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Abstract

This paper is concerned with a class of nonlinear diffusion equations coupled by the non-
linear boundary sources on the exterior domain of the unit ball in RV. We are interested in
the critical curves which can describe the large time behavior of the solutions. It is shown
that the critical global existence curve coincides with the critical Fujita curve for the system
we considered.
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1 Introduction

In this paper, we deal with a class of nonlinear diffusion equations on the exterior domain of the
unit ball in R, i.e.,

ou ., o N

EfAu , EfAv , z € RY\B1(0),t > 0,, (1.1)
Vu™ U= vz, t), Vo - 7 = uP (), x € 0B1(0),t > 0, (1.2)
U(ZL‘,O) = Ug(l’), U($70) = ’U(](JT), HARS RN \ B1(0)7 (13)

where m,n > 1, o, > 0, N > 2, By(0) is the unit ball in RY with boundary 9B;(0), 7 is
the inward normal vector on 0B;(0), and ug(z),vo(x) are nonnegative, suitably smooth and
bounded functions with compact supports.

As well known that the equations in (1.1) are Newtonian filtration equations, they degen-
erate at the points where u = 0. The local existence of solutions can be established by the
standard method, see [3, 8, 14]. In this paper we mainly investigate the large time behavior of
solutions, such as the global existence in time and blow-up in a finite time. In particular, we
are interested in the critical exponents that may describe the large time behavior of solutions.
Since the begining work on critical exponent done by Fujita [4] in 1966, lots of Fujita type
results are established for various of problems, see the survey papers [2, 6]. It was Glalaktionov
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and Levine who first discussed the critical exponents for the one-dimensional nonlinear diffusion
equations with boundary sources in [6]:

ou  Pu™

—_— == t 14
T R x> 0,t>0, (1.4)
ou™

- = u® t 1.
0.0 = w0.0) >0, (1.5

u(z,0) = up(z), x € (0,+00) (1.6)

here m > 1,a > 0. For the problems (1.4)-(1.6), they proved that ag = (m+1)/2, 0. = m + 1.
Here, we call ag as the critical global existence exponent and . as the critical Fujita exponent
respectively,

(i) if 0 < & < v, then every nontrivial nonnegative solution is global in time;

(ii) if ap < @ < @, then the nontrivial nonnegative solutions blow up in a finite time;

(iii) if @ > «, then the solutions exist globally for the small initial data and blow up in a
finite time for the large initial data.

The results obtained by Galakionov and Levine were extended to the problems with fast
diffusion, ie., 0 < m < 1 in [5, 10]. However, for the multi-dimentional case, the critical
exponents for the nonlinear diffusion equation with the boundary sources remained open. In
[12], Wang et al considered this problem on the exterior domain R™V\ B;(0), namely, the system
(1.1)-(1.3) with m = n,a = B, N > 2, they obtained that ay = a. = m, which indicates
that the critical global existence exponent coincides with the critical Fujita exponent for the
multi-dimensional case.

Instead of the critical global existence exponent and the critical Fujita exponent, there are
the critical global existence curve and the critical Fujita curve for the coupled system, they
were proposed by Deng et al in the study of the heat equations coupled by nonlinear boundary
sources, see [1]. For the one-dimensional nonlinear diffusion equations, Quirés and Rossi [11]
considered the coupled Newtonian filtration equations as follows

ou B d*u™ ov 92"

a—iaxQ, Eziax2, x> 0,t>0,
ou™ ov"
_ = — % 7 — B
00 =000, 0 (0,1) = uP(0,0), 1> 0,
u(z,0) = up(x), v(z,0) = vo(x), x> 0.

They showed that the critical global existence curve is given by a8 = (m + 1)(n + 1)/4 and the
critical Fujita curve is given by min{a; + f1, a2 + B2} = 0, where

B 2a+n+1 _a(m—1-26)+(n+1)m
M D+ 1) —dap’ b= (m+1)(n+1)—4af
= 28+ m+1 62:B(n—1—2a)+(m+1)n

(m+1)(n+1)—4ap’ (m+1)(n+1)—4ap

The similar results were established in [9]. We see that these two critical curves don’t coincide
by some calculations.

The above papers motivate us to investigate the critical curves for the multi-dimensional
system (1.1)-(1.3). The purpose of this present paper is to verify the phenomenon that the
critical exponents gy and «, coincide for the single nonlinear diffuison equation (see [12]) also



occurs for the system (1.1)—(1.3). Namely, we prove that both the critical global existence curve
and the critical Fujita curve are determined by a8 = mn for the system (1.1)—(1.3).

Furthermore, by virtue of the radial symmetry of the exterior domain of the unit ball, we
can extend our results to the following more general equations

0 0
a(mklu) = div(|z|M Vu™), aﬂl‘]}‘%) = div(|z]2Vo"), e RM\B(0),t>0 (1.7)
with A{,Aa >2—- N, N > 1.

The rest of this paper is organized as follows. Section 2 is devoted to the large time behavior

of solutions to the nonlinear boundary problem for the Newonian filtration equations, namely
(1.1)—(1.3) and (1.7),(1.2),(1.3).

2 Main results and their proofs

In this section, we first introduce our results on the system of Newtonian filtration equations
coupled by nonlinear boundary sources, then we give the proofs.

Theorem 2.1 For the system (1.1)-(1.3) with N > 2, both the critical global existence curve
and the critical Fujita curve are given by af = mn. Namely, if 0 < af < mn, then every
nonnegative solution (u,v) of the system (1.1)-(1.3) exists globally in time; if a3 > mn, then
the solutions with large initial data blow up in a finite time while the solutions with small initial
data exist globally in time.

Theorem 2.2 Assume A1, 2 > 2 — N, N > 1. For the equation (1.7) with the initial and
boundary conditions (1.2),(1.3), the critical global existence curve and the critical Fujita curve
both are given by aff = mn.

Before we give the proofs of Theorem2.1 and Theorem 2.2, we consider the problem

Ou  Pum™  Moum Qv 9" Ao

— = i , — = —+ — , >1,t >0, 2.1
ot or? + r or ot or? + r Or " (2.1)

ou™ ov”
— ——(1,t) =v*(1,t), ———(1,t) =uP(1,t t>0 2.2
=, -2 = (L), >0 (2.2
u(r,0) = up(r), v(r,0) = vo(r), r>1, (2.3)
where r = |z|, m,n > 1, o, > 0, N > 1, A, A2 > 1, and uo(r),vo(r) are nonnegative,

nontrivial functions with compact supports. Clearly, the solution (u,v) of the system (2.1)—
(2.3) with \; = Ay = N — 1 is also the solution of the system (1.1)-(1.3) if ug(z),vo(x) are
radially symmetrical. If M =M +N-— 1, Ao = X+ N — 1, the same facts also hold valid
between the system (2.1)-(2.3) with the system (1.7), (1.2), (1.3). In order to obtain Theorem
2.1, Theorem 2.2, we firstly show the following results on the system (2.1)—-(2.3).

Proposition 2.1 If 0 < aff < mn, then all nonnegative solutions of the system (2.1)—(2.3)
exist globally in time.

Proposition 2.2 If af > mn, then the nonnegative solution of the system (2.1)—(2.3) with
large initial data blows up in a finite time.



Proposition 2.3 If a8 > mn, then every nonnegative nontrivial solution of the problem (2.1)-
(2.3) with small initial data exists globally.

Remark 2.1 Proposition 2.1, 2.2 and 2.3 make us to conclude that both the crtical global exis-
tence curve and the critical Fujita curve for the system (2.1)—(2.3) are determined by o8 = mn.
Now, we prove Propostion 2.1 — Proposition 2.3.

Proof of Proposition 2.1. We prove this proposition by constructing a kind of global
upper solutions. Let

-1
= (T +t)k = 2.4
r—1
= (T +t)™ = 2.
U1 (Tu t) ( + t) h2(§2)7 €2 (T + t)lQ, ( 5)
where T' > 0, ko = kky with k, k1 being the positive constants to be determined and
1+ ki(m—1) 1+ ko(n—1)
h=———> lg=—"+ =
2 2
For &1,& > 0, we take
m—1 1/(m—1) n—1 1/(n—1)
mE) = (-a)s) T @) = (—-g))
Denote
ug(r,t) = 1= ™y (r,t),  wva(rt) = 7%y (r,t), r>1,6>0, (2.6)

where a1, ag are given by the following:

M—1, 1<)\ <2, No—1, 1<Xy<2,
=19 1- - ay =4 1- .
§>\1, A1 > 2; §>\2, Ao > 2.

We claim that (ug2,v2) is a upper solution to the problem (2.1)-(2.3). Firstly, we verify
ua(r,t),va(r,t) satisfy the boundary conditions

ouy’ ovy 8
_— > ¢ _ > . .

67" (Lt) Z Vg (1at)a 87“ (Lt) i u2(17t) (2 7)

On the one hand, due to that
a/u?ln mki—11 m\/ aug nko—Ilo n\/
= (T +1) (R7")'(&1) <0, —==(T+1) (h3)'(&2) <0,
or or
we have
S0 ) —aru(1,t) - 20 1)

or
— 1\m/(m-1)
>oquy'(1,t) = 041(T+t)k1m(m7) ’



81}2 n 61}?
_W(l t) =aovi(1,t) — = (1,4)
A\ n/(n-1
>l (1,t) = ao(T + t)kgn(Ll) /( ).

On the other hand, it is clear that

—1\e/(n-1)
v (1,6) = o (1,8) = (T + 1) (2o=)

)

~1ye/(m-1)
WS (1, 1) = u(1,1) = (T + t)he (L> .

Thus, the inequalities in (2.7) are valid if

Oq(mﬂ; 1)m/(m—1)(T+ plam > (n — l)w/(n—l)(T%_t)kza7 (2.8)

n

o (" 1)n/(n_1)<T +1)fn > (L_l>a/(m_1)<T + 1)1, (2.9)

n m

Since a8 < mn, there exists a constant k > 0, such that §/n < k < m/«. For the above k and
ko = kik, (2.8) and (2.9) hold for the large enough T

Secondly, we verify that ug,ve are the upper solutions to the equations in (2.1). A direct
computation yields that

(WPY'(E) + &M (6) — ——=m(&) =0, & >0,
(R3)"(€2) + Eah(£2) — ——hala) =0, & > 0.
Then
8 82 !/ m\//
T T — 4 (ki (6) — bk (&) — ()(6)
= (T4 (&) - (0~ DR ()]
0 0? "
D1 E = (4 0 (kaha(6) ~ bEhh (&) — (14)(@)

= (T4 (s — ) halE2) — (1 — Db (62)].

For the fixed k € (8/n,m/«a) and ko = kk1, we choose k; > 0 such that

1 1 )
m—1"k(n—1)"

k1 > max{

which yields {1 > 1,1y > 1. Combing with that h} (1) < 0,h5(&§2) < 0, we get

Our o*ur _ 0*u a1 Ouf’ vy 0% 0%h G Ovf
ot — or2 — or? r or’ ot — or2 — 0Or? r Or

(2.10)

with

) 2- X, 1<)\ <2, ) 2— g, 1<Xy<2,
a1 = ~ a9 — ~
0, AL > 2 0, Ay > 2.



Note that

duy — po1/m Quz

ot ot’

oul _ oul?
Pup 0Py ouy’

+ 20417"6“71782 +aq(ag — 1)7‘0‘1721472”.
r

a2 | o
Substituting the above equalities into (2.10), we obtain that

8 62 m a m
ro‘l/m% > p 7@?22 + (201 + dl)ra‘l_l—gi +ai(ag —1— dl)ro‘l_Zug”
_ (8%3‘ 5\18u§")
- or? r Or

due to that @1 — 1 — a1 > 0 and 201 + a1 = 5\1. The above inequality implies that for r > 1

Oug O2um X oun O2ul N oum
U2 o ai(1-1/m) 2 | AOU N 2 | AOU
ot =" (o T2 00) 2 50 T
Similarly,

T
Finally, we verify the initial conditions that

Quy _ 0%y A owp

ug(r,0) > up(r), wv2(r,0) > vo(r). (2.11)
Let
My = maxug(r), My = maxuvy(r), suppug = [1, R1], suppvg = [1, Ra].
r>1 r>1

Then, (2.11) holds provided with
uz(R,0) > M, v2(R2,0) > Mo, (2.12)

since that wua(r,0) and va(r,0) are decreasing with respect to r. In fact, we can choose T' to be
large such that

—ay kg (T — 1 Ry —1 1/(m—1)
R; Tl( -2 )+) > My,
wafrg (=1 Ry—1_ \1/n-1)
Ry “¥"T 2( - (1- =5, )+> > M.

From the above, for large T satisfying (2.8) and (2.12), (u2,v2) given by (2.6) is a global
upper solution of the problem (2.1)-(2.3) in the distribution sense. Then the solutions to (2.1)-
(2.3) are global in time by using the comparison principle. The proof is completed. O

Proof of Proposition 2.2. The proposition is proved by constructing a kind of blow-up
lower solutions of the system (2.1)-(2.3). For r > 1,0 <t < T, set

u(r,t) = (T =)™ filn),  wlrt)=T—t)""fMm), n=0C-1(T+1),

where T > 0 is a given constant,




Assume that fi, fo satisfy f1, fo > 0, f1, f5 < 0, ()", (f3)” > 0, by computation we can see

that (u,v) with u(r,0) < ug(r),v(r,0) < vo(r) is a lower solution of the system (2.1)—(2.3) , if
the functions fi(n), fa(n) satisfy

T(fy" 42w (f1 Y = (T =ty () > 0, (2.13)
T(fp)" + 22 <f2> — s — )12 o) > 0, (2.14)
LTty (Y (0) < £5(0), (2.15)
— 2T(T — P (3 (0) < (). (2.16)
Note that » > 1 and
a(m — 1) m

pim—p —1=——-2>0, pon — pi2 — 1= >0,
m(n —1)

a(m—1)

m
paa = pum = —pa — pum =0, p1 3 — paen = p1 (6 — En) > 0.

3

Thus, (2.13)-(2.16) hold if

T2 + 2T () — T ™17 1 fi(n) > 0 (2.17)
T2(f3)" + 2T X (f3) — po T2~ fo(m) > 0, (2.18)
—2T(f1")'(0) < f5(0), (2.19)
— omBmn Ly (0) < f7(0). (2.20)
Take
fi(n) = Ay(B =)/ m Y, fa(n) = Ag(B — )X/ "V, n >0, (2.21)

where Aj, As are positive constants to be determined, and

T T mI3 T mm g Pt —pen
B = min { }

Am— 1A 4(n — DAy 2(m —1)%p1 " 2(n — 1)2py

In the following, we verify that the above fi, fo satisfy (2.17)-(2.20). Substituting (2.21) into
(2.17) and (2.18) yields that

m m 2 my m apm—a—1
A7 m—12, ~ AT M ———2T(B =)y = Aian T 7B = )y > 0,
n L
AniTQ — An — 9T'(B — _ A TOch—ocg—l B — >
2(n—1)2 2>‘2n 1 ( n)+ 2012 ( n)4+ >0,

which can be obtained by the following

m 1 ~ m m 1

ATWZ—Q Z §A§n>\1m — 12TB, Agnm 5A1M1T“1m pi= 1B
1 - 1
Agﬁ'fa Z 514.3}\2%21—'3, AEL (n f1)2 5A20{2T“2n H2= 1_B



The choice of B makes us to conclude that the above inequalities hold for A;, Ao > 1. This
indicated that fi, fa satisfy (2.17) and (2.18).
Next, substitute (2.21) into (2.19) and (2.20), we have

o' pl/(m=1) gym < go/(n=1) ga (2.22)
m — 1 1 = 2 *

o1 B—pan+1 LlBl/(nfl)Ag < Bﬁ/(mfl)A?, (2.23)

n —

Thanks to the assumption a3 > mn, there exists a constant k, such that m/a < k < 3/n. Let
Ay = A%, then (2.22) and (2.23) are equivalent to the following

QTLlBl/W—l)Ag” < Bo/(n=1) gha (2.24)

—

9 B—p2n+1 LlBl/(n—l)Allm < Bﬁ/(m_l)A?, (2.25)
—

Choose A; large enough to satisfy (2.24) and (2.25), then we get (2.19) and (2.20).
Therefore, the solution (u,v) of the system (2.1)—(2.3) blows up in a finite time if (ug, vo)
is large enough such that

uo(r) > u(r,0), vo(r) > v(r,0), r> 1.

The proof is completed. O

Proof of Proposition 2.3. In fact, we can show the precent proposition is valid for all
af # mn. Let

a(r,t) = (Byr' = )Vm - G(rt) = (Bor'2)Un 5 1t > 0,
where

By = (5\1 _ 1)—mn/(mn—o¢ﬂ) (5\2 _ 1)—mo¢/(mn—o¢ﬁ)

9

By = (5\1 _ 1)—nﬁ/(ﬂm—aﬁ)(;\2 _ 1)—mn/(mn—a,@).

By some calculations, we get

ou  O*um A\ ou™ ov 02" Xy OO"

_ _ — = _—— Y — — — = 1

ot Or? r Or 0, ot or? r or 0, r>1t>0,
ou™ oo™

- 1 frnd T 1 _ 1 = _6 1 .

That is to say that (w,?) is a stationary solution of the problem (2.1)—(2.3). Due to the com-
parison principle, for any initial value (ug(r),vo(r)) which is small enough to satisfy

uo(r) < a(r,0), wo(r) <o(r,0), r>1,

the solutions of the system (2.1)—(2.3) exist globally in time. O

Now, we prove the main result for the system (1.1)—(1.3), i.e., Theorem 2.1.
Proof of Theorem 2.1 Noticing that the functions ug(z), vo(z) have compact supports,
we can choose two bounded, radially symmetrical functions, denoted by wi(z) = wui(|z|) >



uo(x),v1(z) = v1(]z]) > vo(z). By using Proposition 2.1 and the comparison principle, we can
obtain the global existence of solutions for the system (1.1)-(1.3). However, for the large and
radially symmetric functions u(|z|,0),v(|z|,0) defined in the proof of Proposition 2.2, if (ug, vo)
is large enough such that ug(xz) > u(|z|,0), vo(x) > v(|x|,0), then the solutions of the system
(1.1)=(1.3) with a8 > mn blow up by the comparison principle and Proposition 2.2. This
clarifies that the critical global existence curve is a8 = mn for the system (1.1)—(1.3).

On the other hand, using the comparison principle again, we conclude that the solution
(u,v) of (1.1)-(1.3) with

ug(x) < (BylzP~M)Y™ wg(z) < (Balz>M)Vn, z € RN\ By (0) (2.26)
where

B = (N — 2)_”1(”""0‘)/(7"”—013)’ By = (N _ 2)—n(m+,@)/(mn—aﬁ)
exists globally for a8 > mn by Proposition 2.3. This combined with Proposition 2.2 indicates
that the critical Fujita curve a8 = mn for the system (1.1)—(1.3). O

Proof of Theorem 2.2 By virtue of the same discussion in the proof of Theorem 2.1, if
we prove this theorem by taking Ay = A1 + N — 1, A\ = A2 + N — 1 in the system (2.1)—(2.3),
and replacing (2.26) with

uo(x) < (BafaeM 2NV wg(2) < (Bala 2NV,

where
By = (A 4 N — 2)-mn/omn—as) (3, 4 N — g)=ma/onn—a),
By = (A + N —2)7n8/(mn=ab) () 4 N — g)=mn/(mn=af)
The proof is complete. O
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