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Abstract: Let ¢ be an analytic self-map of the unit disk I, H(ID) the space of analytic functions
on D and g € H(D). The boundedness and compactness of the generalized integration operator

1) £(2) = / T (p(@)g(€)de, = € D,

from mixed-norm space to the Zygmund-type space, and the little Zygmund-type space are investi-
gated in this article.
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1 Introduction

Let D be the unit disk in the finite complex plane C, 9D boundary of D, H(D) the space of all
analytic functions on D, N the set of all nonnegative integers and N the set of all positive integers.

A positive continuous function ¢ on [0,1) is called a normal if there exist positive numbers a, b,
0<a<bandty € [0,1), such that

t o(t

(17 _(,5)2)a decreases for o <t <1 and tl—i>1’ (17 —<t)2)a )
. o(t

(17 _(t)Q)b increases for 25 <t <1 and tlir (17 —(75)2)b

(see, for example, [28]).
For 0 < p < 00, 0 < ¢ < o0 and a normal function ¢, let H(p, q, ¢) denote the space of all analytic
functions f on the unit disk D such that

1 » 1/p
s = ([ 3300 S rar)
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where the integral means M, (f,r) are defined by

1/p

27
M,(f,r)= (2171_/0 |f(rei9)|pd9) , 0<r<1.

For1 <p < o0, H(p, ¢, $) equipped with the norm |||, 4,4 is a Banach space. When 0 < p < 1, ||-|lp,q.¢
is a quasinorm on H(p, q,¢), H(p,q, ¢) is a Fréchet space but not a Banach space. If 0 < p = ¢ < o0,
then H(p,p, ¢) is the Bergman-type space

.0 = {remm): [ 176rE e < o},

where dA(z) denotes the normalized Lebesgue area measure on the unit disk D such that A(D) = 1.
Note that if ¢(r) = (1 — )@t/ then H(p,p,$) is the weighted Bergman space AP,(D) defined for
0 <p<ooand a> —1, as the space of all f € H(D) such that

£ 1% =/D|f(2)|”(1 — [2*)*dA(2) < o0

(see, for example, [1, 8]). B
Let Z, denote the space of all f € H(D) N C(D) such that

sup (|21 " (2)] < oo.
zeD

Under the norm
1fllz, = 1£O)]+[f(0)] + iggu(lzl)lf”(Z)L (1)

it is easy to see that Z, is a Banach space. Some information on Zygmund-type spaces on the unit
disc and some operators on them, can be found, e.g., in [4, 5, 11, 15, 18, 23, 31], for the case of the
upper half-plane see [38], while some information in the setting of the unit ball can be found, e.g., in
[6, 17, 18, 20, 41, 54, 56, 57, 59].

The little Zygmund-type space 2, is defined to be the subspace of Z,, consisting of those f € Z,,
such that [11]

Tim (=) (2)] = 0.

It is easy to see that Z,, ¢ is a closed subspace of Z,, and the set of all polynomials is dense in Z, .

In this paper, we consider an integration operator Iéz), which is defined as

i) = | T (p(€)g(€)de, = € D,

This operator is called the generalized integral operator, which was introduced in [27] and studied in

[27, 49]. Also, the operator Iéfg is a generalization of the Rimann- Stieltjes operator I, induced by g,
defined as

1,f(z) = / T F©)g()de, = e D.

Y. Yu and Y. Liu in [53] characterized the boundedness and compactness of Riemann-Stieltjes oper-
ator I, from weighted Bloch spaces into Bergman-type spaces. J. Liu, Z. Lou and C. Xiong in [21]



Generalized integration operators 3

investigated the essential norm of the integral operator I, on some classical Banach spaces (the Bloch

space, BMOA and the Dirichlet space). In fact, the operator Igfg can induce many known operators.
For example, when n =1, I gg reduces to an integration operator recently studied by S. Stevi’c, S. Li,
X. Zhu and W. Yang in [12, 13, 14, 16, 30]. When n =1 and g(z) = ¢'(z), we obtain the composition
operator C,, defined as C,f = f(p) — f(p(0)), f € H(D). D = D! be the differentiation operator,
that is, Df = f'. If n € Ny then the operator D" is defined by D°f = f, D*f = (™ f € H(D),
n=m+ 1 and g(z) = ¢/(2), then we get the operator C,D™ f(z) = ™ (¢(2)) — f™ (¢(0)) which
was studied in [9, 26, 55].

Especially recently years, S. D. Sharma and A. Sharmat in [27] have characterized the boundedness
and compactness of generalized integration operators I éfﬁ,? from Bloch type spaces to weighted BMOA
spaces by using logarithmic Carleson measure characterization of the weighted BMOA spaces. Y.
Liu and Y. Yu in [24] studied the boundedness and compactness of Riemann-Stieltjes operator from
mixed norm spaces to Zygmund-type spaces on the unit ball. S. Stevi¢ in [31] studied the boundedness
and compactness of the generalized composition operator from mixed-norm space to the Bloch-type
space, the little Bloch-type space, the Zygmund space, and the little Zygmund space. X. Zhu in
[58] investigated the boundedness and compactness of generalized integration operators from H> to
Zygmund-type spaces on the unit disk. Z. He and G. Cao in [7] investigated the boundedness and
compactness of generalized integration operators between Bloch-type spaces and F(p, q, s) spaces. For
related integral-type operators on the unit disc, see, for example [10, 11, 12, 13, 14, 40, 51, 52]. Some
related integral-type operators in C™ are treated, for example, in [2, 3, 13, 14, 16, 19, 22, 32, 33, 34,
35, 36, 37, 39, 41, 43, 44, 45, 46, 47, 48, 50, 55] (see also the related references therein). Motivated by
the results [7, 24, 31, 58], we consider the boundedness and compactness of the operators I, (22 from
H(p,q, $) to the Zygmund space, and the little Zygmund space. For the proof, we need different test
functions and some complex calculation skills.

Throughout this paper, the letter C' denotes a positive constant which may vary at each occurrence
but it is independent of the essential variables. Two quantities a and b are said to be comparable,
denoted by a = b, if there exists a positive constant C such that C~'a < b < Ca.

2 The boundedness and compactness of Iggzp) from H(p,q, ) to

Zygmund space

In this section, we study the boundedness and compactness of I !ET‘SZ :H(p,q,¢) — Z,,. To do so we
need the following lemmas.

Lemma 2.1 ([81]) Assume that p,q € (0,00), ¢ is normal and f € H(p,q,$). Then for each n € Ny,
there is a positive constant C independent of f such that

||f P,q,9
o ,z €D.
(2D(1 = [22)Tarn?

fM () <C
¢
By standard arguments (see, for example, [4] or Lemma 3 in [29]) the following lemma follows.
Lemma 2.2 Assume that ¢ is an analytic self-map of D. Then Igg : H(p,q,¢) — 2, is compact if

and only if Iéfg : H(p,q,¢) — Z,, is bounded and for any bounded sequence {fi} in H(p,q, ¢) which
converges to zero uniformly on compact subsets of D as k — oo, we have ||Iéf2fk\|z — 0 as k — oo.
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The proof of the following lemma is similar to that of [25, Lemma 1], and the details are omitted

here.

Lemma 2.3 A closed set K in Z,, 0 is compact if and only if K is bounded and satisfies

lim sup u(|2])[f"(2)| = 0.
lz|—1 feK

Lemma 2.4 (/8]) For any real 3, let
2m
do
J,@(Z):/O W,ZGD.

Then we have

1 , 1f B8 <0,

Jg(z) = logﬁ , ifB=0, as |z|—1".

W , if B3>0,

Lemma 2.5 (/28]) For > —1 and v > 1+ (3 we have

1(1_) r 14+8—
/0(17Tp)d<0( P) , 0<p<lL

Now we are in a position to characterize the boundedness of I_(gfg :H(p,q,0) = Z,.

Theorem 2.6 Assume that ¢ is an analytic self-map of D. Then I_(gn) :
if and only if the following conditions are satisfied,

w(l2Dle (2)9(2)]
M= S o@D — o))/

< 00,

and

. a(lDlg'(2)
e = B SN - eGP

H(p,q,¢) —

w48 bounded

(2)

(3)

Proof. Assume that conditions (2) and (3) hold. Then, for every z € D and f € H(p,q, ¢), by Lemma

2.1, we have

(£ elDg(=))
=u<|z|>]f<"+1> (#(2))#'(2)g(z) + £ () (2)

w(|2)]e’ (2)g(2)] n(zDlg’' (2)]
= C( (le(2)D(1 = [p(2)[2)/atnt1 - P(le(2)
< C(My + M) fllp,q.6-

)1 = lp(2)|?)V/atn

) T
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On the other hand, we have

and

(T ) = 1£ ((0)g (0)]
19(0)| "
(IO (1 = [ (0)[2)/atn

Applying conditions (2), (3), (4), (5) and (6), we deduce that the operator I‘(gﬁg cH(p,q,¢) — 2, is
bounded.

Conversely, assume that Igﬁg : H(p,q,¢9) — Z, is bounded, that is there exists a constant C' such
that

< C¢ p,q,¢* (6)

115 f 2, < CIIf
for all f € H(p,q,®). For a fixed w € D, set
(1 - Jw)™*! ( 1 al—wP) ) 7
o(|wl) ’

(1—-w2)* (a+n)(l—wz)>t!
where the constant b is from the definition of the normality of the function ¢ and o = 1/¢ + b+ 1.
A straightforward calculation shows that

|p7q7¢

fw(z) =

1 —|w*H*tala+1)...(a+n—1)(w)"

W) = —
o(|wl) (1 —wz)etr
AP alat+ D(a+2).. (et n—1)(a+n)1 - |w?)(@)" ()
o(Jwl) (a+n)(1 —wz)*tnt! 7
fin sy - Q) ala s ). o m)@)
b ¢(|wl) (1 —wz)etntt
AP alat+ D(a+2) .. (a+n+ 1)1~ |w]?)(@)"H (9)
o(|wl) (a+n)(1 —wz)otnt '
By Lemma 2.4, we have \
(1 — Jw?)**
Ml = €l = rfalr
As ¢ is normal and by applying Lemma 2.5, we obtain (see [31, 42])
sup || fullp.g,0 < C. (10)
webd
From (8) and (9), we have
i () =0, frtD) () = _ala+)(a+2).. . (atn— 1) (@) (11)

S(Jw])(1 = |w|?)1/atnt
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Hence
C > |1I52) fotu 2, = nllw])]¢ (w)g(w)] | £5, (p(w
(

)
ﬂ(|w|)|30/(’w)g u}) |(P(w)|n+1
(lo(w))(1 = |p(w)[?)L/atnt+1"

)
|

:a(a+1)(a+2)...(a+n—1)¢

From (12) we have

sup p(lw|)|¢" (w)g(w)]
lp(w)|>3 (b(“P(w)D(l - |<P(’w)‘2)1/Q+n+1

su na1_H(w])]e’ (w)g(w)|lp(w)
= \«p(w)Il)>% ’ O(le(w) (1 = |p(w)[?)/atn+1
< C < .

|n+1

Since f(w) = “7’1—7 € H(p,q, ¢) it follows that
p(fw)lg' (@) < MGz, < - 1 fllpas < C.
Since h(w) = % € H(p,q, ¢), from (14) and the boundedness of ¢ it follows that
plwhle' (w)g(w)| < 1500z, + p(|lw])e(w)g (w)]
< G- 1Bl .0 + € < 2C.
From this and the fact ¢ is normal we obtain

sup p(|w])|¢" (w)g(w)]
lo(w)|<5 (Jo(w)]) (1 — |p(w)|?)t/a+nt1

<C sup p(lw])]e’(w)g(w)] < C < oo
lo(w)<}

From (13) and (16) it follows that (2) holds.

For a fixed w € D, set

(1- "LU|2)17+1 (a +n+1 B a(l — |w|2) >
o(|w|) (1—wz) (1-—wz)ot! )

Juw(z) =

It is easy to see that

(1—|w* ' ala+1)...(a+n—1D(a+n+1)(w)"

(n)(,y  —
() = maetn
_ 1 —|w?)** ala+1)(a+2)...(a+n)(1—|w?)(@)"
¢(|w|) (]_ _@Z)a+n+1 5

(n+1) (A =|wPa(a+1)... (a+n+1)(w)" T
B =) (A= wa)rr

¢(lwl) (1 —wz)otn+2

1 —|w)* ala+D(a+2)...(a+n+1)(1— |w|2)(ﬁ)”+1.

(15)

(17)

(19)
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By Lemmas 2.4 and 2.5, we get (see [31, 42])
sup || guwllp,q,6 < C- (20)
weD

From (18) and (19), we have

al@+l)...(a+n-1)(®)" glntD)
o(w) (A — [w]2) /et Tw

9u” (w) = (w) = 0. (21)

Hence

C > 11§ gz, = |n(lw))g (w)|gle, (p(w))]

afa+1)...(a+n—Du(w))g' (w)|le(w)"

T e R -
From (22) we have that
sup p(w))lg' (w)]
p(w)>3 (o)) (L = [p(w)[?)H/atn
N ) A (o ol
R W e = R PO D
< (C < 0. (23)
Using (14) and the fact ¢ is normal we obtain
. p(Jw])lg'(w)
o(2)1<s Se(w))(L = [e(w)[?)t/atn
< C‘ s p([w))lg’ (w)| < €' < 0. (24)

Combining (23) with (24) we get (3), finishing the proof of the theorem.

Theorem 2.7 Assume that ¢ is an analytic self-map of D. Then I;Zg : H(p,q,9) — Z, is compact
if and only if LS"@ cH(p,q,¢) — Z,, is bounded, and

wlDle (e _
B SN — [ P et (25)
and
. u(l=)lg/ ()]
()1 B(lp(2)])(1 = |p(z)[?)/a+n

Proof. Assume that Iggﬁg : H(p,q,¢) — Z, is bounded and that conditions (25) and (26) hold.
For any bounded sequence {f} in H(p,q, ) with fr — 0 uniformly on compact subsets of D. To
establish the assertion, it suffices, in view of Lemma 2.2, to show that

=0. (26)

115" fillz, — 0 as k — oo.
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We assume that || fz|[p,q,0 < 1. From (25) and (26), given € > 0, there exists a ¢ € (0,1), when
§ < |p(#)] < 1, we have

JUeED) lo'(2)g(2)] 19 (2)| 6
o(l(2)]) ((1 — lip(z)|?) 1/ atntl - (1- so(z)IQ)l/f””) = (27)

From the boundedness of I(n) H(p,q,¢) — Z,, we see that (14) and (15) hold by Theorem 2.6. Since

fr. — 0 uniformly on compact subsets of D, Cauchy’s estimate gives that f,gn) and f,inﬂ) converges
to 0 uniformly on compact subsets of D, there exists a Ky € N such that & > Ky implies that

g ((2))

009+ sup (2Dl (g f D @)+ sup p(]2])

[p(2)|<6 lp(2)| <68
< O)gO) +C swp [V (@) +C sw |V (p()] < Ce. (28)
[p(2)|<d lo(2)|<68

From (27) and (28) we have
1572 fillz, = [CEE2£) (0)] + [(I72 £)'(0)] +ilelgﬂ(|z\)|(f§2fk)"(z)\

(9 V()| + sup p(l2])
lo(2)|<o lo(2)|<6

(29 V()| + u2D) o ()7 (0(2))])

p(]2) ( |’ (2)g(2)] 1g'(2)] >
(1= lp(2)[2)Matntl = (1= [p(2)[?)/ atn

7 (p(2)

< [ ((0)g(0) + sup pu(|z])

S N CUE
6<]p(2)|<1

<Ce+C sup
s<|o(z))<1 Ple(2)])

< 2Ck,

when k > Ky. It follows that the operator I;Zg : H(p,q,¢) — Z, is compact.

Conversely, assume that Iéfg : H(p,q,¢) — Z,, is compact. Then it is clear that Igg :H(p,q,¢) —
Z,, is bounded. Let {z;} be a sequence in D such that |p(z)] — 1 as k — co. We can use the test
functions

fk(z> = fso(Zk)(Z)v (29>
fuw here is defined in (7). From (10) and (11) we have

sup || fillp,q.0 < C
keN

and

ala+1)(a+2)...(a+n—1)(p(z))"H
O(|o(zr)]) (1 — |p(z)|2) 1/ atntl

For |z| = r < 1, using the fact that ¢ is normal, we have

() = 0, F ) () = —

) < gz (1 lofal) = 0 (ask = o0),
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that is, fi converges to 0 uniformly on compact subsets of D, using the compactness of [é(ﬁg .
H(pa q, ¢>) — Z,U, we obtain

p(lzk))le’ (zr)g(z) |l (zr) !
o(le(zi)) (1 = |o(z1)]2)/a+n+

From this, and |p(z)| — 1, it follows that

1 < HIggT:gkaZ“ — 0 as k — oo.

pllzeD) ¥ (1) g (1)

lim = Oa
k=0 d(lp(zr))(1 = l(zk)[)H/atmtt
and consequently (25) holds.
In order to prove (26), choose
gk(z) = ggo(zk)(z)v (30)

gw here is defined in (17). It follows from (20) and (21) that
sup ||k llp.q.6 < C
keN

and -
a(a—i— 1)(a+n— 1)((’0(Zk))7b g(n+1)
P(l(zr)) (1 — [p(zr)|?)/atn 7 k

and gi converges to 0 uniformly on compact subsets of D. The compactness of Iéf:g cH(p,q,¢) — 2,
implies that

9 (o) = (¢(z1)) = 0,

n)

Jim (|25 x|z, = 0.

It follows that

p(lzeDlg’ (zi)] (k)" < ol i
ooz (A = lp(2) )/ atn = CliLgip9kllz, — 0 as k — oo. 1)

|o(zk)| — 1 implies that

=
—
N
>
—
Q\
—~
N
>
=

(26) holds.

3 The boundedness and compactness of Ig(f:g from H(p,q,®) to
the little Zygmund-type space

In this section, we study the boundedness and compactness of I(ﬁg H(p,q,0) — Zu0.
The following result is proved similar to Theorem in [31], hence we omit it.

Theorem 3.1 Assume that ¢ is an analytic self-map of D. Then Ig(,fg cH(p,q,0) — Z,,0 is bounded
if and only if Iéﬁg cH(p,q,¢) — Z, is bounded,

tim p(l2) ¢! (2)g(2)] = 0,
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and
lim p(|2[)|g'(2)] = 0.

|z|—1

In the next theorem, we characterize the compactness of Igfp) cH(p,q,0) = Z,0.

Theorem 3.2 Assume that ¢ is an analytic self-map of D. Then Igf,} :H(p,q,¢0) = 2,0 is compact
if and only if

@)
2 S0e N — et = O (32)
and

. EDIAC]
im =0. (33)

=1 @ (lp(2) (L = | (2)[2)/atm
Proof. Assume that conditions (32) and (33) hold. Then it is clear that (2) and (3) hold. Hence
I,E,ZZ : H(p,q,¢) — Z, is bounded by Theorem 2.6. From inequality (4) we see that Igf@f € 2.0

for each f € H(p,q, ®), it follows that Is(hn) : H(p,q,¢) — Z,,0 is bounded. Taking the supremum in
inequality (4) over all f € H(p,q, ¢) such that | f|lpq,6 <1 and letting |z| — 1, yields

lim  sup  p(|2)|(I )" (2)] = 0.
2= £l 0 <1 o

Hence, by Lemma 2.3 we see that the operator Iéfl) :H(p,q,¢) — 2,0 is compact.

Now assume that I;Zg : H(p,q,¢) — 2,0 is compact. Then Iéfl) : H(p,q,¢) — 2, is bounded,

and by taking the function f(z) = 27, it follows that

nl!?

i 2Dy’ ()] = 0. (34)
By taking the function f(z) = (Zn"—:ll), we have
i, u(lz)l¢'(2)g(2) + ¢(2)g'(2)| = 0, (35)
from (34), (35), we get
i (=)' ()g(2)] = (36)

n)

Since fo(2), 9p(z) € H(p, q, ¢), we have Iggfgfw(z), I_(gwg@(z) € Z,0. Because |p(z)| — 1 implies |z| — 1,

we obtain
(|2 (2)g(2)| _
\w(g\n—& o(Jo(2))(1 = |p(2)|2) /a+n+l 0, (37)
and
1(lz)lg’ ()] 55)

lim =
le(2)1=1 ¢(le(2)) (1 = [(2)[2)/tn
We only prove that (36) and (37) imply (32). The proof of (33) is similar, hence it will be omitted.
From (37), it follows that for every ¢ > 0, there exists 6 € (0, 1) such that

w2l (2)g2)
d(|le(2)])(1 = |p(2)]2)V/atnt1

<€, (39)
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when § < |p(z)| < 1. Using (36) we see that there exists 7 € (0,1) such that

u(l2)l¥’ (2)g(2)] < € anf o)1 - £2)atn, (40)

when 7 < |2] < 1.
Therefore, when 7 < |z] <1 and § < |¢(2)| < 1, by (39) we have

n(lzD1¢'(z)g(2)]
o(le(2))(1 = |p(z)[?)/atn+t

On the other hand, when 7 < |z| < 1 and |¢(2)| < §, by (40) we obtain

<e. (41)

w1z’ (2)g(2)| < u(2])l¢’ (2)g(2)] <€ (42)
| .

o(Jp(2))(1 = [p(2)[2)/atntl = “inf @(t)(1 — ¢2)L/atnt1
t€[0,6]

From (41) and (42), we obtain (32), as desired. The proof is completed.
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