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1 Introduction

Throughout this paper, let X be a complex Banach space with the norm || . ||, X* be the
dual space of X, B be the open unit ball in X, and U be the Euclidean open unit disk in
C. We denote OB by the boundary of B, and B by the closure of B. Also, let U™ denote



the open unit polydisk in C", and N denote the set of all positive integers. Let the symbol

"mean transpose. For each z € X'\{0}, we define
T(x) ={T: € X" : |Tfl= 1, To () =[]}

By the Hahn-Banach theorem, T'(z) is nonempty.
Let H(B) be the set of all holomorphic mappings from B into X. We know that if
f € H(B), then

F) = D" @)l — ")

for all y in some neighborhood of z € B, where D™ f(z) is the nth-Fréchet derivative of f at

x, and for n > 1,
D" f(z)((y —2)") = D" f(z)(y —x, -,y —x).

- s
v~

n

Furthermore, D™ f(z) is a bounded symmetric n-linear mapping from H;L:1 X into X.

We say that a holomorphic mapping f : B — X is biholomorphic if the inverse f~!
exists and is holomorphic on the open set f(B). A mapping f € H(B) is said to be locally
biholomorphic if the Fréchet derivative Df(z) has a bounded inverse for each x € B. If
f : B — X is a holomorphic mapping, then we say that f is normalized if f(0) = 0 and
Df(0) = I, where I represents the identity operator from X into X. Let Aut(G) be the
automorphism group of biholomorphic mapping of domain G C X onto itself. A domain
is called homogeneous if for any =,y € G, there exists a mapping ¢ € Aut(G) such that
p(z) =y.

We now introduce some definitions as follow.

Definition 1.1 Suppose that f : B — X s a normalized locally biholomorphic mapping. If
a€10,1), and

(1.1)
Re {T, [(Df() ™ (f(x) — FW)]} > aRe(lz] - To(w) .y € B. |yl < |l2]. T, € T(a),

then we say that f is an almost convex mapping of order «.

Especially, when B is the unit ball of complex Hilbert spaces, then (1.1) is replaced by

the following condition.

(1.2) Re(Df(2))~ (f(z) = f(y),2) = allz]]* = Re(y,2)) , 2,y € B, [|y|| < ||=||.
When B = B", then (1.1) reduces to the following condition.

(13)  Re(Df(2)) 7 (f(2) = f(w)),2) = alllz]® = Re(w, 2)) , 2,w € B", [Jw]| < 2.

Letting y = 0 in Definition 1.1, one obtains that f is an almost starlike mapping of order

a, is the sense introduced by Xu and Liu [22].
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Definition 1.2 [16] Suppose that f : B — X is a normalized locally biholomorphic mapping.
If a €0,1), and

Re (T, [(Df @) (f(x) — F(€x))]} = aRe(l =)zl £ € Toa € B,
then we say that f is an almost quasi-convex mapping of order «.

From Definitions 1.1 and 1.2, we easily see that almost convex mappings of order « is

the subclass of almost quasi-convex mappings of order «.

Definition 1.3 [10] Suppose that f : B — X is a normalized locally biholomorphic mapping.
If a € (0,1) and

1 1

TS CHOINIE) <X ren\{o),

 2a 2x

then we say that f is a starlike mapping of order o on B.

We denote by K(B) the set of normalized biholomorphic mappings on B, AK,(B) the
set of almost convex mappings of order @ on B, AQ,(B) the set of almost quasi-convex
mappings of order a on B, AS’(B) the set of almost starlike mappings of order & on B, and
S*(B) the set of starlike mappings of order o on B respectively.

Concerning the distortion theorem in several complex variables, the results of convex
mappings are numerous, such as the estimate for detD f(z) for convex mappings defined on
the Euclidean unit ball in C? were first shown by Barnard, FitzGerald and Gong [1] in 1994,
and after that the above work was extended to the general case by Liu and Zhang [17].
Indeed, these are distortion theorems for the Jacobi determinant. On the other hand, with
respect to the distortion theorem for the Frec¢het derivative, Gong, Wang and Yu [6] first
established the estimates of D f (z)T(z), for convex mappings, and Gong and Liu [5] then
extended their work to the bounded convex circular domain in C". Subsequently, Liu and
Zhang [18], Zhu and Liu [23] independently applied different methods to extend it to the unit
ball of the complex Banach spaces. Recently, Chu, Hamada, Honda and Kohr [2] established
the distortion theorem for convex mappings on homogeneous balls. For the unit ball of a
complex Hilbert space, Hamada and Kohr [9] gave the stronger upper bounds estimate of the
distortion theorem for convex mappings. We next recall convex functions of order « in one
complex variable, there are a number of classical results hold for them, such as the growth,
covering and distortion theorem. Further, the well-known Alexander theorem remains to be
valid for convex functions of order a(see [7]). However, in view of the difference between one
complex variable and several complex variables, there seem to be a few of analytical forms

for almost convex mappings of order « in several complex variables. Unfortunately, there



are almost no geometric properties for most of them except for Liu and Zhu [19] establish
the radius of convexity and the sufficient condition for starlike mappings.

In this paper, we will first introduce one definition of almost convex mappings of order « in
several complex variables. Subsequently one sufficient condition and the distortion theorems
(include the Frechet derivative and the Jacobi determinant) for the above mappings are

discussed. The derived results generalize many known results.

2 A sufficient condition for almost convex mappings

of order «

We begin with two concrete examples to state the criteria for almost convex mappings of

order o and almost quasi-convex mappings of order a.

Example 2.1 Let f(2) = (21 + a23,2), where z = (21, 29)' € B?. Then f € AK,(B?) if
and only if la] < (1 —«)/2.

Proof Let w = (wy,ws)" € B% with ||w||* < ||z||*>. By similar reasoning of [20, Example

7], we conclude that

Re((Df(2)7 (f(2) = f(w), z) — al]lz]* = Re(z,w))
= (1=a)(llz]* = Re(z,w)) — Re{azi(z — w)*}
> ([l = Rez,w)) (1 — o = 2Jal|z]) + |al|z1 ||z — wi[* > 0

for |a| < (1 — «)/2. Hence we know that f € AK,(B?) from (1.3).

Conversely, if a > (1 — «)/2, then there exists z; which satisfies zia > (1 — «)/2,w; =
z1,wy = —z5 € R. Consequently, with the analogous method of [20, Example 7], we also
have

Re((Df(2)7 (f(2) = f(w), z) — alll=]]* = Re(z,w))
= (L= a)([l2lI* = Re(z,w)) — Re{azi(z — w2)’}

< (=)=l ~ Re(arm - 27)) — (22" = 0.

This completes the proof.

Example 2.2 [16] Let f(z) = (21 + az3,22, -, 2,), where z = (21,29, - ,2,) € B". If
la| < (1 —)/2, then f € AQ.(B").

It is easy to show that the following proposition holds from Examples 2.1 and 2.2 (we
omit the proof here).



Proposition 2.1
(2.1 AKL(B) G K(B), AKo(B) G AQa(B) G ASL(B)

We will use the following two lemmas to prove the desired theorems in this section.

Lemma 2.1 If f € H(B), then
D™ f(0)(=z™) = D™ f(0)(y™) = mD™ f(0)(z™ ",z — y)

—D*f(0)((z —y)*), m=2;
—D*f(0)((x —y)*,y) — 2D*F(0)((x — y)*, 2), m = 3;
=D f0)((x —y)*,y™?) = 2D f(0)((x — y)*, 2, y™ %) — -+ m =>4
—(m = 1)D"f(0)((z — y)? 2™ ?).

Proof In view of D™ f(0)(m > 2) is a bounded symmetric m-linear mapping from H?:l X
into X, when m = 2, it yields that
D*f(0)(=*) = D*f(0)(y*) — 2D*f(0) (2, — y)
= D*f(0)(z —y,2) + D*f(0)(z — y,y) — 2D*f(0) (2,2 — y)
= —D*f(0)((z — )*);

when m = 3, we have

°f(0 )(963) *F0)(y*) = 3D f(0)(a®, 2 — y)
= D*f(0)(x - )+D3f(0)(fv—y z,Y)
+D3 F0) (@ —y,y°) = 3D°f(0)(a?, & — y)
= —2D3f(0)(fc —y,2%) + D’ f(0)(x — y,z,y) + D’ f(0)(x — y, 1)
= —D’f(0)((z —y)*,2) = [D*F(0)((z — y)*,2) + D’ F(0)((z — v)*, v)]
= —D’f(0)((x —y)*y) —2D*F(0)((z — y)*, =);
when m > 4, we obtain
D™ f(0)(z™) = D™ f(0)(y™) — mD?f(0)(a™ ",z — y)
= D"f(0)(x —y,a™ ") + D" f0)(x —y, 2™ % y) + - --
+D"f(0)(x —y,y™ ") = mD™f(0)(x — y, 2™ )
= —(m—=1)D"f(0)(z —y,2™ ") + D™ f(0)(x — y, 2™ 2, y)
o+ D) (z —y,y™ )
= —D"f(0)((z —y)* 2™ %) = [D™ F(0)((z — y)?, 2™ ?)
+D" F(0)((x —y)%, 2™ % y)] — - = [D™ F(0)((z — y)?, 2™ )
+D"F0)((x — )%, 2™ %, y) + - + D" F(0)((z — y)*, y™ )]
= —D"f(0)((z —y)%y"” 2) —2D"f(0)((z — y)*, 2,y %) — - --
—(m —=1)D™f(0)((z —y)*,2™7?).
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This completes the proof.

Lemma 2.2 [fa €0,1), f € H(B), f(0) =0,Df(0) =1 and X°_om(m — «)/(m!)
ID™f(0)]] < 1—av, where [[D™ f(0)] = Supjum =1 1<kem | D™ fF(0) (@), 2@ - 2|, then

-1 1
(22) IDF@) < | 3> mIDmOlegn?

m!

m=2

(2.3)
I£(2) - F@)-Df @) a—p)] < (1-a) 122 (1 g i) L i ) ol < el

m)!

m=2

Proof SinceX®_,m(m — «)/(m!)|| D™ f(0)|]] < 1 — «, then with the similar argument in
the proof of [14, Theorem 1.1], it yields that

1
(Df X _1| < 00 .
[(Df(z)~"| = 3> mIDmiO) e

m!

m=2

Again by Lemma 2.1, for ||y|| < ||z||, we obtain

1 (z) = f(y) = Df(z)(z -yl
i D™f(0)(a™) — D" f(0)(y™) — mD™ f(0)(z™ !, — y)

m/!

m=2

< i D™ f(0)(=™) — Dmf(O)(y’;)!— mD™f(0)(z" ",z — y)
< i (+2+4---+m- 1)!\5;”f(0)\|\|56 — ylPll=(™

m=2

>, mlmeed =) pm £ (0) |l — gl ]2

:Z I
2 m:

< (- wlol (1 55 il Ol ) |

m=2

This completes the proof.

Theorem 2.1 If o € [0,1), f € H(B), f(0) = 0,Df(0) = I and £_om(m — «)/(m!) -
ID™f(0)]] < 1—av, where [[D™f(0)] = Supjumy—1 1<kam | D™ F(O) (@), 2@ - 2|, then
f € AQa(B).



Proof In view of the condition of Theorem 2.1, (2.2) and (2.3), we have

Re{T, [(Df(@) " (f(a) = f(&x)) — a(l = &)a] }
= Re{T. [(Df(@) " (f(2) - (&) = Df(@)(1 = &a)]} + (1 = Re)2l| — a(1 = Reg)|z]

> (1—a)(1 =Ref)llzl| = T [(Df(x) " (f(z) = f(&x) = Df(2)(1 = &)x)] |

> (1—a)(1 =Red)|lzl| = [[(Df(x)"(f(z) - ( z) = Df(z)(1 = &))|
(1— )Il &2 II:vH2(1 Z mHDmf(O)'Illlwllm 2)

> (1-a)(1—Red)zl - —

= 3 mIDnIO]s]n2

m/!

m=2

>z (I-a)l =Reg)llz]| = (1 —a)(1 - Red)z]| = 0.
Thus, it yields that f € AQ,(B) by Definition 1.2. This completes the proof.

Especially, when B is the unit ball of complex Hilbert spaces, we have the following

Theorem 2.2 [fa € 0,1), f € H(B), f(0) =0,Df(0) =1 and £5_om(m — «)/(m!)
ID™ f(0)]] < 1=av, where [|D™ f(0)]| = supjuw =1 1chem D™ F(0) (), 2P, aM)]], then
f € AK,(B).

Proof According to the hypothesis of Theorem 2.2, (1.2), (2.2) and (2.3), we have
Re{< (Df() " (f() — fg) x> —a < -y >}
Re{< (Df())"'(f(x) = fly) = Df(@)(x —y))o >+ <o —y.x>-a<z—yux>}

> (1=a)(lzI* = Re <@,y >) = | < (Df ()" (f(z) — f(y) = Df(@)(z —y)), x> |
> (1=a)(lz* = Re <@,y >) = [(Df ()" (f(x) = fy) — Df(2)(@ — )] [l]
(1—a)lz—vl (g — R L OTIE iy
> (L=a)([z]* = Re <zy>) - R ;
T Lt (O
- - ; (2l - 2Re <z y > o] = [ly]? + 2Re < 2,y >)
1

= ——(ll2l* = lyI®) > 0
Therefore, f € AK,(B). This completes the proof.
When o = 0, B = B™, Theorem 2.1 reduces to [20, Theorem 2.1], and our proof seems to
be more concise.
The following theorem provides a sufficient condition for starlike mappings of order «

(the case a € [1/2,1)) due to Liu and Liu [14].

Theorem 2.3 Ifa € [1/2,1), f € H(B), f(0) =0,Df(0) =1 and i (m—a)/(m!)||D™f(0)]|

m=2
< 1 — a, where | D™f(0)]] = supr(k)”:ngkgmHDmf(O)(:U(I),a:(2),--~ ,2™)||, then f €
S*(B).



Remark 2.1 Noticing that the fact Df(z)x = x + X°_omD™ f(0)(«™)/(m!) if f(z) =2+
Yo . D™f(0)(2™)/(m!),x € B, Theorems 2.1 and 2.3 show that the classical Alezander

theorem is valid with some restricted conditions.

3 Distortion theorems of the Frechet derivative for

almost convex mappings of order «

In this section, let H(B,U) be the set of all holomorphic mappings from B into U. For each
x € B, ¢ € X, the infinitesimal form of Carathéodory metric on B is defined by

Fo(x, &) = sup{|Dy(x)§| : p € H(B,U), p(z) = 0} .

the infinitesimal form of Carathéodory metric on B has some properties as follows.

3.1) Fee.6) > 158 sepeex.
L=z
€] €]l
_ =l
(33) Fc($,llf) = 1——H,1'H27$ €eB

((3.1) see [15], (3.2) and (3.3) see [4]).

Lemma 3.1 [16] If f € AQ.(B), then

] ]

70 —a)e = MO = o

reB.

We first begin to establish the distortion theorem of Fréchet derivative for almost convex

mappings of order o on the unit ball of complex Banach spaces.

Theorem 3.1 If f € AK,(B), then forx € B,{ € X,

(1~ J=]le] Ll )
DA+ - = T+ a)e) et =Pl
el 1+ el
S T ol Y S TR - (- eyl
and 1 e T.()
IDF @ 2 T e ) 2 T ena + G = alel



Proof By the same arguments as the proof of [4, Theorem 3.1.2], we deduce that

1 1+ |||
P (] o
from (2.1) and Lemma 3.1, and
1 1+ || (L4 fl=[DIE]
D —F, F
IDF@)El < $Fel@.) < T e 9 < T Rhi = a = alel

from (3.2). On the other hand, with arguments similar to those in the proof of [4, Theorem
3.1.2], we obtain

oAl
B B ([ i
by Lemma 3.1,
IDSIEN 2 (1= ) Pel,©) 2 T e, > o (DI
SR (] i R (R P (R TR F
and
1~ | 7.(6)

from (3.1) and (3.2). This completes the proof.
Applying (3.3) to Theorem 3.1, we immediately deduce the following

Corollary 3.1 If f € AK,(B), then

] o ] )
T DG+ a—aen < P/ < e mra - a—aymen = € &

When a = 0, Theorem 3.1 and Corollary 3.1 reduce to [18, Theorem 3.3].

Banach spaces with a homogeneous open unit ball are precisely the JB*-triplles [11].

They are the complex Banach spaces X equipped with a triple product {.,.,. : X* — X}
which is conjugate linear in the middle variable, but linear and symmetric in the other

variables such that

(2) {a> b, {zaya Z}} = {{a’ b7x}7 Y, Z} - {:U7 {ba a,y}, Z} + {xa Y, {aa b, Z}};

(i7) the mapaOa : © € X +— {a,a,z} € X is hermitian with nonnegative spectrum;
(iii) {a, a,a} = ||a]®

for a,b,x,y,z € X. On the open unit ball B of a JB*-triple, each point a € B induces the
Mébius transformation g, € Aut(B) given by

9a(x) = a + B(a,a)"*(I + z0a)'z(z € X),

9



where zOa is the box operator (z0a)(y) = {z,a,y}. Moreover, g,(0) = a,g;! = g_, and
Dg,(0) = B(a,a)"?, Dg,(a) = B(a,a) /2.

In any dimension, we have

1
1—lal?
from [12, Corollary 3.6]. More details of JB*-triple may consult [21] or [8].

We next establish the distortion theorem of Fréchet derivative for almost convex mappings
of order av on the unit ball B of a JB*-triple X.

1B(a,a)"2] =

Theorem 3.2 If f € AK,(B), then forx € B,{ € X,

(1= [lzID 1]l
1+ A =)z Bz, z)"|

€]l
=z = (1 = a)ll=l))

| < [[Df(z)E]l <

Proof For any x € B,£ € X, we have

€11

Fo(e,€) = Fo(0, Dy (2)§) = || Bz, 2) €]l < — B

for the Mobius transformation g_, € Aut(B) such that g_,(0) = O(see [2]). Note that
| B(a,a)~?|| = m,a € B. Take into account %Fc(x,é) < ||Df(x)¢|l < %
Fo(z,€). By the same arguments as the proof of [2, Lemmas 2.5 and 2.6], it follows the de-
sired results. This completes the proof.

In particular, when B is the unit ball of complex Hilbert spaces, we have the following

theorem.
Theorem 3.3 If f € AK,(B), then forxz € B,§ € X,
V1= =PI < VA= =[PP + €z, O
L+ [z[)(T+ @ =a)llzl]) = 1+ lz[D@+ (1 = a)lz)

1 — |l 1+ (]
Fo(x Df(x Fo(x

o VA= l=P)EP + Kz, OF _ €]l '
- (=D = (@ =a)flefl) T (= [l = (1 = a)lfz]])
Proof For any = € B,{ € X, it is shown that

V(= [lZ[?)IE]? + [{x, §)2
e

Fc(ai, g) =

(see [3]). Hence, the desired result holds from Theorem 3.1.
When a = 0, Theorem 3.3 reduces to [23, Theorem 2.4].
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4 Distortion theorems of the Jacobi determinant for

almost convex mappings of order «

In this section, we denote by J;(z) the Jacobi matrix of the holomorphic mapping f(z),
and det J¢(z) the Jacobi determinant of the holomorphic mapping f(z). Let H(2,2) be the
holomorphic mappings from €2 into €2, where 2 is a bounded domain in C".

We will use the following lemma (see [13]).

Lemma 4.1 Suppose that Q) is a bounded domain in C". If p : Q0 — Q is biholomorphic,

then
K
| det J,,(z)| = \/((;Z)z €Q.

K(p(2),¢(2))
The following lemma is also applied to prove the desired theorem in this section.

Lemma 4.2 Suppose that 2 is a bounded convex circular homogeneous domain in C". If
v € H(Q,Q), then

K(z,2) B
[det Jo(2)] < \/ KEEREC) i

In particular, when Q = B™ (resp. U™)

n+1
L—lle@I*Y = — llws(= ||2
(4.1) | det J,(2)] < (— (resp.| det J,(2)] <
’ 1= H 1=z ||2
Proof We write 7,(2) = M]detj (z)|. Taking into account Lemma 4.1, a

direct computation shows that

Tipogow (2)

_ \/KW( ( (Z))),lb( ( ()))ldetjw(@(w(z)))||deth(w(Z’»Hdeth(zﬂ

K(z,z2

)
_ (p(w(2)), p(w(2)) o e z
= \/ K(.2) | et J,(w(2))[| det J.,(2)]

\/K(gp(w(Z)), pw(z)) |det J,(w(2))] = 7, (w(2))

K(w(2),w(z))
for every ¥, w € Aut(Q)). That is,

(4.2) Tpopow(2) = Tp(w(2)), 2z € Q1.

11



Let p(z) be the Minkowski functional of Q. Fix £ € C™*\ {0} and denote & = When

©(0) =0 if z =0, we may define

w()‘) TJap 0)50( ()‘50))> AeU,

£
p(&)"

then w € H(U,U),w(0) = 0. Hence, in view of Schwarz lemma, we conclude that

(4.3) [w'(0)] = p(Jp(0)60) < 1.
If X is the eigenvalue of J,(0), then
(4.4) Jo(0)n = An,

where 7 is the eigenvector of J,(0). Letting ny =
(4.4), we obtain

iy then ng € 9Q. According to (4.3) and

p(Jo(0)n0) = p(Ano) = |A[ < 1.
Therefore
(4.5) 7,(0) = | det J,(0)] < 1.

For the general case, take ¥,w € Aut(§2) which satisfy w(0) = z and ¥(¢(z)) = 0. It
yields that
To(2) = Tp(w(0)) = Tyopou(0) <1
from (4.2) and (4.5). This implies that

K(z,z) B
““%“”S¢Kw@#m»’€”

n! 1 —
K(z,z2) = ,2€ B" K = — ,zegn
(22) = S ey o 11—rmrzz

We recall the fact that

(see [13]), then the estimates of (4.1) are valid. This completes the proof.

We now begin to present the desired theorem in this section.

Theorem 4.1 Suppose that €2 is a bounded convex circular homogeneous domain in C"*. If

feAK,(Q)(a €10,1)), then

1—p(2) " K(z,2) 1+ p(2) " K(z2)
(v tarm) <16 < (7= L) Fe

In particular, when 2 = B™, we have
(4.6)

(L=l < Jdot J(2)] < (1+ 2= e
(L4 (1= a)llzl)m(1+ [12[)% S 1— 1) 2

12



Proof With arguments similar to those in the proof of [4, Theorem 3.1.2], we have

1 1+ p(2)
from Lemma 3.1. Define
(4.8) p(w) = fHAf(w) + (1 =N f(2),w e Q,

where z* € 9. It is shown that f € AK,(Q2) C K(Q) from (2.1), then ¢(w) is well defined,
further, ¢ € H(Q2,Q) and ¢(z) = 0. From (4.8), we have

flpw)) = Af(w) + (1 =N f(2").
Differentiating both sides of the above equality with respect to w, we obtain
Jr(p(w))Jo(w) = AJy(w) .
Noticing that ¢(z) = 0, especially taking w = z, we deduce that
J(0)Jp(2) = AJs(2)

This implies that
1 1
T1(2) = 3T O0)J,(2) = 3 1,(2).

Using Lemma 4.2 and (4.7), we conclude that
1
et Jy(2)] = 5] det J,(2)]
1+ p(2) " K (z,2)
< .
= \ica-ap) | %00

On the other hand, by the same arguments as in the proof of [4, Theorem 3.1.2], we

conclude that

(4.9) 1—#214_1(1__/)(0;;(2),269
from Lemma 3.1.

Let
(4.10) d(w) = fH(1 = p)f(w) +pf(2),w e Q,

where z € 0. Since f € AK,(Q) C K(Q), then 1(w) is well defined, moreover, ¢ € H (2, )
and ¢(0) = z. From (4.10), we obtain

F@(w)) = (1= p)f(w) + pfz).
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Differentiating both sides of the above equality with respect to w, we also obtain

Sy (w))Jy(w) = (1 = p)Jy(w).

Note that 1(0) = z, especially take w = 0. We conclude that

J(2)Jy(0) = (1 = p) J¢(0) = (1 — p) 1,

where [, is a unit matrix of n x n. Applying Lemma 4.2 and (4.9), we deduce that

In particular, if 2 = B™, taking into account the fact K(z,z) =

1
[det 7, (0)

1—p(2) " K(z,2)
- (1+<1—a>p<z>) \ 50,0

| det Jp(2)] = (1 — p)"

n+17Z € Bn7 lt

n!
m(1-||2]12)

is easy to see that the estimate of (4.6) holds.

When a = 0, the estimate of (4.6) reduce to the corollary of [4, Theorem 3.1.1].
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