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ABSTRACT. Following Clunie and Sheil-Small denote by Sy the
class of normalized univalent harmonic mappings in the unit disk.
The aim of a paper is to study the properties of a subclass of Sy,
such that the analytic part is a convex function. We establish
estimates of some functionals and bounds of the Bloch constant
for co-analytic part.

1. INTRODUCTION

A complex-valued harmonic function f that is harmonic in a simply
connected domain {2 C C has the canonical representation

f=h+7, (1.1)

where h and g are analytic in 2 with g(z) = 0 for some prescribed point
zp € 2. According to a theorem of Lewy [17], f is locally univalent, if
and only if its Jacobian J;(2) = |f.(2)]* — | fz(2)]> = [N (2)|* — |¢'(2)?
does not vanish, and is sense-preserving if the Jacobian is positive.
Then h'(z) # 0 and the analytic function w = ¢'/R’, called the second
complex dilatation of f, has the property |w| < 1in 2. Throughout this
paper we will assume that f is locally univalent and sense-preserving,
and we call f a harmonic mapping. Also, we assume 2 = D C C,
and zp = 0, where D is the open unit disk on the complex plane. The
class of all sense-preserving univalent harmonic mappings of I with
h(0) = ¢g(0) = A/(0) — 1 = 0 is denoted by Sy, and its subclass for that
g'(0) = 0 by 8, (cf. [8]). Fundamental informations about harmonic
mappings in the plane can be found in [11]. Note that each f satisfying
(1.1) in D is uniquely determined by coefficients of the following power

2010 Mathematics Subject Classifcation: 30CT75; 30C45; 30D45
Keywords: Univalent harmonic mappings, convex functions, Bloch constant, nor-
mal family
1
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series expansions
h(z) = a.2", g(z)=> b2" (z€D), (1.2)
n=0 n=1
with a,, € C,n =0,1,2,..., and b, € C, n =1,2,3,.... When f € Sy
then ap = 0,&1 =1. .

In [14] authors studied properties of a subclass S; of 8y, consisting
of all univalent anti-analytic perturbations of the identity in the unit
disc with |b;] = «a, and in [15] there was studied the class S* of all
f € Sy, such that |by| = a € (0,1) and h € CV, where CV denotes the
well-known family of normalized, univalent functions which are convex.

The classical Schwarz-Pick estimate for an analytic function w which
is bounded by one on the unit disk of the complex plane is the inequality

- ()P

W' (2)] < T2 (2| < 1). (1.3)

Ruscheweyh [21] has obtained the best-possible estimates of higher
order derivatives of bounded analytic functions on the disk. Similar
estimates were derived by other methods and for different classes of an-
alytic functions in one and several variables by Anderson and Rovnyak
[1]

wh(z)| _ 1= |w(z)?

(1—|z)*)* ! | S T (n=1,2,..). (1.4)
The case z = 0 in (1.4) asserts that if
w(z) =co+ecrz 4+, (1.5)
then
|en] <1 — o, (1.6)

for every n > 1. This result is classical and due to Wiener; see [2], [16].

2. BOUNDS OF THE FEKETE-SZEGO AND OTHER FUNCTIONALS

Theorem 2.1. Let f € S%, f = h + g with the power series (1.2).

Then
(1—a?)(n—-1)

2

Proof. Making use of a relation ¢’ = wh’ and the power series expan-
sions (1.2), (1.5) we obtain

n—1

nby =Y _(p+ Dapsicapr (n=2,3,..). (2.2)
p=0

Since h € CV, then |ax] <1 (k= 1,2,...). Applying this for (2.2) we
have

Iba| < a + (n=2,3,..). (2.1)

n—1

1
bl < =S+ Dlenpil.

p=0
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The fact ¢’ = wh/, for the case z = 0, implies that ¢y = by, so that by
(1.6) we obtain |c,_, 1| <1 —|b|*> =1 — a? Therefore

]_n—2
b, < a4+ =3 (p+1)(1—-0a?
np=0 (2.3)
(1-a*)(n—1)
= a+
2
Specially, we get
1— 2
|bo] < o+ 2a , bl <14+ a—a”

For the case, when n = 2 the inequality is sharp, with the equality
realized by the function

z z 11—« 1+ az
= — | )
1) 1—z+1—z 1+aog1—z

We note that for a close to 1 the above bounds are better than obtained
in [15]. O

In conclusion, we obtain:

Corollary 2.2. Let | € §a, f = h + g with the power series (1.2).
Then

b, < min {a L= 0‘2(” i Vin—af)(n—1) (n=23,..).

(2.4)

Theorem 2.3. Let [ € §°‘, f = h+ g with the power series (1.2).
Then for up € R

—a? 3 1
by < 122 {1+;l|u|(1—0é2)+|2—3ubl\}+ama><{§,|1—ubll},
(2.5)
and
2n — 1
bt — bp| < 200+ (1 — a?) ”2 . (2.6)

Proof. From the relation (2.2) we have
2b2 =+ 2(1260, 3b3 =Cy + 2&201 + 3&360.
Then

2
|b3 — ,ub§| = %Cg + %agcl + asCp — U (%Cl + (IQC())

(3c2 — &c}) + aser (2 — pco) + colas — ,ucoag)’

Llea = 3uct] + |asl|er| |3 — peo| + alas — peodd).

IA
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Apply now the estimate that holds for the coefficients of convex func-
tions: |a,| <1 (n=2,3,..), lag — va3] < max{1/3,|1 — v|} (v € R),
and the relation (1.6). We obtain then

|bs — pb3| < 3§ ng’ + 4 ucil] +lasl|er] |5 — peo| + alas — pbiaj)|
< S [L4 A= 0?)] + (1= a?) [§ - ub
+ amax{1/3,|1 — ub|}.

Next, by (2.2), we have

1 n+1 1 n
b1 — bn| = P > PapCnyi—p — 5 > PapCn—p
p=1 p=1
1 n 1 n—1
< angicol + |anco| + P > PlapCati—p| + = > plapcn_yp|
p=1 p=1

n n—1
—a? —a?
< 20+ =Y p+ Y
p=1 p=1

= 2a+ (1-a%)2.

The proof is now complete, however the results are not sharp, for ex-
ample the function that realizes the accuracy of |bs| in the previous
theorem, gives |by — b1| = (1 — a?)/2 < 2a + (1 — o?)/2, for any
a € (0,1). The right hand side is obtained from (2.6) for the case
when n = 1. g

Theorem 2.4. For f € 5%, f = h+§ and |z| = r < 1 it holds

r 1—a1 1+r < 1g(2)] < r +1—041 1—r
— 0 z 0

1+7r 14« gl—ozr_ g —1—-7r l14a gl—l—ar’

(2.7)

2r r(l —a?) < 2" (2) < or r(l1—a?) (28)
1+7r |Jr—al(l—ar) g (2) 1—7r |Jr—al(l—ar)

2g"(z) r(a® —1) 1—r
Re (1 > ) 2.9
e< + g (z) |oz—7“|(1—cw’)+1—|—r (2:9)

Proof. Applying the relation ¢’ = wh’ we estimate |¢'(z)| as follows
[15]:

a+r
(14 ar)(1—r)?

[
(I —ar)(1+47r)?

< gz < (lz] = <1).
Then integrating along a radial line ¢ = te' the right hand side of (2.7)
is obtained immediately [15].

In order to prove the left side of (2.7) we note first that g is univalent.
Let I' = g({z : |z| = r}) and let & € I' be the nearest point to the
origin. By a rotation we may assume that & > 0. Let v be the line
segment 0 < ¢ < & and suppose that z; = g7 (&) and L = g~ (v).
With ¢ as the variable of integration on L we have that d§ = ¢'(¢)d¢ >
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0 on L. Hence

&1 21 21 r
— — / — / /(90
G = / ¢ / §(0)dc / FOlldc] > / 1o/ (86) e

>/T lav — 7| J r 1—041 1+7r
r = — 0 )
— ) QA—ar)(1+r)? 1+7 1+a °1-ar

From the relation ¢’ = wh’ we obtain

29"(z)  2'(z)  zh"(2)

= . 2.10
/G e TG 210
Since h is convex, so is univalent, then it holds [13, p. 118]
2r zh"(z) 2r
=r). 2.11
S e | ST (=D (2.11)
Moreover, w satisfies [12, p. 320]
w(z) —w(0
@) 2wl | 1 () =), (212)
1 —w(0)w(z)
from which it follows
w(0)(1 —7r*)| _ (1 —|w(0)]*)
— . 2.1
0~ 2| < e 21

We note that |w(0)| = |co| = |b1| = «, so that by (2.13) we have

u§|w(z)|§ rta
1—ar 1+ ar

(2.14)

Taking into account (2.10), (2.11), (2.14) and the Schwarz-Pick in-
r<l

equality (1.3) we obtain for |z| =7 <
29" (2) 2w'(2) zh"(2)
g1 wi) W (z)

r(1 —|w(z)?) 2
lw)|(1=7%) 1-—r

r(l1—7r?)(1 - a?) 2r
(I=r)r—al(l—ar) 1-—r
r(1—a?) 2r

Ir—a|l(l—ar) 1-—17r
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Similarly, we have

29" (2) zh"(2)|  |ew'(2)
g'(z) h(2) w(z)
2r  r(l-lw(z)P)
I1+r  Jw(z)|(1—1r2
2r 7(

> —
— 1+r (1=7)r—cal(l—ar)
2r r(l —«

1+r Ir —al(l—ar)

Moreover ”< ) /( ) h”( )
Zg A . ZW\Z VA A
d) el e (2.15)

and h is convex, therefore

Re (1 N zg”(Z)) _ e g, (1 . zh”(z)>

9'(2) w(2) W(2)
2w'(z) 1—r (2.16)
Re )
w(z) 147
By the above, (1.3) and (2.14), we have
29" (2) r(a? —1) 1—r
Rel1l > 2.17
e( * J(2) o —r|(1—ar) 147’ (2.17)
as asserted. O
3. ESTIMATES OF THE BLOCH CONSTANT
A harmonic function f is called the Bloch function if
zweD, z#£w Q(za UJ)
where
1 1+ | &= —
o(z,w) = 2 log (Jﬁ) = artanh 12_ ZI:]U‘

denotes the hyperbolic distance in D, and By is called the Bloch con-
stant of f. The harmonic Bloch constant was studied by Colonna [9].
Colonna established that the Bloch constant B, of a harmonic map-
ping f = h + g can be expressed in terms of moduli of the derivatives
of h and ¢

By = sup.eo(L— o) (K] + lo(2) 52)
= sup.ep(l — [2[H)[W(2)[(1 + [w(2)]),
which agrees with the well known notion of the Bloch constant for

analytic functions. Moreover, the function f is Bloch if and only if h
and ¢ are, and

max(B,, By) < By < B, +B,.
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Colonna also obtained the best possible estimate of the Bloch constant
for the family of harmonic mappings of ) into itself. Recently, the
Bloch constant was studied by many authors, see, for example [3, 4, 19].
Very interesting results in this direction were obtained in [5, 6, 7, 18,
20, 22]. Our aim is to determine bounds for the Bloch constant in the

class S and S°.
Theorem 3.1. Let f = h+ g with h(z) = z/(1 — Bz),—-1 < B < 1,
and let |B| = A, 0 < A < 1. Then the Bloch constant By is bounded
by

(1+70)%(1 —1p)?
(1 — Arg)%(1 4 arg)’

By < (14 «) (3.3)

where 1y is given by

Ca(l+434)=3—-A+ /(1 +a) 1+ A)(9—TA+ a(-T7+9A))
o= da+ 2A(a — 1)

(3.4)

Proof. Applying the distortion theorem
1
n < — =
WS g (H=7)

and (3.2), we find

By = sup(1— ) (2)|(1+ | (2)]) < (1+a) sup <1(1_Z:)>§1_f(3r>'

Setting
1+7)(1—1r?
glr) = D00
(1—Ar)%(1+ ar)
we observe that ¢'(r) = 0, if and only if

(1+7)[2a+aA—A)r*+B+A—a—3aA)r+a—1-2A4]=0.

The last equation has solution in the interval (0, 1) at the point rq given
by (3.4), and the function ¢ attains its maximum at r. d

Setting B = 0 in the above theorem, we obtain the estimate of B
in the class S, below.

Corollary 3.2. For f € S* f = h+ g, the Bloch constant B is
bounded by
(]_ + 7‘0)3(1 — 7"0)2

Br<(l1+a) {+ aro) (3.5)
where 1y is given by
_ — 72
TO:a 3+VI+ 20 —Ta . (3.6)

4o
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Remark. By the fact that the Bloch constant is finite we already have
that the family of harmonic mappings with h(z) = z, and |b;| = «, is
a normal family. A function f is normal, if the constant o is finite,

where ,
(1 =[P )]
o =su :
'Te TG
see [10]. Indeed, since the quantity |f(z)| in S is bounded [15]:

(1_l>7«_ (1—%) log(1+ar)  for a0,

e
[f(2)] =
2
r— D) for a=0,
(3.7)
therefore, by (3.5) and (3.7), we obtain
A+ (1-r?) 1
(1 + Oé) 1+ar 1+(1,§)7«,(170%2> log(1+ar) fOT [0 7é O7
of < (4r)(1—r2) 1 B
(1 + Oé) 14ar 1 r2 fOT o = 07
“1’7'*7
(3.8)

where r = 7 is given by (3.6), and we see that in both cases o, are
finite.

Remark. The univalent Bloch functions can be described in terms
of geometry of their images; they are precisely those functions whose
images do not contain disks of arbitrarily large radius [10]. Therefore,
we suppose that the functions from the class Se may not be the Bloch
functions. Indeed, reasoning similarly as in the Theorem 3.1 we note
that in the class S® we have h(z) = z/(1—2), then |h'(2)| < 1/(1—7r)>.
Thus

(1+7)?
By =(1+oa) ot 1=r)(1+ar)
and the function p(r) = (147)?/[(1—7r)(1+ar)] increases in the whole
interval (0, 1), with infinity as the supremum.
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