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ABSTRACT. Let f(z) = h(z) + g(z) be a harmonic v-Bloch mapping defined in
o0 &)
the unit disk D with || f||g, < M, where h(z) = > a,z" and g(z) = > b,2" are

n=1 n=1
analytic in ID. In this paper, we obtain the coefficient estimates for f as follows:
lan|?+ |bn]? < A (v, M), where A, (v, M) is given in Theorem 1. Furthermore we

prove that for v < 1, lim A, (v, M) = 0 and for v > 1, A,(v, M) < O(n?*2).

Moreover if f is a harmonic K-quasiconformal self-mapping of D, then |a, |+ |b,| <
B, (K), where B,(K) is given in Theorem 3 such that lim B,(K) = 0 and

Bn(l) ==

nm’

1. INTRODUCTION

A complex-valued function f(z) of class C? is said to be a harmonic mapping, if
it satisfies f,; = 0. Assume that f(z) is a harmonic mapping defined in a simply
connected domain € C C. Then f(z) has the canonical decomposition f(z) =
h(z) + g(z), where h(z) and g(z) are analytic in Q. Let D = {z : |2| < 1} be the
unit disk, throughout this paper we consider harmonic mappings f(z) in D.

For z € D, let

Ap(2) = max [f.(2) + e P f(2)] = | f(2)] + | f2(2)]

0<0<2n

and

A(z) = min |f.(2) + e 2 fo(2)] = || £(2)] = | f=(2)]]-

0<6<2r
It is well known that f is locally univalent and sense-preserving in I if and only if
its Jacobian satisfies

Jp(2) = M (2)As(2) = [f(2)]* = | f(2)]* > 0 for z€D.

o oy MG =)

z,weD, z#w ,O(Zy w)

Let

2000 Mathematics Subject Classification. Primary: 30C62; Secondary: 30C20, 30F15.
Key words and phrases. Harmonic quasiconformal mappings; Coefficient estimates; S% Class;
harmonic Bloch mappings.
File: Zhu(2013).tex, printed: 28-11-2013, 15.28.
The author of this work was supported by the National Natural Science Foundation of China
under Grant 11101165 and Promotion Program for Young and Middle-aged Teacher in Science and
Technology Research of Huagiao University (ZQN-YX110).



2 Jian-Feng Zhu

be the Bloch constant of f, where p denotes the hyperbolic distance in D, and
p(z,w) = +1In (4£) where 7 is the modulus of 222 In [7], we see that the Bloch
constant of f = h + g can be expressed in terms of the modulus of the derivatives
of h and g as follows:

By = i‘;g“ — [2P) (1M (2)] + |9’ (2)])-

For the extensive discussions on harmonic Bloch mappings, see [3], [4], [5] and [13].
For v € (0,00), a harmonic mapping f is called a harmonic v-Bloch mapping if
and only if

(1) 1£1l5. := [£(O)] + sup(l = [2*)"A s (2) < o0.

Harmonic mappings are nature generalizations of analytic functions. Many classical
results of analytic functions under some suitable restrictions can be extended to
harmonic mappings. One of the well-known results is the Landau type theorems for
harmonic mappings. Many authors have considered such an active topic.

In [14], Liu proved the following theorems.

Theorem A. Suppose that f is a harmonic mapping of D with f(0) = A;(0)—1 = 0.
If Af(2) <A for all z € D, then

A% —1
(2) |an| 4 |bn] < n=23....
The above estimates are sharp for all n > 2 with extremal functions f,(z) = A%z —
fz (A3—A)dz
J

Theorem B. Let f be a harmonic mapping of D with f(0) = A;(0) —1 =0, and
A¢(z) <A for all z € D. Then f is univalent in the disk D,, with r = and

f(D,,) contains a schlicht disk Dy, with

_ 1
1+A—4

1
A—Xl
1+A-T

14 (A—1)In A>1

o1 =
1 A=1.
The result is sharp when A = 1.

Subsequently, in 2011 SH.Chen et al. [4] proved the following theorems.

Theorem C. Let f = h+ g be a harmonic v-Bloch mapping, where h and g are
analytic in D with the expansions

(3) h(z) = Zanz” and g(z) = anz”.

n=1
If Af(0) = a for some a € (0,1) and || f||p, < M for M > 0. Then for n > 2,
lan| + bn] < Ap(a,v, M) = inf p(r)

0<r<1
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where

M2 . a2(1 - T2)2v

nrv=1(1 —r2)* M~

Particularly, if v =M = a =1, then Ay(1,1,1) =0, A3(1,1,1) = % and for n > 4,

-3
A (1,1,1) < W The above results are sharp forn =2 and n = 3.

p(r) =

Theorem D. Let f be a harmonic mapping with f(0) = Af(0) —a =0 and || f||5, <

M, where M and o € (0,1] are constants. Then f is univalent in D,,, where
ar(l —r?)M
Po = Yﬂ(ro) - Orgra<Xl ¢<T)7 ”éb('f’) - aM(l . 7,2>U . Oz2<1 . TQ)QU + Mg'

Moreover, f(D,,) contains a univalent disk Dg, with
M2 _ 032(1 _ 7,,2)21) | M2 _ a2(1 _ 7,,2)21)
o
M1 -2 SaM(l—r)" —a2(1—12)2 + M?

R():’r'o a +

The coefficient estimates is crucial in obtaining Landau type theorems. In the
second part of this paper by using Parseval equation we first obtain the coefficient
estimates for harmonic v-Bloch mappings and then for 0 < v < % we obtain its
Landau type theorems.

Assume that

is a sense-preserving univalent harmonic mapping of D with the boundary function
F(z) = "™ where

1—172

2m(1 — 2r cos(x — @) + 12)

P(r,z —¢) =

is the Poission kernel and z = re’? € D. Then f(z) is called a harmonic K-
quasiconformal mapping if there exists a constant k such that

LG KT

f(2)| — K+1

For harmonic K-quasiconformal mappings defined in D, there are many interesting

results (see [10], [12], [14], [18], [21], [22], [23], [24]). In [17] D.Partyka and K.Sakan
proved the following theorem.

sup
zeD

Theorem E. Given K > 1 and let f(z) = P[F](2) be a harmonic K -quasiconformal
mapping of D onto itself, with the boundary function F(t). If f(0) = 0, then for a.e.
z=¢" e oD

25(1—1(2)/2

N sk —pr = IFls K393 (K=5)/2,
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Using this theorem, we obtain the coefficient estimates for f = P[F] as follows:

Jan] + 1bal < Ba(K) = ——K¥<506=002 oy _ 19,
nim

2. COEFFICIENT ESTIMATES FOR HARMONIC v-BLOCH MAPPINGS

Theorem 1. Assume that f(z) = h(z) + g(2) is a harmonic v-Bloch mapping such
that f(0) =0 and || f|ls, < M for some constants M > 0, where h(z) and g(z) are
given by (3). Then the following inequality

(5) [an|? + 1bn]* < An(v, M)
holds for alln =1,2,3,..., where

M2 . 17(17252)1—21; 1
2 inf —F~L— v#£=
Ap(v, M) =
2. —In(1—¢2
M2 gzt L
nog<ic1 BT 2

Furthermore if 0 < v < 1, then lim A,(v,M) = 0. Ifv > 1, then A,(v,M) <

n—oo

2]1\)4_21 (TL+1):1*1—1 (1 _'_ %)n — O(nQ’U—Q).

Proof. Using the assumption that f(0) = 0 and || f||z, < M, according to (1) we
have

As(2) = IW(2)| +1g'(2)] < = A,

M .
(1= [2)"

holds for any z = re?? € D. Using fy(z) =i [zh’(z) - zg’(z)] and applying Parseval

equation, then

27 27
1 ) 1 )
%/|f9(7“610)|2d0 — %/ Znan n pind an rre—ind
0 o In=1

= Zn2(|an|2 + [ba|?)r?
n=1
It is easy to see that |fy(2)| < |z|Af(z) < rA,. Hence

2M2
Zn (|an)? + [ba]2)r?" < 12A2 < —— .

2

do

This implies that

- 2 2 2\ 2n—1 T
> 0 (|anl* + baf*)r* Tt < =2

n=1
For any 0 < t < 1, integral from both sides gives

t
t2n

(6) Zn|an|2+\b|)—<M2/(1_—T)dr—M2 (t).

0
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(i). For v = 3. In this case, p(t) = M It follows from (6) that

M? —In(1 — t?)
2 2
n bl < — —n—2.
s+ b2 < TR
Ifn = 1’ then OmtinlMTQ%;tQ) = MQ_ For n > 1, since %il’%ilntglniﬁ) = 0 =
<t< —
Pn&l ‘1“521;”), we see that 0i<It1£ ) _lnt(gln_t2) exists. Hence
1 M? —In(1 — ¢
a2 02 < A, (2 00) = 2L g U ZE)
2 n o<t<l t2n
Let to = \/547- Then
1 M? —1In(1 —¢t2 M?1 1 1
(7) A (—,M) A ohlzf) Mhint D, L
n to n n
This implies that nlggo A, (3, M) =0.
ii). For v # 1. In this case o(t) = w It follows from (6) that
2 2(1—2v)
M2 1— (1 _ t2)1—2v M2
2 2
n byl < — = —m(t).
If v <1, then Di<rtl£1m(t) = . Hence
M? 1
8 Ao, M) < —2 (v <2).
1 . 1_(1_t2)2v71 . . . .
For v > 5, m(t) = T T e > 0. If n =1, then Ogtlglm(t) = 2v — 1. Else if

n > 1, then since %iné m(t) = oo = %mrll m(t) we see that Oirtlflm(t) exists. Therefore
— — <t<
A(v, M) =2 inf m(t) and
"oo<t1
M2 M2 (n+1)21 -1 1 1
9 A, (v, M) < Zm(ty) = 14 =), 2).
O A M) < om(tg) = S O Ty e s

It follows from (7), (8) and (9) that if v < 1, then lim A, (v, M) =0. If v =1,

then A, (1, M) < M*(1+ )" If v > 1, then A, (v, M) < 25 @20 4 Lyn —
O(n*72).
This completes the proof. O

Remark 1. We point out that |a,| + b, < v/2(Jan|? + [ba]?) < /24, (v, M). This
implies that for 0 < v < 1, the coefficients of harmonic v-Bloch mappings would close
to 0 asn — oo. Furthermore, our results shows that for v > 1, |a,|+|b,] < O(n*™1).
The following example shows that Theorem 1 is sharp for v = 1.

Example 1. For v =1, we consider harmonic function

flz2)=> 2"

n=1
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Then

1—]z| _Z 22"3 z|”<22n|z|"— 2’7")

n=1 \2k<n
hence
A =12P)f (2)] <4 (2] < 1)

It follows from (1) that f(z) is a 1-Bloch harmonic function. Moreover, its coeffi-
cients do not tend to 0.

Theorem 2. Let f(z) = h(z)+ g(z) be a harmonic v-Bloch mapping of D satisfying
f(0)=X(0)=1=0and 0 <v <L Then f is univalent in the disk D, = {z :
|z| < 7.}, where r, is the root of the following equation:

(10) 1 - M
and ®(r) == i vn 4 1r?

Proof. Let z; = r1e € D, and 2z, = 79¢"? € D,, where 0 < r < 7, and 2, # 2. For
0<v< %, applying Theorem 1 we have

2 M
1—2v+/n

|an| + |bn| < \/2(|an’2 + |bn|2> <

Then
() = f)] = A (O)]zr = 22| =21 = 22 Y ([an| + [bal)rr™™
n=2
> ol (102
= 21 Z9 1— o 2 nr
2
R A i
= |21 = zale(r).
Since (1) is a continuous decreasing function satisfying ¢(0) = 1, lim ¢(r) = —o0,
r—1—

we see that equation ¢(r) = 0 has the root 0 < r, < 1. Then for any 0 < r < r,, we
have |f(z1) — f(z2)| > 0. This shows that f(z) is univalent in the disk D,.,.
The proof is completed. O
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For M =1 and some constants v € (O, %), calculate by computer we obtain some

r, which were shown by the following table.

M v Ty
1/5 0.264534
1/4 0.248227
1/3 0.214222

49/100 | 0.0650995

[EY (RS YUY Sy

3. COEFFICIENT ESTIMATES FOR HARMONIC K-QUASICONFORMAL MAPPINGS

Theorem 3. Given K > 1, let f(z) = P[F|(z) = h(z) + g(2) be a harmonic K-
quasiconformal self-mapping of D satisfying f(0) = 0 with the boundary function F,
where

h(z) = f: a,z" and g(z)= i by 2"
n=1 n=1

are analytic in D. Then
4

(11) |an| 4 |bp| < Bu(K) i= — K3KPE-VE2 7 9
nm

In particular, if K =1 then |a,| + |b,| < B,(1) = +.

nm

Proof. For every z = re?? € D,
o0 o0
fre?y = Z anre™? 4 ZEr”e_me.
n=1 n=1
We find that

2
1 . )
apr" = — /f(re’e)e_mede, n=12,...,
2
0

2
br’™" = %/f(rew)emgde, n=12....
0

For every n (see [15] and [20]) we set a, = |a,|e’® , b, = |b,|e? and 6,, = %

Then

21
1 ) ) ) . )
(lan| + |ba)r™ = g/f(re“’)[e_m"e‘mg+e”"em"]d9
0
21
— 2i/f(mi@)[em(9+9n)4_61'71(9+9n))]d€
™

0

2w
1 )
- —/f(rele)cosn(ﬁ—l—@n)dﬁ .
T
0
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Integrating by parts we have
2m
1 .
(12) (lan| + [bn])r"™ = —/fg(rele) sinn(0 + 0,,)do| .
nm
0

In [11, Theorem 2.8], D.Kalaj proved that the radial limits of f, and f,. exist almost
everywhere and

lim fo(re”) = F/(6).

r—1-
for almost every z = re®® € D. Here F is the boundary function of f. Hence, tending
r — 17 in (12) and also using (4) we obtain:

AJ3K95(K—1/K)/2

nim

1 27
|an| + |bn| < —/ |F'(6)| sinn(f + 6,)]do <
nt Jo

This completes the proof. |

Remark 2. Given the boundary function F(t) = p(t)e”"® of R onto a convex Jor-
dan curve v € CY(0 < p < 1), suppose that f(z) = P[F|(z) is a harmonic K -
quasiconformal mapping of D onto the conver domain bounded by . According
to [11, Theorem 3.1] we know that ||F'(t)||s < oo. Using (12) we can see that

|an|+|bn|§%—>0, as n — 00.
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