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Abstract

In this paper, we give a construction of (totally) free quadratic modules of commutative
algebras on suitable construction data in terms of free simplicial algebras. Similar freeness
results are also explored for reduced quadratic modules and quadratic (chain) complexes

of algebras.

1 Introduction

Baues, [I1], defined the notion of quadratic module of groups as an algebraic model for
homotopy (connected) 3-types and gave a relation between quadratic modules and simplicial
groups. This model is also a 2-crossed module structure defined by Conduché (cf. [12]) with
additional nilpotent conditions.

In the series of articles [4], 5], 6], Arvasi and Porter have started to see how a study of
the links between simplicial commutative algebras and classical constructions of homological
algebra can be strengthened by interposing crossed algebraic models for the homotopy types
of simplicial algebras. In particular, in [6], they gave a construction of a free 2-crossed
module of algebras in terms of the 2-skeleton of a free simplicial algebra. In the group case,
a closely related structure to that of 2-crossed module is that of a quadratic module (cf. [7]).
Furthermore, in [9], a construction of the (totally) free quadratic module of groups was given.
It seems clear that the results of papers [6], [7] and [9] can be extended to an algebra version
of quadratic modules. In this work, we continue this process using these methods to give a
construction of the (totally) free quadratic module of commutative algebras in terms of the
2-skeleton of a free simplicial algebra.

In [10], an alternative description of the top algebra of the free crossed squares of algebras
was given on 2-construction data in terms of tensor product and coproduct of crossed modules
of commutative algebras and a link between free crossed squares and Koszul complexes was
described. By using the close relationship between crossed squares and quadratic modules,

we shall give an alternative construction of the totally free quadratic module. In this context,
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our result has an advantage; Baues’s theory is also related via a quotient functor q :(free
crossed squares)— (free quadratic modules) for the case of commutative algebras in terms of
the 2-skeleton of a free simplicial algebra. We also interest on reduced quadratic modules of
commutative algebras which are special kind of quadratic modules of algebras, describing the
3-types of simply connected CW-complexes constructed with algebras of nilpotency degree 2.
In [20], Muro defined a suspension functor from the category of crossed modules of groups to
that of reduced quadratic modules of groups which sends a 2-type to the 3-type of its sus-
pension. By using this association, we give a construction of a totally free reduced quadratic

module on commutative algebras.

2 (Free) Simplicial Algebras

In what follows ‘algebras’ will be commutative algebras over an unspecified commutative
ring, k, but for convenience are not required to have a multiplicative identity. The category
of commutative algebras will be denoted by Alg.

A simplicial algebra E consists of a family of algebras {E,} together with face and de-
generacy maps d; = d}' : E,, — E,—1, 0<i<mn, (n#0)ands; =s:E, - Ep,
0 < i < n, satisfying the usual simplicial identities given in [I], [2] or [I7]. In fact, it can be
completely described as a functor E : A°? — Alg where A is the category of finite ordinals
[n] ={0 <1< --- < n} and increasing maps. We denote the category of simplicial algebras
by SimpAlg.

Given a simplicial algebra E, the Moore complex (NE, 9) of E is the chain complex defined
by

NE, =kerdy Nkerd N---Nkerd;_;

with 0, : NE, — NE,_; induced from d' by restriction.
The nth homotopy module m,(E) of E is the nth homology of the Moore complex of E, i.e.

mn(E) 2 Hy(NE,9) = (| kerd} /dt) (ﬂ ker d?“) :
=0 =0

We say that the Moore complex NE of a simplicial algebra is of length k if NE, = 0 for all
n>k+ 1.

André [1] used simplicial methods to investigate homological propositionerties of commu-
tative algebras and introduced ‘step-by-step’ construction of a resolution of a commutative
algebra. The reader is referred to the book of André [I] and to the article of Arvasi and

Porter [4] and the references there.
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We recall briefly the ‘step-by-step’ construction of a free simplicial algebra from the article
[4]. We denote by {m,n} the set of increasing surjective maps [m] — [n] as given in [I], [4]
and [19], where [n] = {0 < 1--- < n} is an ordered set.

Let E be a simplicial algebra and k > 1 be fixed. Suppose we are given a set € of elements
Q={z): A€ A}, x\ € mp_1(E); then we can choose a corresponding set of elements w) €
NE)_1 so that ) = wy + O (NEy). We want to ‘kill’ the elements in Q. It is formed a new
simplicial algebra F where F), is a free Ejy-algebra, F;,, = E,[yy:] with A € A and t € {n, k},
and for 0 < 7 < n, the algebra homomorphisms s}’ : F,, — F,11 and d} : F;, — F,_ are
obtained from the homomorphism s?' : E,, — E, 41 and d} : E,, — E,_; respectively together
with the relations given in [4].

Thus from the ‘step-by-step’ construction we can give the definition of a free simplicial
algebra as follows.

Let E be a simplicial algebra and k > 1, k-skeletal be fixed. A simplicial algebra F is
called a free if

(i) F, = By, for n < k,

(7i) Fy, = a free Ey-algebra over a set of non- degenerate indeterminates, all of whose faces
are zero except the kth,

(1i1) F, is a free E,-algebra over the degenerate elements for n > k.

A variant of the ‘step-by-step’ construction gives: if A is a simplicial algebra, then there
exists a free simplicial algebra E and an epimorphism E — A which induces isomorphisms on

all homotopy modules. The details are omitted as they are well-known.

3 Quadratic Modules of Algebras

Baues in [I1] defined the quadratic module of groups as an algebraic model of connected 3-
types. In [8 Section 5], the second author with Arvasi defined the notion of quadratic module
for commutative algebras and constructed a functor from 2-crossed modules to quadratic
modules of algebras.

First we give some basic definitions about the structure.

3.1 Nil(n)-Modules for Algebras

For an algebra C, C//C? is the quotient of the algebra C by its ideal of squares. Then, there
is a functor from the category of k-algebras to the category of k-modules. This functor goes
from C to C/C?, plays the role of abelianization in the category of k-algebras. As modules
are often called singular algebras (e.g., in the theory of singular extensions) we shall call this

functor “singularisation”.
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A pre-crossed module of algebras is a homomorphism of algebras 0 : C' — R together with
an action of R on C written c¢-r for r € R and ¢ € C satisfying the condition d(c-7) = d(c)r
forallr € Rand ¢ € C. Let 0: C — R be a pre-crossed module, P;(9) = C, let P»(9) be the
Peiffer ideal of C' generated by elements of the form

(z,y) =2y —x -0y

which is called the Peiffer element for z,y € C.
The pre-crossed modules in which all Peiffer elements are trivial, precisely crossed modules.
Namely, a crossed module (cf. [2I], 22]) is a pre-crossed module 9 : C' — R satisfying the

extra condition

x-0y=uxy forall z,y € C.

We will denote the category of crossed modules by XMod. Let 0 : C' — R be a pre-crossed

module. Then, the homomorphism
o7 C" =C/P(0) — R

defined by 0 (xP) = 0(x) is the crossed module associated to the pre-crossed module 0 :

C — R. Associating the crossed module 0" to a pre-crossed module 0 gives a functor
(=) : PXMod — XMod

from the category of pre-crossed modules to that of crossed modules. That is, a morphism
(g, f) of pre-crossed modules yields a morphism (¢, f) of crossed modules, and this associ-
ation satisfies the usual functorial rules.

For any pre-crossed module 0 : C — R, let P,(0) be the ideal of C' generated by Peiffer
elements of weight n. We say that 0 is a nil(n)-module of algebras, if P,11(9) = 0. Thus,
by a similar reasoning the related nil(2)-module to the pre-crossed module 9 is 9™ : O™l =
C/P3(0) — R where 0™ is given by 9™ (xP;) = d(z) for all € C. The construction of
the nil(2)-module 9™ from the pre-crossed module of algebras 0 gives a functor from the

category of pre-crossed modules to that of nil(2)-modules:
(=)™ PXMod — Nil(2).

Similarly the related nil(n)-module to a pre-crossed module can be defined. This gives a
functor PXMod — Nil(n) from the category of pre-crossed modules to that of nil(n)-modules

of algebras.
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3.2 The Definition of Quadratic Modules of Algebras

We can give the definition of a quadratic module of algebras from [§].
Definition 3.1 A quadratic module (w,0,0) of algebras is a diagram
el

L—F>M—5—N

of homomorphisms of algebras such that the following axioms are satisfied.

QM1)- The homomorphism 0 : M — N is a nil(2)-module and the quotient map M — C =
Mer/(M€)? is given by x — [x], where [x] € C denotes the class represented by x € M. The
map w is defined by Peiffer multiplication, i.e., w([zx] ® [y]) = zy — z - I(y).

QM2)- The homomorphisms § and O satisfy 60 = 0 and the quadratic map w is a lift of the

map w, that is dw = w or equivalently

dw([z] @ [y]) = w([z] ® [y]) = 2y — 2 - I(y)

forx,ye M.
QM3)- L is a N-algebra and all homomorphisms of the diagram are equivariant with respect

to the action of N. Moreover, the action of N on L satisfies the following equality
a-0(x) =w([da] ® [z] + [z] @ [0a])

forae L,x € N.
QM4)- For a,b € L,
w([da] @ [6b]) = ab.

Example 3.2 Any nil(2)-module 0, : M — N gives a quadratic module. Since (M, N,0y) is
a nil(2)-module, if we add L = C ® C' and the resulting diagram

CeC

Sk

cedC

w o

with the obvious actions is a quadratic module.

4 Free Quadratic Modules of Algebras

In this section, we will define the notion of a totally free quadratic module of algebras and

we will construct it by using 2-skeleton of a free simplicial algebra.
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Definition 4.1 Let

s

s G

-— Co.

be a quadratic module and let ¥ : Y — Cy be the function. Then (w,02,01) is said to be
free quadratic module with basis ¥, or alternatively on the function 09 : Y — C4, if for
any quadratic module (w',05,01) and 9" : Y' — CY such that 040" = 090, there is a unique
morphism ® : Co — C4 such that 9P = 05. We say that a free quadratic module (w, da, 1)

is a totally free quadratic module if Oy is a free nil(2)-module.

Now, we construct the totally free quadratic module of algebras. To give it, we need to

recall the 2-skeleton of a free simplicial algebra given by

_—

E@ ... R[soX,s1 X][Y] —=R[X] —R

with the simplicial structure defined as in Section 3 of [4].

Analysis of this 2-dimensional construction data shows that it consists of some 1-dimensional
data, namely the function ¥ : X — R, that is used to induce d; : R[X] — R, together with
strictly 2-dimensional construction data consisting of the function ¢ : Y — R*[X] and this
function is used to induce ds : R[soX,s1X]|[Y] — R[X]. We will denote this 2-dimensional
construction data by (¢,, R).

Theorem 4.2 A totally free quadratic module of algebras exists on the 2-dimensional con-

struction data (9,1, R).

Proof: Suppose that given a 2-dimensional construction data (¢,1, R), i.e. given a function
¥:X — Rand ¢ : Y — RT[X], with the obvious action of R on RT[X], we have a free
pre-crossed module 9 : RT[X] — R with basis ¥ : X — R. Here RT[X] = NE{D = ker dp
is the positively degree part of R[X]. Now let P3 be the ideal of R™[X] generated by the
Peiffer elements of length 3 in RT[X]. We can define the quotient morphism ¢; : RT[X] —

RY[X]/Ps = M and then, we have a commutative diagram

X —> RH[X]

'

- Pt
R~5— RY[X]/Py

where 7 is the inclusion.
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Since d : RT[X] — R is a pre-crossed module we have 9(P3) = 0 and then the map
01 : RT[X]/P; — R given by z + P3 — 9(z) for x € RT[X] is a well-defined homomorphism.
Therefore we have a free nil(2)-module d; : M = RT[X]|/P; — R with basis ¥ : X — R, or
on the function 01¢14, since the triple Peiffer elements are trivial in M.

Now, take D = NE® = R[soX]*[s1X,Y] N ((s0 — 51)(X)). Then, as 2-dimensional

construction data, the function
q:Y — M = R¥[X]/Py
induces a morphism of algebras
01 RlsoX] 51X, Y] 0 ((s0 — 51)(X)) — RY[X]/Ps

given by 60(y) = ¢1¢(y). Let P/ = 83(NE§2)) C D be the Peiffer ideal. Then, ¢;¢(P’) =0 as
all generator elements of P’ in ker do. By taking the factor algebra L = D /P’ then there is a
morphism 1)’ : L — M such that the diagram

a L
N
M

commutes, that is, ¢'q = q11) = 6. The Peiffer elements in R [X] are given by

D

(Xi, Xj) = XiX; — 0(Xi) X;
for X;, X; € RT[X]. Let P} be the ideal of L generated by elements of the form
s1((Xi, X)) s1(Xp) — s1((Xi, X;))s0(Xk)

and

s1(Xi)s1((Xj, Xi)) — s1(Xi)s0((Xj, X))
for all X;, X;, X}, € RT[X]. Let L’ = L/Pj and let g3 : L — L' = L/Pj be the quotient
morphism. We have ¢(P;) = P3. Hence, we define a morphism " from L' to M such that
Y"qo = q11p. Then, the diagram

w// al

becomes a totally free quadratic module of algebras, where C' = M¢" /(M*")? and the quadratic

map w can be given by

w{aXi} @ {anX;}) = @s1Xi(s1X; —s0X;) + P')
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for X; € RT[X], 1(X;) € M = RY[X]/P; and {1 X;} € C = M /(M°")2.

Let

w’ 9 o
A—>M—">R

cCeC

be any quadratic module of algebras and let ¥ : Y — A be the function. Then there exists
a unique morphism ® : L' — A given by ®(q2(y + P’)) = ¥ (y) such that 05® = +”. Thus
(w, 9", 01) is the required totally free quadratic module with basis g1 : Y — M. |

4.1 From Free Crossed Squares to Free Quadratic Modules

Crossed squares were initially defined by Guin-Waléry and Loday in [16]. The commutative
algebra analogue of crossed squares has been studied by Ellis (cf. [13]).

A crossed square of algebras is a commutative diagram of morphisms of algebras

A

L
¥| ’
N Y R
together with the actions of R on L, M and N and a function

h:MxN — L

satisfying a number of axioms which we do not give in full here.

Ellis, [14], presented the notion of a free crossed square for the case of groups, and in the
context of CW-complexes gave a neat description of the top term L in a free crossed square
of groups. He also constructed a free quadratic module of groups from a free crossed square
by using the quotient functor q. In [I0], a construction of the top algebra L in a free crossed
square of algebras was given on the 2-dimensional construction data in terms of tensor and
coproduct in the category of crossed modules of algebras.

Now, we recall from [10] the definition of a free crossed square of algebras on a pair of
functions (f2, f3):

Let S1,S2 and S3 be sets and fo : S — R is a function from the set S, to the free algebra
R on S;. Let 9 : M — R be the free pre-crossed module on the function fo. Consider the
semi-direct product M x R and the inclusion x4 : M — M x R and the ideals M and M of
M x R where M = {(m,—0m) : m € M} with the inclusion g’ : M — M x R. Assume given
a function f3:S3 — M, which is to satisfy dfs = 0. Then there is a corresponding function
f3:S3 — M given by y — (f3(y),0).
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We say a crossed square
o4 .

%M

of ]

M‘M)MNR

=

is totally free on the pair of functions (fo, f3) if
(1) (M, R,0) is the free pre-crossed module on fo,
(i1) Ss is a subset of L with f3 and f3 the restrictions of d2 and ) respectively,
(ii7) given any crossed square (L', M, M, M x R) and function v : S3 — L’ there is a

unique morphism ¢ : L — L’ such that ¢v/ = v where v/ : S5 — L is the inclusion.

Proposition 4.3 ([10]) Let
L——M
M
be the free crossed square of algebras. Let 0 : C' — M x R be the free crossed module on
S3 — M x R. Form the crossed module M @ M — M x R. Then

— M xR

Le{(M@M)uC} ~

where ~ corresponds to the relations

(i) ipgom (9 ©T) ~ () — 3 (7 - <),

(i1) i rgi3i(m @ 9E) ~ j(m - ) — ()
forceC,me M andmw e M.

The homomorphisms L — M and L — M are given by the homomorphisms A : M @ M —
M, (m@n) — ma—-0@mand X' : MM — M, (m®n) — mn—d(m)nand d : C — MNM.
The h-map is given by h(m,n) = i(m @ n).

Ellis [14] gave a construction of a free quadratic module of groups from a free crossed
square. Now, we adapt the Ellis’s construction of a free quadratic module of groups to the
algebra context:

Suppose that

L—>—71
|l

M‘u)MNR

is a free crossed square of algebras. We denote by h(M, M, M) the ideal of L generated by

elements of the form h(m, (m’,m”)) and h({m,m'),m”) for m,m’,m" € M. (We are using
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the notation m = (—m, dm) for m € M.) Consider the quotient algebra L/h(M, M, M) and
the quotient morphism ¢o : L — L/h(M, M, M).

Let (M, M, M) be the ideal of M generated by elements of the form ((m,m’),m”) or
(m, (m/;m")) for m,m’,m” € M. Consider the quotient algebra M/(M,M,M) and the
quotient morphism ¢; : M — M /{(M, M, M).

From the h-map axioms, we have Ah(M, M, M) = (M, M, M) and then the map \ :
L/h(M,M,M) — M/{M, M, M) given by X(I + h(M, M, M)) = X(1) + (M, M, M) is a well-
defined homomorphism. Similarly, since 9 : M — R is a pre-crossed module, we have
O((M, M, M)) =0 and then the map 9" : M/(M, M, M) — R given by &'(m+ (M, M, M)) =
d(m) is well defined. Let M’ = M/(M, M, M) and C = (M’ /((M’*")2. Then

cCeC
L 2 M o'
o R
h(M7M’M) <M’M?M>

is a free quadratic module of algebras. The h-map h : M x M — L induces the quadratic
map w: C®C — L/h(M,M,M).
5 Free Reduced Quadratic Modules
Definition 5.1 A reduced quadratic module (w,6) is a following diagram,
CoC-2—>0 >0
of algebras such that the following axioms are satisfied.

1. The algebra Cy is a nil(2)-algebra and C = C1/(C1)? is the singularization of algebra
Cy. The quotient map q : C1 — C' is given by x — [z].

2. For z,y € Cy, dw([z] ® [y]) = zy.
3. For a € Cy,x € C1, w([da] ® [z] + [z] ® [da]) = 0.

4. For a,b e Cy, w([da] @ [0b]) = ab.

We denote the category of reduced quadratic modules by RQM.
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5.1 From Crossed Modules to Reduced Quadratic Modules of Algebras

Muro, [20], gave suspension functor by using central push-out from crossed modules to re-
duced quadratic modules over groups, and showed that this functor preserves the free crossed
modules of groups.

Let I have exactly three elements, I = {1,2,3}, with quasi-order 1 < 2 and 1 < 3. A

direct system with index set I can be given by the diagram

F1 *>F3

|

Fy

Then for this direct system, the following diagram is a push-out:

where D = (Fy @ F3)/W, W = {(¢3(a),—¢i(a)) : a € Fi}, f : b — (0,b) + W and
g:cr— (c,0)+W.

Let 0 : L — M be a crossed module of algebras. We take F} = L ® M, Fo, = L and
Fy = (M/M? ® M/M?) /K. We can define

(p%: F1 —_— F2

(®em) — 1-m.

This morphism satisfies the following; ¢l (id®0)(IQ!') = pi(Ixdl') =1-0' = 1I' = w'([|®[I])
and 9} (l@m) = d(1-m) = (0l)m = w' (0 ®@id)(l®@m). Thus dpi = w'(0®id) : L& M — M.

We can define the morphism
oy Pl =L®M — (M/M?>® M/M?)/K = F;
by composition of the following maps
LoM-"2% 1120 M/m2 229 (v/m2 o M/M2) /K,
where ¢ : M — M/M? is the quotient map and K is the image of

O @id+id®d?: L)L* @ M/M?* — M/M?* @ M/M?.
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That is, p5(I ® m) = 9*q(l) ® q(m) + K. Therefore, we have the following push-out diagram

1
L® M~ (M/M? @ M/M?)/K

¢3 lw

L L2

in which ) )
s L x (M/MV;(/ZJM/M )/K7

and

W ={(l-m,d*¢l)@gm+K):1€ Lmec M}.
There is a morphism w given by
w: (M/M?*® M/M?)/K — M"™
(gm@qm')+ K +— mm/.
Furthermore, there is also a morphism

anila
[, —— Mnil

given by composition of the following maps

q

il
L Lnil o

Mnil

where, § : L — L™ is the quotient map. Obviously, according to above descriptions, we

obtain w(9? ® id)(q ® q) = 0"Gpl. Thus, we have the following diagram

1
Lo M—25% (M/M? © M/M?)/K

lw

5 Mnil

There is a unique morphism & : L= — M"™ satisfying dw = w and dr = 9"g.

5.2 From Free Crossed Modules to Free Reduced Quadratic Modules

Definition 5.2 Let
CoC—>1L—>M

be a reduced quadratic module, let Y be a set and let v :Y — L be a function and M 1is free

nil(2)-algebra, then this reduced quadratic module is called the totally free reduced quadratic
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module with basis v :' Y — L, or alternatively on the function dv : Y — M, if for any reduced
quadratic module (L', M,¥ ") and a function v' :' Y — L' such that 'V’ = dv, there is a

unique morphism ® : L — L' such that ®v = v/'.

Recall from [4] that given a presentation P = (R; 1, ..., x,) of an R-algebra B and E()

the 1-skeleton of the free simplicial algebra generated by this presentation, then
5: NEW jo,(NESY) — NESY

is the free crossed module on (x4, ...,x,) — R.

Now we give a totally free reduced quadratic module by using the suspension functor. Let
R be a free algebra and let Y be a set and f : Y — R be a function with codomain R. Let
E = RT[Y], the positively graded part of the polynomial ring on Y so that R acts on E by
multiplication. The function f induces a morphism of R-algebras 6 : RT[Y] — R given by
0(y) = f(y). Let P, be Peiffer ideal of RT[Y], then take C = RT[Y]/P,. Thus from the
1-skeleton we obtain a totally free crossed module C' — R (cf. [4]). Then, we have functions:
0:C®R — Cgivenby p(y®@r) =y-rand ¢ : C® R — (R/R*® R/R?)/K given by
O (yor) =02q(y) ® ¢2(r) + K, where ¢; : C — C/C? and ¢2 : R — R/R? are the quotient

maps and K is image of the function
0*®id+id®6*: C/C*® R/R* — R/R*® R/R*.

Thus the diagram

92
CoRrR-TUE piR2 e RIRY)/K

’ B

C . cx

is a push-out, where
o _ RT[Y]/Py x (RV{/R2 ® R/R?)/K

and
W ={(y-r0*(q1®q)y,r)):y € R*[Y]/P2,r € R}.

Thus, the diagram
(R/R*® R/R*)/K

1T

CZ 5 Rl

is the required totally free reduced quadratic module on the function f™* :Y — R™ where
§ = 60"'G and G : C — C™ is the quotient map. Of course, this follows immediately from the

description of the suspension functor.
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6 Free Quadratic Chain Complexes Over Algebras

In this section we will give a functor from the category of simplicial algebras to that of
quadratic chain complexes of algebras. We shall give a totally free quadratic chain complex
of algebras from a free simplicial algebra by using this functor. First we give the definition of
a quadratic chain complex of algebras analogously to that given by Baues [I1] for the group

case.

Definition 6.1 A quadratic chain complex of algebras is a diagram of homomorphisms be-

tween algebras

cCC
C Cs N Cy % Ch 5 Co

in which
(1) Co acts on Cy, for n > 1, the action of 01(C1) being trivial on C,, for n = 3;
(ii) each Oy is a Cy-module homomorphism and 0;0;+1 = 0 for all i > 1;

(iid)

cCel
Co % Cq o Co

s a quadratic module of algebras.

A quadratic chain map f : C — C’ between quadratic chain complexes of algebras is a
family of homomorphisms between algebras (n > 0), f, : C, — CJ, with fpdpi1 = dpt1 frt1
such that (fa, f1, fo) is a map between quadratic modules of algebras. We will denote the
category of quadratic chain complexes of algebras by Quadchain.

A quadratic chain complex of algebras C will be said to be free if for n > 3, C,, are free
algebras and the quadratic module at the base is a free quadratic module of algebras. It will
be totally free if in addition the base quadratic module is totally free quadratic module of
algebras.

A crossed complex of algebras is a chain complex of algebras

o) 0
p: p2 —> p1 —> po

in which

(1) 01 : p1 — po is a crossed module of algebras,
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(17) for n > 1, p, is a pp-module and 0i(p1) acts trivially, and each 9, is a pp-module
homomorphism,

(7i1) for n = 1 0,041 = 0.

6.1 From Simplicial Algebras to Quadratic Chain Complexes

For a simplicial algebra E,let

NE,
(NEn N Dn) + dn+1(NEn+1 N Dn+1) '

C(l)(E)n = Pn =

This gives a crossed complex of algebras C(M) (E) starting from the Moore complex (NE, d,) of
E. The map 9, : C(E),, — C(E),_; will be that induced by d?. If E is a free simplicial
algebra, then C(E) is a free crossed complex of algebras.

Now, we give a quadratic chain complex of algebras from the Moore complex of a simplicial
algebra. Given a simplicial algebra E with Moore complex NE, define C, = C(z)(E)n by
Co= NEy,Cy = NE|/P3,Cy = (NE3/J03(NE3sNDs3))/P;, and forn > 3, C,, = NE, /(NE,N
D)+ dpy1(NEyy1 N Dyyyq) with 8y, induced by the differential of NE and C' = (C¢")/(C$™)?
and where Pj is the ideal of N E; generated by triple brackets (x, (y, z)) and ((z,y),z) and
P is the ideal of NFE3/03(NE3 N D3) generated by elements of the form

s1(x,y)[s12 — s02] + O3(N E3 N D3)

and
s1z[s1(y, 2) — so(y, 2)] + O3(N E3 N Ds3)

for x,y,z € NE.

Note that this structure for n = 0,1, 2, forms a quadratic module and for n > 3 the
algebras C,, are the same as the corresponding crossed complex term CM(E), as defined
above.

We thus have the following result.

Proposition 6.2 For a simplicial algebra E with the above structure, C = C(Q)(E) s a

quadratic chain complex of algebras.

Proof: The structure (Cy, C1, Cy,w,w) forms a quadratic module. The only thing remaining
is to check that 0203 is trivial which is straightforward. O
Thus, we can define a functor from the category of simplicial algebras to that of quadratic

chain complexes of algebras. We denote it by

C® : SimpAlg — Quadchain.



16 A. Odabas and E. Ulualan

6.2 From Quadratic Chain Complexes to Crossed Complexes of Algebras

Baues [I1] defined a functor from quadratic chain complexes to crossed complexes denoting
it by A. Denoting it A we will give its algebra version. That is, we define a functor from the
category of quadratic chain complexes to that of crossed chain complexes of algebras.

This functor carries a quadratic chain complex of algebras C to a crossed complex of
algebras A(C) = (pn,dn)n>0. The extra structures are: py = A(C)g = Cp, p1 = A(C)1 =
Ci/w(C®C)=Cf", pa = ANC)2 =Co/(w(C®C(C)) and p, = Cy, for n > 3. Thus we have the
following complex of algebras

AMQ) 1o — Oy —= O — By 2o py T

in which d; : py — Cj is a crossed module of algebras since the Peiffer elements are zero in
the factor algebra p;.

As a corollary, for a simplicial algebra E there is the following isomorphism
ACA(E) = cM(E).

Proposition 6.3 IfE is a free simplicial algebra, then C(Q)(E) s a totally free quadratic chain

complez.

Proof: We have already seen in Theorem that the base quadratic module of C?)(E) is
totally free on 2-dimensional construction data. It remains to show that C,, for n > 3 are
free on the corresponding data, but here we can use the case of crossed complexes, and it
was proved in [4] that these terms in higher dimension are free algebras on the corresponding

data.

I

It is clearly seen that for a free simplicial algebra E, from the isomorphism AC()(E)

CW(E), A\CH(E) is a totally free crossed complex of algebras.
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