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Abstract

In this paper, the Ultraspherical matrix polynomials are introduced starting from the hyper-
geometric matrix function. The generating matrix function, an explicit representation, three-
term matrix recurrence relations and differential recurrence relations are given. We derive the
Rodrigues’s formula and orthogonality properties for the Ultraspherical matrix polynomials.
Finally, the expansions of the Ultraspherical matrix polynomials in a series of Hermite and
Laguerre matrix polynomials are established.
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1 Introduction

Orthogonal matrix polynomials comprise an emerging field whose development is reaching important
results from both the theoretical and practical points of view. Some recent results in this field can
be found in [6, 7, 8]. Development of other extensions, such as Rodrigues-type formula [2, 3], a
second-order Sturm-Liouville differential equation [3], or three-term recurrence relations [4]. The
theory of Lie algebra of 2-variable generalized Hermite and 2-variable Laguerre matrix polynomials
have earlier been developed by Subuhi Khan and Hassan [31], Subuhi Khan and Nusrat Raza [32].
Important connections between orthogonal matrix polynomials and matrix differential equations
appear in [10, 11]. The matrix framework of the classical families of Hermite, Jacobi, Laguerre,
Legendre and Chebychev polynomials have been introduced and studied in a number of previous
papers [1, 9, 14, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. The reason of interest for
this family of Ultraspherical matrix polynomials are due to their intrinsic mathematical importance.
The aim of this paper is to define and study of a new class of Ultraspherical matrix polynomials
from a different point of view, starting from a generalization of the generating function. The struc-
ture of the paper is organized as follows: In Section 2, the definition of the Ultraspherical matrix
polynomials are given from the hypergeometric matrix function. The study of developments the
generating matrix functions for the Ultraspherical matrix polynomials are obtained in Section 3. An
explicit representation, three-term matrix recurrence relations and differential recurrence relations,
in particular Ultraspherical matrix differential equations are established in Section 4. Rodrigues’s
formula developed for Ultraspherical matrix polynomials in section 5. We prove some orthogonality
properties of the Ultraspherical matrix polynomials in Section 6. Finally, the expansions for the
Ultraspherical in a series of Hermite and Laguerre matrix polynomials are obtained in Section 7.
This paper, is concerned with matrix polynomials

Po(z) = Apa™ + A, 12"t + Ap_ox™ 2+ ..+ Ajz + A
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in which the coefficients A; are members of CV* the space of real or complex matrices of order
N, and z is a real number. P, (z) is of degree n if A,, is not the zero matrix for orthogonal matrix
polynomials, the leading coefficient, A,,, being nonsingular [4, 15].

Throughout this paper, for a matrix A in CV*¥  its spectrum is denoted by o(A) where o(A)
is the set of all eigenvalues of A. The two-norm of A, which will be denoted by || A]|, is defined by

p 1Azl

Al =
w#o |2

where, for a vector y € CV, ||yll2 = (y7y)? is the Buclidean norm of y.

If f(2) and g(z) are holomorphic functions of the complex variable z, which are defined in an
open set Q of the complex plane, and A, B are matrices in CV*¥ with o(A) C Q and o(B) C €,
such that AB = BA, then from the properties of the matrix functional calculus in [5], it follows that

f(A)g(B) = g(B)f(A). (1.1)

The reciprocal Gamma function I'"1(2) = F( y is an entire function of the complex variable z. Then,
the image of [ "1(z) acting on A, denoted by I'"1(A) is a well defined matrix. Furthermore, if

A+nl is invertible for every integer n > 0,
then T'(A) is invertible, its inverse coincides with T=1(A) [12]
(A)p =AA-D)(A-2D)(A-3D).. (A= (n—DI) =T(A+n)T"H(A); n>1(A)g=1. (1.2)
From (1.2), it is easy to find that

(A)p—k = (=1)"(A)u[(I —nl — A)]0< k < n. (1.3)
From the relation (3) of [23], one obtains
—1)k — _
S el O "I)’“;ogkgn. (1.4)
(n—k)! n! n!
Using the results [2], one gets
>N Bk,n)=>Y B(kn—k
n=0k=0 n=0 k=0
o [in] (1.5)
ZZA (k,n) =" A(k,n — 2k).
n=0 k=0 n=0 k=0
Similarly, we can write
> > B(k,n)=>_> B(k,n+k),
n=0 k=0 n=0 k=0
SN Alk,n) = A(k,n —k), (1.6)
n=0 k=0 n=0 k=0
SN T Alkin)=> ") A(k,n + 2k)
n=0 k=0 n=0 k=0

If A, B, and C are matrices of CV*¥ for which C +nl is invertible for every integer n > 0. Then the
hypergeometric matrix function oF; (A4, B;C;z) is defined in Jédar and Cortés [12, 13] as follows
o~ (A)rB)(C)e] ™

2Fi(A, B; C2) = ) i z (1.7)
k=0

and the hypergeometric matrix differential equation [12, 13] in the form

d*W (z) dW (z) dW(z)
dz

A1 = 2) =5 —2A=— =+ (C = 2(B+1)) —ABW(2)=0; 0<]|z|]<1.  (18)

The following theorem and lemma, derived in [3], will be useful in the sequel.



Theorem 1.1. Suppose that A, B and C are matriz in CN*N such that the matriz C satisfies the
condition that C' + nl is invertible for all integer n > 0. Suppose further that C and C — B are

positive stable with BC' = CB. Then for |z| <1 and |{%| < 1, it follows that

z
1—2

2F1(A,B;C;z):(1—z)_‘4 oF1(A,C — B;C;— ). (1.9)

Lemma 1.1. Let P and Q be two positive stable matrices in CN*N such that

Re(z) > —1 and Re(w) > —1, for all z € o(P) and allw € o(Q), and PQ = QP. (1.10)

Then,

/1 (1+2)P~ 11 —2)% Tde = 2P+~ IB(P, Q) (1.11)
-1

where I is the identity matriz in CN*N and B(P,Q) denotes the Beta matriz function.

If P and Q are members of C¥*¥ for which PQ = QP, and if, for all nonnegative integers n,
P+nl, Q+nl and P+ Q + nl are all invertible [12], then

B(P,Q) =T(P)L(QI™'(P+Q) (1.12)

where B(P, Q) denotes the Beta matrix function [12] acting on the pair P, Q. We will exploit the
following relation due to [12]

= 1
(1-2) = 1 Fy(A an Jnx™ 7| < 1. (1.13)

The above facts, notation, definition and theorems will be used throughout the next sections. In
next section, we introduce a new matrix polynomial which represents of the Ultraspherical matrix
polynomials as given by the relation and an explicit representation is given.

2 Ultraspherical matrix polynomials

CN><N

Let A be a positive stable matrix in satisfying the spectral condition

Re(X) > —%, VA ea(A). (2.1)

For n > 0, the Ultraspherical matrix polynomials P(z) is defined by the hypergeometric matrix
function

(A+1), 11—z

P(a) = = oFi(-nl 24+ (n+ DL A+ I =) (2.2)

such that A+ (n + 1)1 is invertible for all integer n > —1 and for |15%| < 1. From (2.2) it follows
that P2 (x) is a polynomial of degree precisely n in z.
An application of Theorem 1.1, to (2.2) yields

(A“)n(”fﬁ -1

z+1

PA(z) =

n

A} (2.3)

2

ol ) QFl( ’H,I —nl — A A—|—I

Each of (2.2), (2.3) and using (1.2), (1.3) and (1.4) yields a finite series form for Ultraspherical
matrix polynomials P2 (x)

z”: (A+DnA+ Dirl(A+ Di] T QRA+ )] ! (x - 1>k (2.4)

Z Kl(n — k)! 2

such that A+ (k+1)I and 24+ (n+ 1)1 are invertible for all integer £ > —1 and n > —1. Equation
(2.4) is expanded forms of (2.2) and (2.3), respectively.



3 Generating matrix function for Ultraspherical matrix poly-
nomials

We now give the generating matrix function for the Ultraspherical matrix polynomials.

Theorem 3.1. Suppose that A is a matriz in CN*N satisfying (2.1). Then the generating matriz
function for Ultraspherical matriz polynomials has the following representation

oA 1 2t (x — 1) = N
L—t) 22 Fy(A4 =1 — 55— = ) (A + Du[(A+ 1), P2 ()"
A=07R A+ 3L ) ;)( + Dal(A+ D] ' Pl (2)t (3.1)
where the hypergeometric matriz function 1Fy(...,...;...;...) s given as
1 2@—1), = ((A+3D), 2tz —1)\"
Fo(A+ =TI;—; =
A+ =) kz:% i a—0?
and A+ (n+ 1)I is invertible for all integer n > —1.
Proof: By using (1.6) and (2.2)
= N o~ A+ Dk [(A+ D™ 2 —1
2A+ 1), [(A+ 1), P ()" = ( - kin
@A+ DA+ D7 P = 30 3 S ()

_ i i (2A+1)pyor[(A+ 1))t (z — 1)F¢mtk

kin!2k
n=0 k=0
e (24 4+ 2k + 1) pt™ (2A 4 Do [(A+ 1)i] " Ha — 1)kek
B Z Z n! K12k
k=0n=0
_ i (24 + D)o [(A + 1))~ (z = 1)*t* (1 — )~ (GA+EE+DD
2 12k '

Since (24 + I)ax = 224 (A + 1), (A + 31I),, it follows that

i(QA + Dal(A+ 1))~ P ()"
n=0
) i 22k (A + ;lj!)Q)kk(x — 1)k¢k (1 t)-CA+@HDD.

Therefore, the representation of the generating matrix function for the Ultraspherical matrix poly-
nomials (3.1) is established and the proof of Theorem 3.1 is completed.

Another representation of the generating matrix functions for the Ultraspherical matrix polyno-
mials given in the following theorem.

Theorem 3.2. Let A be a matriz in CN*N satisfying (2.1). Then we have thus derived generating
matriz function

o0

) =D IA+ DA+ D] R @) (3.2)

n=0

tx+1)

tlxr —1
oFl(—;AJrI;%) oFi(—A+T;

where the hypergeometric matrixz functions oFi(—;...;...) are given as

0F1(—;A+I;@) _ kzzo [(A +k1!)k]_ (‘Tgl)ktk

and

0F1(—;A+I;

tz+1), i (A+1),]" z+1

2 ) n! ( 2 )t

n=0

where A+ (k+ 1)I and A+ (n+ 1)I are invertible for all integer k > —1 and n > —1.



Proof: From (2.3) and (1.5), we obtain

i A+1), ) A+ 1), PA (o)t
n=0
_ [(A+ Dl (A + D] () (e
nz:m;) El(n — k)!
A+ D)™z -1 ((A+D 2 +1,.,

Hence the equation (3.2) is established and the proof of Theorem 3.2 is completed.
The following result gives another representation of the generating matrix functions for the
Ultraspherical matrix polynomials.

Theorem 3.3. Let A be a matriz in CN*N satisfying (2.1). Then a generating matriz function
representation for Ultraspherical matriz polynomials has the following

Flz,t, A) = i(m + Dal(A+ Do) PA@)E" = [1— 2ta 4 ¢2] 7420 53
n=0 .

gt <z < 1.

If r1 and ry are the roots of the quadratic equation 1 — 2zt + 12 = 0 and if v is the minimum of the
set {ri,r2}, then the matriz function F(x,t, A) regarded as a function of t, is analytic in the disk
[t| < r, for every real number in |z| < 1.

Proof: From (2.2), it follows that

> QA+ Du[(A+ D] PR ()"
n=0
= A pcnraat e ynA LY
ne . (3.4)
2A+In —nD)A+ (n+ D)D[(A+ D)™ 1—2 4.,
n=0 =0 ’
_ i zn: (— nI)k(QA +1)n(2A+ (n+ D)IE[(A+ 1))t (1 — x)ktn
et kn! 2
Therefore, by using (3.4) and (1.2) , we have
Y @A+ DA+ )] Pl @)t
n=0

S DA+ Dusal(A + D 1 7

n
k=0

I
3 1[0

5oy U @A Dl A+ D

k'n!

n=0 k=0
Using (1.4) and applying (1.6), we have

oo

> QA+ IDL[(A+ D)) P a)t"

n=0

_ i " 2A + D)k [(A+ D)) (;c - 1>ktn

El(n —k)! 2

k
e (2A+F Do [(A+ D] =1\,
- L g e (200 ) e




From the relation (1.2), we obtain that
(2A + 1 +2kD),, = (2A+ I)pyor[(2A + 1)op] 71,

[(2A+ D]~ = 272¥[(A + I [(A+ 51
and (3.5)

(2A+T+2kD), =2"*QA+1)pion[(A+ 1] (A + %I)k-]*1

which by inserting (3.5) with the help of (1.13) yields

o0

Y A+ D[(A+ )] P )"

n=0

$3PHA L DU+ YDA DA+ T 2 =

kyn+k
k!n! ( 2 )t

M

3
Il
o
=~
=]

® (A+ 124+ 2KT + 1),
Z( +2 )k( + + ) 2k)(x_1)ktn+k

tqu

In!
i kin!
o~ (A4 3Dk or o= (2A 4 2kT+ 1),
- Z k" 2 ( ) t Z#t
k=0 n=0
00 1
= Z (14—‘;{77?‘[%216(3: _ 1)ktk(1 _ t)7(2A+2kI+I)
k=0 ’
© 1 k kik
-y (A+ 3Dy 2%(x — 1)kt (1 py-CasD
k! (1— )%
k=0
275(.1‘— 1) —(A4+3D) _ —(A+1D)
=1-="_7 1—¢)"CAD = (1 —¢)%2 = 2(z — 1 2
2 e (=1 21z 1)
= [1 -2tz + 2] AT,

Thus the result is established and the proof of Theorem 3.3 is completed.
If in (3.3), we replace z by —z and ¢ by —t, the left side remains unchanged and we obtain

Pl(~z) = (=1)"P} (). (3.6)

In equation (3.3) put = 0 to obtain

oo

(1+)" A0 = 3 24+ 1), [(A+ D) ' PHO)E"
n=0

Using the binomial expansion of
o~ (=D"(A+30)
1+ 2)~A+sD = ( 270t < 1
(1+1) > i

we get

P = Do+ LA 10 PALO) =0

For x = 1 we have

i(m DA+ D) PA e = [1— ] D < 1
n=0

So that by (1.13) it follows

n'(A+I)



Theorem 3.4. Suppose that A is a matriz in CN*N satisfying (2.1). Then, the Ultraspherical
matriz polynomials has the following representation

[zn] 1)k (24 2k
P{‘(x) = Z%(A+ %I)n,k(A+I)n[(2A+I)n}*1. (3.7)
P ! !

Proof: By using (1.13) and (1.6), we have

(A 1) (20 — t)™"
2

(1— 22t 4 ¢2)~(A+al) = '
n.

oo n n—~k
= Z kl n— k)g e (3.8)

[e’e) [l"] _
20 (—D)k2z) (A + 1),
=2 k\(n — 2k)! )

Thus by identification of the coefficients of ¢" in (3.3) and (3.8), in both sides gives the explicit
representation (3.7) and hence the proof of Theorem 3.4 is completed.

From (3.6), we obtain another hypergeometric matrix function form for Ultraspherical matrix
polynomials P (x), namely,

Pil(x) = Lffﬁ)" SFy (=T, (n+ )T+ 24; T + A; 112, (3.9)
n
2A 4+ Don[2A+ 1)) (2 +1\" 2
P;‘(x):( )2 [7(” o] ( 5 ) 2F1(—n1,—nI—A;—2A—2nI;—1+x) (3.10)

and

= 3= DA DA+ Dusal(A+ 4] [<2A+I>n11<$+1)k (311)

— El(n — k)! 2

n
where A+ (n+ 1)1, A+ (k+1)I,2A+ (n+ 1) and 2A + (n + k + 1)I are invertible.

4 Matrix recurrence relations for Ultraspherical matrix poly-
nomials
In this section, we derive several matrix differential recurrence relations, the pure matrix recurrence

relations and Ultraspherical matrix differential equations from this matrix generating functions.
By differentiating (3.3) with respect to x and ¢ yields, respectively

0 t 1

— S Z 4.1
and

0 x—t 1

— = - - . 4.2

6tF(x,t,A) 1—2xt—|—t22(A+ 2[) F(x,t,A) (4.2)

So that the matrix function F'(z,t, A) satisfies the partial matrix differential equation

0 0
(;v—t)8 (xﬁ,A)—taF(x,t,A)—O

X

Therefore, by (3.3), we get

i (244 1), [(A + I)T,,]*%P;‘(x)t" - i n(2A+ 1), [(A+ 1)) P (a)t"
n=0 n=0
:i(QAJrI)nfl[(AJrI)n 1™ 1dd Pty ()t



Since - Pg'(z) = 0, we obtain the differential recurrence relation

2(24 + nf)dipg‘(x) —n(2A +nl)PA(z) = (A + nf)dip,;‘tl(x); n> 1. (4.3)
X X

From (4.1) and (4.2) with the aid of (3.3), we get the following

2(A+11) o ardD) ]

2 (1= 2wt 4+ 2) AT D =N T QA+ 1), [(A+ )] = PA ()t .

ot 21— 20t +1) ;( + Dal(A+Da]™ 5P (2) (4.4)
and

2z —t)(A+ 1) N(ALLD) o 1pAg -1
o (L2t ) = ;n(QA + Da[(A+ 1), ' PA ()t (4.5)

Note that 1 — 2 — 2t(x — t) = 1 — 22t + t2, we multiplying the left side of (4.4) by 1 — t2, the left
side of (4.5) by 2t, subtract and obtain the left side of (3.3). In this way, we obtain

2A+ (n+ H)1)@A+nD)(A+nD)PAE) = QA+ (04 D)= P, (2)
o (4.6)

d
*Prf‘q(l’)-

—(A-i—nl)dx

From (4.3) and (4.6), one gets

9 prw) = @A+ (DI P (2) .
—[2(A+ (n+ %)I)(A +nl) —nl](2A + nI) P ().

z(A+nl)

Substituting n — 1 for n in (4.7) and putting the resulting expression for 4L P2 | () into (4.3), gives

dci" PA(z) = nePA(x) — (A+ nl)PA | (2). (4.8)

Now, by multiplying (4.3) by (22 — 1) and substituting for (22 — 1) P2(z) and (2® — 1)L P2 | (2)
from (4.8) to obtain the three terms matrix recurrence relations in the form

(2% - 1)

n(A+ nI)(A +(n+1D)I)P(x) = x(A+ (n+ 1)I)(2A + (2n — 1)I)(2A + nl)

Formulas (4.3), (4.6), (4.7) (4.8) and (4.9) are called the matrix recurrence formulas for Ultraspherical
matrix polynomials.
We can write (4.4) and (4.5) in the form

o 2\-(A+2D) _ - 14 a1
2A+ 511 =2t +17) 221(2144—1) n[(A+ D)™ = Bl ()t
" L (4.10)
Z 2A+I n+1 A+I)n+1] dr Pf-}-l( ) .

By applying (3.3), it follows

1 P
2(A+ 51)(1 2t + $2)=(A+3D)

o0 4.11
=> 2(A+ %I)(QA +20),[(A + 21),,] 7t PATL (z)t™. -
n=0

Identification of the coefficients of ¢ in (4.10) and (4.11) yields

d%PfH(J?) =2(A+ %I)(A + (n+ DDA+ (n+ 1DI)~! PA (2)



this gives

dip,f(z) =2(A+ %I)(A +nl)(2A 4+ nl)~t P (2). (4.12)
X
Tteration (4.12) yields, for 0 < r < n;
dd Pl x) =2"(A+ %I)T(A +nl),[(24 + nI), |7t P2 (). (4.13)
€Z

We conclude this section introducing the Ultraspherical matrix differential equation as follows corol-
lary.

Corollary 4.1. Let A be a positive stable matriz in CN*N satisfying (2.1). Then the Ultraspherical
matriz polynomials are solutions of the matrixz differential equations of the second order in the form

(1— x2)j—;P;‘(x) —2x(A+ I)%P;;‘(x) +n(2A+ (n+1)I)PA(z) = 0. (4.14)

Proof. In (4.7), replace n by n — 1 and differentiate with respect to = to find

2 2
2(A+ (0= DD PA (@) + (A4 (0 — D)L PA (@) = @A+ D)~ PA(w)
dx? dx dx? (4.15)
—[2(2A+ (n — %)I)(A +(n—1I)—(n—1I|(2A4A+ (n— l)I)diP;?,l(:r).
T
Also, by differentiating (4.3) with respect to z, we have
x(24 + nI)d—QPA(J:) —n(2A + nI)iPA(x) =(A+ nI)iPA (x) (4.16)
dx2™ " dz™ " de” "

From (4.3) and (4.16) by putting -£ PA | (z) and d P2 | (z) into (4.15) and rearrangement terms,

der” n—1 dx?

we obtain (4.14) and hence the proof of Corollary.
Differentiating the identity (2.2) with respect to z, it follows

DPA(y) =MAT 12)?;211;72? D ol 41,24+ 0l 421 A+ 21, 225)
_ A+ 21)”25”(2_141; (4 DD o (—(n— 1)1, 24+ 21 + nl; A+ 21 - -5
so that
DPA(2) = m*gﬂpﬁ{(@. (4.17)
Iteration of (4.1) yields, for 0 < k <n
DFPA(z) = (2A+ (n+ DI)kajkM(x)' (4.18)

ok
Now, we can get the differential equation in a different way and prove the following theorem.

Theorem 4.1. Let A be a positive stable matriz in CN*N satisfying (2.1). For n > 0, the Ultras-
pherical matriz polynomial p2 () satisfies the matriz differential equation

(1—22)Y"(z) = 22(A+ DY'(z) + n(2A + (n+ 1))Y (2) =0; |z| < 1. (4.19)

Proof : Takingz:ITH,A:2A+(n—|—1)I,B:—nI, and C = A+ 1,

1 _
oFL2A+ (n+ 1)1, —nl; A + I ; L) = (~1)"nl[(A + nI),] " PA()
from (3.14). Introduce the notation
1+ z+1

W( )= oF1(—nl,2A+ (n+ 1)I; A+ I ). (4.20)

2



Applying the chain rule in (4.20),

W) =21 nna] 7 (P, ana
2 ' (4.21)
Taking into account that
AT (1—;9[;)(1_”)[: %(2A+(1+n—x—mn)1)
and substituting (4.20),(4.21) in (1.8) P (A+nl), yields
(1—a )dd - (PA( )) —2(A+2(A+ I))% (Rf‘(@) + 214% (Pf(l‘)) (4.22)

+n(2A + (n + 1)I)P2(2) = 0.

Thus, P2(x), as given by (3.11), satisfies (4.19) in |z| < 1 and the proof of Theorem 4.1 is completed.
We have the following corollary.

Corollary 4.2. Forn >0 and |z| < 1, PA(x) is a solution of the matriz differential equation
d 2A+1I~,1 L+ 4
. 1+2z)(1—x) Y'(z)| ——

Lo (4.23)

A
+n(2A+ (n+ 1)I)(1 — x)QAY(x)(l + x) =0.

1—2x

Proof: Premultiplying (4.19) by (1 — z)?4 and postmultiplying by ( )A then rearranging
yields (4.23) for |z| < 1.

5 Rodrigues’s formula for Ultraspherical matrix polynomials

In this section, we provide Rodrigues’s formula for the Ultraspherical matrix polynomials and prove
the following theorem.

Theorem 5.1. Let A be a matriz satisfying (2.1) and let P2(x) be the Ultraspherical matriz poly-
nomial. Then the following Rodrigues’s formula holds for n > 0 and |x| < 1

(@2 -1~

PA(:E) B nl2n

D" [(xQ - 1)A+”I]. (5.1)

Proof: Equation (2.3), we can be written

N (A+ DA+ Dp[(A+ D] A+ Dpeg] Yz = DF @+ 1)k
Z k127 (n — k)! '

(5.2)
k=0

The differential operator is denoted by D, with D¥(f(x)) = d’;];(f). It is easy to show from (1.3)

that for an arbitrary matrix CV*¥ [2], then for non-negative integral s and m, one gets

Dzt —(A + mI)(A+ (m — 1D)I)(A+ (m —2)I)...(A+ (m — s+ 1))gAtm=s)1
i 5=0,1,2,...
or
DA™ = (A4 D[(A + Is] LA+ M=, (5.3)
From (5.3) we obtain

D+ 1) = (A4 Da[(A+ D] Mo + 1) 0RT (5.4)



and
D" Rz — D)A = (A4 D), [(A+ D))tz — 1D)AHRL (5.5)

Therefore (5.2) can be put in the form

x—1)"4(z A n
k=0 (

nl2n l Al [D”_k(ﬂf - W‘*"’} [D’“(w + 1)“’”] : (5.6)

By Leibnitz’ rule for the n-derivative of a product, equation (5.6) yields the Rodrigues’s formula one
gets

(2~ 1)~

PA(ac) - nlan

D" [(azz — 1)A+”I]
or we now give another representation of the Rodrigues’s formula for the Ultraspherical matrix
polynomials

(1)1 —a?)4
nl2n

Py(z) = D"(1 — a2)Atnd, (5.7)

Equation (5.7) is more desirable than (5.1) when we work in the interval |z| < 1. Thus the result is
established.

In the following, we obtain the orthogonality for Ultraspherical matrix polynomials which satisfy
(2.1).

6 Orthogonality for Ultraspherical matrix polynomials
Since —2z(A+ 1) = (1 —2)(I + A) — (1 + 2)(I + A), we may put (4.14) in the form
(1 =2 D?PA(x) + [(1 —2)(I + A) — (1 +2)(I + A)|(1 — 2*)*DPA(x)
+n(2A + (n+1)I)(1 — 22)2 P (x) =0
this yield
D[(1 — 2 DPXMx)| + n(2A+ (n + DI)(1 — 2®) P (z) = 0. (6.1)
F}ll"om (6.1) and the same equation with n replaced by m, that P2 and P2 (x) commute, it follows
that
M2A+ (n+ 1)) —m2A+ (m + 1)D)](1 - 2*)* P (z) P (x)

= (1= (PADP) - PADP) )|

Therefore, we may conclude that

(n=m)2A+ (n+m+1)I) /1 (1- xQ)APf(x)Pg(x)

-1

) (6.2)
_ [(1 — o)At (PM)DP;:@) ~ Pa@DE] @))]

The condition of commutativity, P2 (z)PA(x) = PA(x)PA(z), then (6.2) leads us to the orthogo-
nality property

/11(1 — ) APA)PA(R)dr = 0, m £, (6.3)

That is, the Ultraspherical matrix polynomials form an orthogonal set over (—1,1) with respect to
the weight function (1 — z%)4.



In order to evaluate

1
gu) = [ (=Y PN @) (6.4)
—-1
we employ the Rodrigues’s formula and integration by parts. This method incidentally furnishes a
second derivation of the orthogonality property (6.3).

From (5.7), we obtain

(1 o x?)APf(x) _ (;L];zln Dn(l o 1,2)A+n1. (65)

Therefore, if Re(A) > —1, for all A € o(A),

/1 (1 — 2)APA(2)PA(2)dx = (=1" /1 {D"(1 — 22)AT Y PA(2)da. (6.6)
1 2nnl J 4

On the right in (6.6), integrate by parts n times, each time differentiating P/!(x) and integrating
the quantity in curly brackets. At the k' stage the integrated part

{Dn—k(l _ 1’2)A+nI}Dk_1Pﬁ4(x)

is zero at both limits because of factors (1 — 22)4+*! with satisfying the spectral condition (2.1).
After n such integrations by parts, we have

/ 1 (1 —2>)APA(2) P2 (x)dx = (;jzjn / 1 (1 — 22)A+ D pA (1) de. (6.7)

If n # m we may choose n to the larger and therefore conclude that
1
/ (1— 22YAPA(@)PA()dz =0, n#m. (6.8)
—1
In (6.7), we have a tool for the evaluation of the g, (A) of (6.4), but we need D" P (x). From

A+T 1-
P;;‘(x):Hi'”‘ Fyi(—nl,2A+ (n+ ) A+ 1T, 25”)
n.

and repeated application of the formula for the derivative of hypergeometric matrix functions, we
obtain

— T

(=) (=nd)n(2A+ (n+ 1)I) )
2

n!

D"P ) =

n 1
2F1(0,2A+ (2’)’L+ 1)I;A+ (n—|— 1)[,

from which

(2A+ 1)2n[(2A+1),] 71 .

DnPA _
2 (a) =

Now (6.7) with n = m yields

gn(A) — / (1 _ J,‘Q)A[PA(JJ)]Qd.’L‘ _ (2A + I)Qn[(QA + I)n]71 / (1 o aj2)A+nle‘.

-1 " 22"n‘ -1

Using Lemma 1.1, we get

1
/ (1 _ x)AJrnI(l + x)A+nld$ — 22A+(2n+1)IB(A + (TL + 1)I,A + (TL + 1)])
-1

= 22A+CHVIP (A 4 (n 4+ 1)T(A+ (n+ 1)DT (24 + 2(n + 1)1).
Hence

- 22A44C D94 4 1), (24 + 1)2, T(A + (n+ 1))T(A + (n+ 1)1)
- 22np)|

[(2A+1),]7'T71 (24 +2(n 4+ 1))

gn(A)



or

A 224 T(A+ (n+ 1)T(A+ (n+ 1))
)= n! (6.10)
[(2A+ 2n+ 1)) ' T 2A + (n+ 1)I).

Gn(

From (6.9), we conclude that

(2A + Dapa"[(2A + 1), !
nl2n

Pyl (x) = + 1, 1(z) (6.11)
in which II,,_1 (x) is a matrix polynomial of degree n—1. In summary, we have obtained the following

important result, orthogonality of the Ultraspherical matrix polynomials, P/ (x), that are defined
by (2.2).

Theorem 6.1. Let A be a matriz in CN*N satisfy the spectral conditions (2.1) and P2 (z)P2(x) =
PA(x)PA(x). Then for any nonnegative integers n and m,

/ (1 ) PA) PA (1)

m
-1

0, n#m; (6.12)
22A+I

= ——T@2A+ (2n+ 1))T 124+ (n+ 1)I)
FTA+(n+1)DHT(A+ (n+1)DI 24+ 2(n+ 1)), n=m.

Making use of the hypergeometric representation (2.2) in the familiar orthogonality property
(6.12), and setting

r=1-2t, 0<t<l1

we obtain

1
/ tA1 =) oy (=mI,2A+ (m + 1)[; A+ T;t)
0

JFy(—nD, 24+ (n+ 1)[; A+ I;)dt = nlT(A + DDA+ DT(A+ (m+ 1)1y (&13)

(A4 2n+ D)D) HT(A+ (n+ DD HT2A+ (n+ 1)) omn

where

In view of the hypergeometric matrix function representation (2.4), we find from the orthogonality
property (6.12) with

that

/ t=2A=(mAnt DI DA SR (—ml, —A — ml; —2A — 2ml;t)
1

oFy (—nl, —A —nl;—2A — 20 )dt = nIT(A + (n + DIT(A + (n+ 1)I) (6.14)

T2A+ (n+ 1)TR2A+ (2n+ D)) T (2A+ (2n+2)D)] 6.

Thus, if we employ the hypergeometric representation (2.3) on the left-hand side of the orthogonality
property (6.12) and set



we get

/ tA(1 + ) 2A- D B (—m, —A — mI; A+ I; —t)
0
oFi(—nl,—A—n[; A+ I;-t)dt =nll’(A+ T (A+ )T (A + (n+ 1)I)
[(2A+ @2n+ D] DA+ (n+ DD DA+ (n+ D)) mn.
Finally, the Ultraspherical matrix polynomials are expanded in series of Hermite and Laguerre matrix
polynomials.

(6.15)

7 Expanding of Ultraspherical matrix polynomials in series
of Hermite and Laguerre matrix polynomials

If A is a positive stable matrix in CN*, then the n'® Hermite matrix polynomials [1, 19] was
defined by

k

[37]
H,(z,A) "'Zk|(_1)2k)( V2A)n—2k (7.1)
k=0

and the expansion of "1 in a series of Hermite matrix polynomials have been given in [1, 19]

(3]

(zV24)" = n! Z o ni2k) ok, A). (7.2)

Now, let us expand the Ultraspherical matrix polynomials in series of Hermite matrix polynomials.

Employing (3.7) and (1.6) with the aid of (7.2) and taking into account that each matrix commutes
with itself, one gets

00 00 [%"] _1\k A 1 xn—Qk
Soeas D4+ D, P = 30 >0 S e 20

n=0 n=0 k=0

_ i i (—Dk(A+ %I)n+k(2x)”tn+2k (7.3)

k!n!

t’ﬂ

e A o)

kls!(n — 2s)! Hyas (o, A5,

Since the matrix A commutes with itself, then we can write (7.3) in the form

o0

> QA+ D[(A+ D] PR ()"

n=0

[En] n -n
B Z Z Z k2 (A + 31)nik(V2A4) H, o (o, A5,

1sl(n
n=0 k=0 s=0 kS 28)

-

Thus
22 "(2A + 1) [(A+ 1)) P ()t

, (7.4)

o oo 37
2 (A + I)n+k n+2k
Z Z k's' (n — 2s)! Hrzs(z, A)t '

Using (1.6) the expression (7.4) becomes

Zz—” "2A+ 1), [(A+ 1)) P (a)t"

oo o0 o0

A I n S .
—ZZ + ) +Ek+2 Hn(m,A)tn+2k+28

Isin!
n=0 k=0 s=0 ksn




this, by using (1.5), yields,

ir”(\/ﬂ)”(m + Da[(A+1), ] PA(2)t”

n=0

co oo k —s 1
— Z ZZ (D" (A4 3D nirts H, (2, Ay 26

(k —s)lsIn!

Since
1 1 1
(A+ 5I)n+k+s =(A+ S1+ (n+k)I)s(A+ 5I)nﬂc.

Using (1.4) and (1.5), it follows

Zz—" (24 + 1) [(A+ 1)) P ()t
oo oo k 1 1
—kIs(A+ 51 E))s(A+351)n
:ZZZ )s(A+ 51+ (n+k)I)s( +2)+an<x’A)tn+2k
k!sln!
n=0 k=0 s=
o — ( 1) 1 1 n+2k
=3 ) i 2F0( kI, A+ §I—|—(n+k)[;—;1)(A+§I)n+an(m,A)t
n=0 k=0
El(n — 2k)!
n=0 k=0
where the hypergeometric matrix functions oFy(...,...;—;...) are given as

o0 JATLT I
2 Fo(— kIA—|—2I—|—(n+kI—1 :Z ol ¥ (B,

S=

s!

Therefore, by identification of coefficient of t", we obtain an expansion of Ultraspherical matrix
polynomials as a series of Hermite matrix polynomials in the form

S —RA+ LD,
El(n — 2k)!

b Fy(—kI, A+ %I +(n+k);—;1)
k=0
A+ )24 4 1), H(V2A) " H, _op(z, A).

Furthermore, the n!* Laguerre matrix polynomials LSIA”\)(I) is defined by

n(—1)R Ak
L%A’/\)(fc):z:m(/l‘*‘[) [(A+ D] (7.5)
k=

where A is a matrix in CV*¥ such that —k is not an eigenvalue of A, for every integer k > 0 and \
is a complex number such that Re()\) > 0.
n (7.5), A =1 gives

LA (2 Z M(A + Da[(A+ )7 (7.6)

The expansion of ™1 in a series of Laguerre matrix polynomials [9] in the form

n _1\k
fﬂ"I"lzk!gnl_)kﬂ(A+I)n[(A+I)k]1L,(€A)(x)- (7.7)



We use (7.7) to expand the Ultraspherical matrix polynomials in series of Laguerre matrix polyno-
mials. We consider the series

o0 o0 [%n] s 1 n—2s
- n (71) (‘4+ 7I)n—s(2x) n
Z@AH»KAHM RAGEEDY P S T
n=0 n=0 s=0 ’ ’
el (A I)pys(2
= ZZ +| l) o2 (e (7.8)
— sln!
c© oo n 1)k+52n(A+%I) n 3 3 A
= A+ S [(A+ ST (@)t
;SZH A m At gDl ST LT @)
which, by using (1.6), becomes
e . A XX X k+52n+k 1 3
S QA+ DL[(A+ D] ' PAa)t =D ZZ (At g Dnikrs(A+ S Dnsk
n=0 n=0 k=0 s=0

KA+§DM”L$%@%“”%

From (1.5), we have

> x© [én] k+52n+k 2s 1
> QA+ DA+ 1)) P ZZZ—(A+ “Dnio—s
n=0 n=0 k=0 5=0 (7.9)
3
(A+ 5 Dnn—2:l(A+ il)k]*lL,(CA)(x)t"M.

Form (1.2), it is easy to find that

(A+ %I)gn _ 2%(%(14 + %I))n(%(A + %I))n

and

(At 5 Dnsk = (A+ 5Da(A+ (4 5)Ds.

In accordance with (1.3), one gets

(At g Dkes = () (A+ 3 Dsl((L—n— K~ A= 1))

and

(At D rine =22 (A 4 2Dsl o —n =T = A= 1))

[pé«n+m1+A+%DLrP



Therefore

00 oo oo [%n] son+k—2s
S @A DA+ D] P =SS S CE L
n=0 n=0 k=0 s=0 sl(n — 2s)! 2
(U= =BT = A= SD)] 727 (A4 2 g
(U= n =B = A= 2 D) (=5 (04 BT+ A+ S D) (A + S0 L @y
B S)3) SEE NI )
n=0 k=0 s=0
(1 =n =BT = A= DG =0 = KT = A= D) (- 5+ BT+ A+ §I>>sr(17 o
kon+k .
O T Ak LA 2Dl 20 L e
:;kz:o 2F3(—%n1, —%(n - %)I; (1—n—kI-A- %I, %((1 —n—k)J—A— %I)
rmrmrear i HEETT s B g e
:;kzo 2F3(—%(n— k)I,—%((n— k) — %)1;(1 ) A %1,%((1 ) A %I)
_1\kon
s+ SR s o, S+ g @
where the hypergeometric matrix functions oF5(...,...; .y .0y .05 ...) are given as
1 1 1 1.1 1
2F3(—§(n — k)1, —5((n —k) - 5)1; (I=n)I—-A- §Ia 5((1 —n)l —A- 51),
Al 42D ) = 3 L= (5 (= 8) =)D,

Equation the coefficients of ¢ gives an expansion of as a series of Ultraspherical matrix polynomials
in the form:

Pl (@) =(A+ Dn[RA+ 1)) ") 2F3(—%(n—k)l,—%((n—k)— %)1
k=0
1.1 1
;(1—n)I—A—51,5((1—n)I—A—§I) (7.11)
1 1. 1 (=1)kan 3 3. 1A
‘5(‘4*”1*5”’4)7@_1@) (A+ I) (A4 SDal(A+ SDe] ™ Ly (2)

this can be written in a convenient form as follows:

on 3 - 1
! (A+ I) (A‘f'if)nz 2F3(—§(n—k)1

k=0

Pl (x) =(A+ D)a[(2A + 1)5])~

1 1 1
o=k =)A=l - A=

, %((1 —n)[ —A— %I), —%(A +nl + %I); i)(—nl)k[(fH— gl)k]’lLéA)(x).

These results are summarized below.



Theorem 7.1. Let A be matriz in CN*N satisfying (2.1). Ezpansions Ultraspherical matriz poly-
nomials in series of Hermite and Laguerre matriz polynomials relevent to our present investigation
are given by

[in]
(=D (A+ 3D

—k 1
Pl(w) = 2 oyt 2P ST (=) (7.12)
2 (A4 Dal2A+ 1)) (V24) " Hyy ok (w, A)
and
2o 1 3. © 1
Pil(@) =(A+ DalQA+ Da] ' (A + S Dn(A+ 5J)nkZ:O 2Fy(—5(n — k)T

1 1 1 (7.13)
5 =k) = )L =)~ A~ 21
: %((1 —n) — A~ %1)7 —%(A +nl + %1); i)(—nI)k[(A + gf)k]—ng“) (2).

In the next papers, we will be to present a systematic investigation of the matrix extension of
the multivariable Ultraspherical polynomials generated function by

S @A, + 1D [(Ay 4 D)) P A A )t = T [1 - 2ty + £2] A ED (7.14)
=~ i=1 ’

D2mit =t < 10 =1,2,..,7

where A; be a matrix in CV*V satisfying (2.1), and x = (21,22, ...,7,). From (7.14) yields the
following explicit representation:

PAv Az Ar () =(Ay + 1) [(2A4, + 1))t

> HM<&+%U)WM (7.15)

2k1+2kos+...4+2k,+n14+no+...4+n,=n i=1

We notice that the case r = 1 in (7.14) reduces to the matrix version of the generalized Ultraspherical
polynomials introduced in equation (3.3).

The above results, though far from completing the argument, can give a notion of the usefulness
of the present method for the identification of suitable generalizations of known matrix functions.
Moreover, they represent a starting point for the development of a unified theory of orthogonal
matrix polynomials, which will be the subject of for coming works, the matrix extension of the
multivariable Ultraspherical polynomial will be introduced. Various families of linear, multilinear
and multilateral generating matrix functions of these matrix polynomial will be presented, actually
in preparation, then unfortunately distended by further studies. Miscellaneous applications will be
also discussed. The results of this paper are original, variant, significant and so it is interesting and
capable to develop its study in the future.
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