,(F) is a faithful irreducible
representation of a cyclic group C generated by an element g of order ¢, its degree r is
equal to ¢p(t). It follows that the rank of matrices ¢; is ¢g(t). So the dimension of A
over E is ¢pp(t)d.

If G is generated by g7, v € I" and its order is minimal, ['-stability implies that g has
d conjugates under I'-operation, and so G an abelian group of type (t, ..., t) and order ¢""
for some positive integer m < d. This completes the proof of Theorem 2.2.

Let G be a finite group and f : G — GL,(C) a complex representation of G. Let
F be the field generated by the traces of {f(¢g) : ¢ € G}. In this context it would be
reasonable to ask a question:

Question. Is it true that there exist a representation h : G — G L,,(K) over a number
field K, normal over F' with Galois group I' = Gal(K/F'), which is similar to f(G),
h(G) = M~1f(G)M for some M € GL,(C), such that h(G) is ['-invariant?

3. Galois stable integral representations

Let K be a totally real algebraic number field with the maximal order Ok, G an
algebraic subgroup of the general linear group G L,,(C) defined over the field of rationals
Q. Because of the embedding of G in GL,,(C) the intersection G(Og ) of GL,,(Ok ) and
Gk, the subgroup of K -rational points of (G, can be considered as the group of O i -points



of an affine group scheme over Z, the ring of rational integers. Assume G to be definite in
the following sense: the real Lie group G'r is compact. The problem which is our starting
point is the question: Does the condition G(Og ) = Gz always hold true?

This problem is easily reduced to the following conjecture from representation theory:
Let K/Q be a finite Galois extension of the rationals and G C GL,(Of) be a finite
subgroup stable under the natural operation of the Galois group I' := Gal(K/Q). Then
there is the following

Conjecture 3.1. If K is totally real, then G C GL,(Z).

There are several reformulations and generalizations of the conjecture. Consider an
arbitrary not necessarily totally real finite Galois extension K of the rationals Q. The
following conjecture generalizes (and would imply) conjecture 1:

Conjecture 3.2. Any finite subgroup of GL,(Ok) stable under the Galois group
I' = Gal(K/Q) is of A-type.

For totally real fields K, the only roots of unity contained in K are 1 and -1. Hence
conjecture 2 reduces to conjecture 1.

Let F'(G) denote the field obtained via adjoining to F' the matrix coefficients of all
matrices g € GG. The following result was obtained in [2] (see also [10], [11] for the case
of totally real fields).

The case F' = Q, the field of rationals, is specially interesting. The following theorem
was proven in [2] using the classification of finite flat group schemes over Z annihilated
by a prime p obtained by V. A. Abrashkin and J.- M. Fontaine:

Theorem 3.1. Let K/Q be a normal extension with Galois group I', and let G C
GL,(Ok) be a finite I'-stable subgroup. Then G is a group of A-type in the sense of our
definition given in the introduction.

Corollary 3.1. Let K/Q be a normal extension with Galois group I', and let G C
GL,(Ok) be a finite I"-stable subgroup. Then G C GL,(Ok,,) where K, is the maxi-
mal abelian over Q) subfield of K.

Similar results for totally real extensions K /Q were considered earlier. In this case
there are some interesting arithmetic applications to positive definite quadratic lattices and
Galois cohomology.

But if an extension E/F of number fields is unramified, the situation is completely
different, see proposition below.

Let us formulate a criterion for the existence of an integral realization of an abelian
group G with properties introduced above. This theorem has interesting applications in
[2], and [10].

Let F, L be finite normal extensions of a number field F'. Remark that the theorems
below remain true also in the case of local fields L, I/, F' that are finite extensions of Q,,
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the rational p-adic number field. Let Sg, Sr, St be Dedekind rings in F, F, L with the
fields of fractions F, F, L respectively such that Sg and Sy, are free Sp-modules (and
have Sp-bases), and both Sp and Sy, are invariant under automorphisms of E/F and
L/F respectively. If F' = Q we can define Sr to be the intersection of F' and Sg. For
example, semilocal rings Sg, Sr, Sy, that are obtained by intersection of valuation rings
of all ramified prime ideals in the rings Og, O, O, satisfy the above conditions, as well
as Og, Of and Of, themselves, provided O and Of, have Op-bases (the latter is always
true for F' = Q). Let wy, wo, . . ., wy be a basis of Sg over Sg, and let D be a square root
of the discriminant of this basis. By the definition D? = det[Trp /F(wiw;)]i;. Ttis known
that D = det[wJ¥]j m- Let us suppose that some matrix g € GL,(E) has order ¢ (¢" =
I,,) and all T'-conjugates g7, v € I" generate a finite subgroup G C GL,,(FE) of exponent
t. Let oy = 1, 09,...,04 denote all automorphisms of the Galois group I' of E over
F'. Assume that L = E(C(l), 4(2)7 e C(n)) where C(l), C(g), R ,C(n) are the eigenvalues
of the matrix g. We shall reserve the same notations for certain fixed extensions of ¢;
to L. Automorphisms of L over F' will be denoted o1, 09, ...,0,, 7 > d. Theorem 2.1
from Section 2 implies the existence of the group G provided n > ¢ (t)[E : F|. Let
E = F(QG) be obtained by adjoining to F all coefficients of all ¢ € G. For an appropriate
set of d eigenvalues (1), ), - --,((g) Which depends on the primitive idempotents of
algebra LG the following Theorem is true (see also [2]):

Theorem 3.2. Let G C GL,,(F) be irreducible under G L,,(F')-conjugation. Then G
is conjugate in GL,,(F) to a subgroup of GL,(Sg) if and only if all determinants

w1 e WE—1 C(l) W41 - - Wy
o2 (o) o2 o2 g2
wit ... w2y C(z) Wiy - Wy
Dk = det i
0d 0d 0d 0d od
w; wi? C(t) Wil e Wy

are divisible by D in the ring St..

In this theorem G is I'-stable and generated by g and all g7,y € I" but this condition
is not very restrictive for 2 reasons. First, any I'-stable subgroup H € GL,,(E) contains
subgroups like G. And by Theorem 2.2 in Section 2, if H is a minimal subgroup of
exponent ¢ with the property F = F'(H), then H is just of the form given in Theorem 3.2.

The proof of Theorem 3.2 is constructive. It is based on the commutativity of the
L-algebra LG, the L-span of GG, and uses a system of linear equations that arises from
simultaneous diagonalization of commuting matrices

d d
g= Z'UJiBi,gU = szqBiv o€ Fa
i=1 i=1
whose solutions are the eigenvalues of commuting matrices B;, i = 1,2,...,d.
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In fact, we prove that the eigenvalues of By, Bs, ..., By are just the elements of the
set {(D;D~1)7, ~ are varying in the Galois group of L/F}.

We also use the fact that each semisimple matrix B € GL,(F) is conjugate in
GL,(F) to a matrix from GL,,(Sr) if and only if all its eigenvalues are contained in
S, (see [2], [10]):

Lemma 3.1. 1) Let all eigenvalues \;, ¢ = 1,2,...,n of a semisimple matrix
B C GL,(F) be contained in the ring Sy, for some field L D F. Then B is conju-
gate in GL,,(F) to a matrix that is contained in GL,,(SF). 2) Conversely, if a matrix B

is contained in GL,,(SF), then its eigenvalues are contained in Sy,

We note that the reduction to the case of an irreducible group G is motivated by the
following easy lemma [2], [10]:

Lemma 3.2. If G C GL,(E) is a finite I'-stable subgroup which has G L,,(F})-
irreducible components G1,Go, . ..,G,, and FE1, F| are rings having quotient fields E
and F respectively, then F(G) is the composite of fields F(G1), F(G2), ..., F(G,).

Theorem 3.2 can be used in the problem of existence for I'-stable subgroups G C
GL,,(Sg) with the property F'(G) # F for some integer m. The following Corollary
of Theorem 3.2 reduces the problem of existence for I'-stable groups G to the case of
GL,,(F)-irreducible G.

In the case of unramified extensions the following proposition for integral representa-
tions in a similar situation is proven in [15] and can be extended to the case of Dedekind
rings S considered here. However, in the parts 2) and 3) of the following proposition
the statement is stronger if G is conjugate in GL,,(F') to a subgroup of GL,(Og) since
in the most interesting cases Op C Sg :

Proposition 3.1. Letd > 1,t > 1 be given rational integers, and let E/F be an
unramified extension of degree d. Let h be the exponent of the class group of F'.
DIfn > ¢g(t)d, there is a finite abelian I'- stable subgroup G C GL,(SE) of exponent
t such that E = F(G).
2)Ifn > ¢p(t)dh, there is a finite abelian I"-stable subgroup G C GL,,(Og) of exponent
t such that E = F(G).
3)Ifd is odd, orn > ¢g(t)d and h is relatively prime to n, then G given in 1) is conjugate
in GLy(F) to a subgroup of GL,,(Og).

In all cases above GG can be constructed as a group generated by matrices 7,7y € T’
for some g € GL,(E).

Theorem 3.3. If there is an abelian I'-stable subgroup G C GL,,(Sg) generated
by ¢7, v € I' such that E = F(G) # F as above, then GL,,(F)-irreducible com-
ponents G C GLn,(E), i = 1,...,k of G are conjugate in GL,,,(F') to subgroups

11



G, C GL,,(Sg) such that E = F(G1)F(G2)...F(G)). In particular, F/(G;) # F for
some indices ¢.

Proof of Theorem 3.3.

If G € GL,,(Sg) is a group of exponent ¢t and g = Byw; + Baws + . .. + Bgwy for
a basis wy, ..., wgq of Sg over Sg, then B; € M,,(SF), and it follows from Lemma 3.1
that the eigenvalues of B; are contained in Sy,. But eigenvalues are preserved under con-
jugation, so the latter claim is also true for all components ;. We can apply Theorem 3.2
to G;,i = 1, ..., k. It follows that G; are conjugate to subgroups G; C GL,,,(Sg). Now,
Lemma 3.2 implies E = F(G1)F(G2)...F(Gy). This completes the proof of Theorem
3.3.

Theorem 3.4. Let E//F be a normal extension of number fields with Galois group
I'. Let G C GL,(F) be an abelian I'-stable subgroup of exponent t generated by g =
Biywy + Bowsg + ... + Bgwg and all matrices g7,y € T, and let E = F(G). Then
G is conjugate in GL,(F) to G C GL,(SF) if and only if all eigenvalues of matrices
B;,i=1,...,d are contained in Sy,, where L = E(().

Proof of Theorem 3.4.

Let
G *

clge = ,
0 Gk
for C € GL,(F) and irreducible components G; C GL,,(F),i = 1,..., k. Then
g1 *
CilgC’: :Biwl—l—Béwg—i—...—FBled
0 Gk
for Bl = C~1B;C. Let us consider F-algebra A generated by all Bl,i = 1,...,d over

(2
F. Since A is semisimple, it is completely reducible. It follows that matrices B/ are
simultaneously conjugate in G L, (F") to the block-diagonal form. Therefore, G is con-
jugate in GL,,(F') to a direct sum of its irreducible components G;. We can apply Theo-
rem 3.2 to each of them. Theorem 3.3 implies that each G; is conjugate in G L, (F) to

G, C GL,,(SF) if and only if all eigenvalues of matrices Bj,i = 1, ..., d are contained

)

in Sy, where L; = F(G;)((;). But F(G) = F(G1)F(G2)...F(Gy) by Lemma 3.2, and
so L = L1 Ls...Lj. This completes the proof of Theorem 3.4.

The approach to describe all T'-stable matrix groups up to G'L,,(.S)-conjugation for
certain Dedekind rings S C E can be based on either of Theorems 3.2, Theorems 3.3
or Theorems 3.4 for the existence of integral realizations of the given I'-stable subgroup
G C GLp(FE). Therefore, if we have a description of G up to G L, (F)-conjugation,
we can also determine whether G is G L, (F')-conjugate to a subgroup of GL,(.S) for
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any fixed n, F and F'. In fact, we have an algorithm to answer the question: for a given
field extension E/F is it possible to find a I'-stable subgroup G C GL,(S) which is not
contained in GL,(F")? Theorem 3.2 and Theorem 3.3 reduce this question to the case of
GL,,(F)-irreducible G.

Actually, for a given Galois extension '/ F' having Galois group I" and given ¢ and n
with ¢ (t)[E : F] < n Theorem 2.1 (see Section 2) provides a construction of a I'-stable
subgroup G C GL,(F) such that E = F(G). Our argument in proof of Theorems 2.1
and Theorems 2.2 in Section 2 specify that G can be chosen as a group generated by g7,
~ € I'. Theorem 3.2 allows us to check efficiently, whether it is possible to realize G over
the ring Sg, in the terms of the basis of Sg over Sr and t. In the case if S = Of a free
Op-module (and Op has an Op-basis) the argument in Theorem 3.2 makes possible to
apply this approach to subgroups G C GL,(Og), in particular for F' = Q, as well as for
other arithmetic rings S. If a list of I'-stable finite subgroups G C G L, (FE) is given, we
can apply Theorem 3.2 to their generating elements.

Note that in the case of relative extensions E/F' of algebraic number fields (F' # Q),
which was considered in [3], the situation is more complicated, and there are series of
examples of nontrivial subgroups G C GL,(Op) due to the existence of unramified
extensions of the ground field F' and the structure of the groups of units in Op. The
following example is given in the case of a ramified totally real extension E/F and a
Galois stable G C GLy(E) of order 4 such that F'(G) # F.

Example 3.1. Let

_[VEB+V2 V2112
TV V2 VB VE|

let E = F(vV/34+v2), F = Q(v/34 v2- /2 + v2). Then E/F is ramified at 2, the
ramification is wild, and G = {g, —g, Is, —I2} C GL2(Og) is a I'-stable subgroup of
order 2 and exponent 2.
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