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Abstract

In this paper, we study the existence of asymptotic almost automorphic solution
of fractional neutral integro-differential equation. We prove the result by using fixed
point theorems. We show the result with Lipschitz condition and without Lipschitz
condition on the forcing term. Finally examples are given to illustrate the analytical
findings.
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1 Introduction

This work is mainly concerned with the existence of asymptotically almost automorphic

mild solutions to fractional order neutral integro-differential equation

D a(t) — ki (t,x(t)] = Alz(t) — ki (¢, 2(t)] + D~ f(t, x(t), Kx(t)), (1.1)
Kar(t) = /_ k(t — $)h(s, o(s))ds
z(0)=x9 te€R, (1.2)

where 1 <a<2and A: D(A) C X — X is a linear densely defined operator of sectorial
type on a complex Banach space (X, |.||), k satisfy |k(t)] < cpe™ for t > 0 and cg, b
are positive constants, f : RX X XX —- X, h: RxX - X and ki : Rx X — X
are asymptotically almost automorphic functions in ¢ for each z,y € X satisfying suitable

conditions. The fractional derivative Dy* is to be understood in Riemann-Liouville sense.
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Neutral differential equations arise in many areas of applied mathematics and for this
reason, this type of equation has received much attention in recent years see [14], [15], 23]
24,26, B1]. Due to their applications in several fields of science [5l [17) [18], fractional differ-
ential equations are attracting increasing interest, because of their numerical treatment.
Properties of the solutions have been studied in several contexts see [1H4, [7HI0, [32] and
references therein.

The concept of asymptotically almost automorphy was introduced by N’Guérékata
[19]. Since then, these functions have generated lots of developments and applications, we
refer the reader to [0, 12, 13| 5] 16, 21} 28], 29 [34] and the references therein.

Recently Kavitha et al [27] studied weighted pseudo almost automorphic solution of

the following fractional integro-differential equation

Dx(t) = Ax(t) + DY f(t,z(t), Kz(t)) t€ R, wherel < a <2 and
Kz(t) = /t k(t — s)h(s,x(s))ds
—o0
where A is linear densely defined sectorial operator.

Motivated by the above work, in this paper we study the existence of asymptotically
almost automorphic solutions to —. The organization of the paper is as follows.
In section-2, we give some basic definitions and results. In section-3, we establish the
existence of asymptotic almost automorphic solution of equations —. In section

4, examples are given to support the theory.

2 Preliminaries and basic results

In this section, we introduce notations, definitions, lemmas and preliminary facts which
are used throughout this work.

Let (X, -|) and (Y, - [[y) be two complex Banach spaces. The notation C'(R, X),
(respectively C'(R x X, X)) denote the collection of all continuous functions from R to X.
Let BC(R, X), (respectively BC(R x X, X)) denote the collection of all X-valued bounded
continuous functions (respectively, the class of jointly bounded continuous functions f :
R x X — X). The space BC(R, X) equipped with the sup norm defined by

[flloc = sup |Lf(£)]
teR

is a Banach space. The notation £(X,Y") stands for the space of bounded linear operators
from X into Y endowed with the uniform operator topology and we abbreviate it into
L(X) whenever X =Y.

Definition 2.1. [2], [22]. Let f : R — X be a bounded continuous function. We say
that f is almost automorphic if for every sequence of real numbers (sp)nen, there exists a

subsequence (Tn)nenr such that

g(t) = lim f(t+7n)

n—oo



is well-defined for each t € R and

lim g(t - Tn) = f(t)

n—oo

for each t € R. Denote by AA(R, X) the set of all such functions.

Definition 2.2. 21, [22]. A continuous function f : R x X — X is called almost auto-
morphic in t uniformly for x in compact subsets of X if for every compact subset K of X
and every real sequence (Sp)nen there exists a subsequence (Tp)nen Such that

g(t,z) = lim f(t+ 7, )

n—oo

is well-defined for eacht € R, x € K and

lim g(t — 7o, 2) = f(t,2)

n—oo

for each t € R, x € K. Denote by AA(R x X, X) the set of all such functions.

The space of all continuous functions m : RT — X such that lim;_., m(t) = 0 is
denoted by Co(R™, X). Moreover, we denote Co(R™ x X, X), the space of all continuous

functions from R™ x X to X satisfying lim;_,oo m(t, ) = 0 in ¢ and uniformly in x € X.

Definition 2.3. A continuous function f : Rt — X s called asymptotically almost
automorphic iff it can be written as f = g + ¢, where g € AA(R, X) and ¢ € Co(R+, X).
This kind of functions is denoted by AAA(RT, X).

Definition 2.4. A continuous function f : R™ x X — X is called asymptotically almost
automorphic iff it can be written as f = g + ¢, where g € AA(R x X, X) and ¢ €
Co(R™ x X, X). This kind of functions is denoted by AAA(RT x X, X).

We state a Lemma by Liang et.al.[28] about the composition result.

Lemma 2.1. Let f(t,z) = g(t,z) + ¢(t, z) is an asymptotically almost automorphic func-
tion with g(t,z) € AA(R x X, X) and ¢(t,x) € Co(R" x X, X) and f(t,z) is uniformly
continuous on any bounded subset Q C X uniformly in t. Then for x(-) € AAA(RT, X),
the function f(-,z(-)) € AAA(RT x X, X).

Definition 2.5. [§]. A closed linear operator (A, D(A)) with dense domain D(A) in
a Banach space X is said to be sectorial of type w and angle 0 if there are constants
weR,0c(0,5), M >0 such that its resolvent exists outside the sector

w+Xg={A+w:Ael,|arg(—\)| <6}, (2.1)

_ M



Definition 2.6. Let 1 < o < 2. Let A be a closed and linear operator with domain D(A)
defined on a Banach space X. We say that A is the gemerator of a solution operator

if there exist w € R and a strongly continuous functions S, : Ry — L(X) such that
{\*: ReX > w} C p(A) and

A ONeT — A) e = / e MS,(t)xdt, Red>w, z¢€X.
0

In [§], Cuesta proves that if A is sectorial of type w € R with 0 < 0 < 7w(1 —«/2), then

A is a generator of a solution operator given by

1
S, (t) = / NI — AN, >0
271 G
with G a suitable path lying outside the sector w + ¥g. Furthermore he shows that the

following Lemma holds.

Lemma 2.2. [§/[Theorem 1]. Let A : D(A) C X — X be a sectorial operator in a
complex Banach space X, satisfying hypothesis (2.1) and (2.2), for some M > 0,w < 0
and 0 < 0 < (1 —«/2). Then there exists C(60, ) > 0 depending solely on 6 and «, such
that

Cl,a)M
Sa(t < "t > 0. 2.3
Now, we recall a useful compactness criterion.

Let h : RT — [1,00) be a continuous function such that h(t) — oo as t — oo. We

consider the space

Ch(X) = {u € C(RT,X): tlgrolozgg :O}.

The space C(X) is a Banach space equipped with the norm

lulln = supyeps BBl (seefT)).

Lemma 2.3. [T1]. A subset K c Cr(X) is a relatively compact set if it verifies the

following conditions:

(c-1) The set K, = {upp u € K'} is relatively compact in C([0,b], X) for all b> 0.

(c-2) limy_, 00 ”ZEQH = 0 uniformly for allu e K.

3 Asymptotically almost automorphic mild solutions

Before starting our main results in this section, we recall the definition of the mild

solution to (L.1])-(1.2).



Definition 3.1. [3]. A continuous function x : Rt — X satisfying the integral equation

z(t) = Sa(t)[zo — k1(0, 20)] + k1 (¢, z(t)) + /0 Sa(t—s)f(s,z(s), Kz(s))ds,

is called the mild solution of the problem ([1.1])-(1.2)).

We only need integrability of function f so that the right hand expression is well
defined and therefore it is called mild solution. If we put the condition f € €,, 1 < p < 2,
where €, is the space of all functions such that ¢#f is continuous, then the solution is
called classical solution.

We make the following assumptions:
(H1) A is a sectorial operator of type w < 0.

(H2) k1 € AAA(RT x X,X) and f € AAA(RT x X x X, X) and there exist positive
constants L1, Ly, L3 such that

(1) Nkt 2) = kit )| < Lallz —yll, =yeX

(”) Hf(t7x17y1) - f(tv $Q,y2>H < LQHxl - xQH + L3Hy1 - 3/2”7
where z;,7; € X,i=1,2and t € RT.

(H3) The function h : R*x X — X is an asymptotically almost automorphic in ¢ uniformly

in x € X and satisfies

[h(t,z) — h(t,y)|| < Lallz —y|| for each z,y € X.

The following lemmas are from [16].

Lemma 3.1. Let f = g+¢ € AAA(RTx X, X) withg € AA(RxX,X),¢ € Co(R™xX, X)
satisfying the Hypothesis (H2)(i). If x(t) € AAA(RY,X) then f(-,z(-)) € AAA(RT X
X, X).

Lemma 3.2. Let [ = g—i—qﬁ € AAA(R+ x X x X — X) with g € AA(R,X), ¢ €
Co(R™, X). Then Q(t) fo f(s)ds € AAA(RT, X).

Proof. We observe that

= /t Sa(t—s)g(s)ds—{—/t Sa(t — s)p(s)ds
/ Sa(t—9)g ds—/ Sa(t —9) (5)d8+/0t5a(t—s)¢(s)ds

Let Q(t) = R(t) + S(t), where

R(1) _/_t Sult — )g(s)ds
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t 0
S(t) = /0 Sa(t — s)p(s)ds — / Sa(t — s)g(s)ds.

Now, let (s,,) be an arbitrary sequence of real numbers. Since g € AA(R, X) there exists

a subsequence s,, of (s,,) such that

lim g(t+ s,) = g(t), for allt € R

n—oo

and

lim g(t — s,) = g(t), for allt € R.

n—oo

We define R(t) := fjoo Sa(t — s)g(s)ds.

Now, consider

t+sn
R(t+ sp) = / Sa(t + sp — s)g(s)ds

—00

- / Salt = 0)g(o + 5,)do

—00

- / Salt = 7)gu(0)do
where g,(0) = glc+s,), n=1,2,---
R(t+ sp) = /000 Sa(0)gn(t — o)do

Now, by inequality (2.3])

> C(0, )M
< N T _
IR+l < [ TR ot =)o
|w|_1/O‘7T
<Cl,a0)M ———— |9l o
< C(0, )M el

and by continuity of S, (-)z we have S, (t — 0)gn(0) — So(t — 0)g(c) as n — oo for each

o0 € R fixed and any t > o. Then by the Lebesgue dominated convergence theorem,
R(t+s,) — R(t) as n—oo forall teR.

In similar way we can show that

R(t—s,) — R(t) as n—oo forall ¢e€R.

This shows that R(t) € AA(R, X).
Now let us show that S(t) € Co(RT, X). Since ¢ € Cyp(R™, X), for each € > 0 there
exists a constant 7' > 0 such that [|¢(s)|| < e for all s > T'. Then for all t > T, we deduce,
t

t/2 1 1
S| < C6, )M m/ - gstecOa)M | — s
IS0 < COMIole [ g + CO.M [t
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0

1
+C(67Q)M||g”oo/ mdé?

i 1
< M o0 ) —d
< C.0)M{loll + o) | et
&0 1
C0,a0)M||g|lco T
+eCl0.0)Mlgl [ s
o 1 eC(0, ) M|w|~Vox
< o (0.) d . .
< C0.Mols + o] | oo ts + T s
Therefore, lim;_.o, S(t) = 0, that is, S(t) € Co(R™, X). This completes the proof. O

The first existence and uniqueness result is based on Banach’s contraction principle.

Theorem 3.1. Let f =g+ ¢ € AAA(RT x X x X, X) with g € AA(Rx X x X, X) and
¢ € Co(RT x X x X,X). Assume that (H1)-(H3) hold. Then (1.1)-(1.2) has a unique

asymptotically almost automorphic mild solution provided

|w|71/a71‘

Ch
Li+ <L2 n L3L4—)C(9, M s

2 <L (3.1)

Proof. Consider the operator I' : AAA(RT, X) — AAA(R™, X) such that

(Tz)(t) = Sa(t)[xo — k1(0,20)] + k1 (¢, z(t)) + /0 Sa(t —s)f(s,x(s), Kx(s))ds.

Applying Lemma|[3.1] we infer that & (-, z(-)) and f(-,z(-)) belong to AAA(R*, X). By
Lemma we obtain that T is AAA(R™, X)-valued. Furthermore, we have the estimate

|(T2)(®) = ) (O] = |t 2(8)) = Kl y(0)]
+ [ ut = [0, Kn(s) = (5,90, K(s)) s
< ki (t,2(8)) = ka (£, y(2)|

+/0 1Sa(t = s)llcx) || £(s,2(s), Ka(s)) = f(s,y(s), Ky(s))| ds

< Lallatt) =90l + | s g Lalles) — )]
+ Ls||Kx(s) — Ky(s)|[]ds. (3.2)

Consider
|Kx(s) — Ky(s)| < /0 Ikt — 9)| (s, 2(5)) — h(s, y(s)) | ds
< | k(= )| Lalla(s) — y(s)ds
< sup lo(t) = (0 |Ls [ Ibte = s)lds)

teRt



Using the above estimate, inequality (3.2]) becomes,

[(Tz)(t) — (Ty) @)

1—
< Ly sup [[a(t) = y(t)|| + [Lo + LaLack
teRT

—bt

su x(t
)] s et ol e
—bt |w‘_1/o‘7r

< |:L1 + [Lz + L3L4Ck<1 7; )]C(O,a)Mm] 2 — ylloo-

This implies

e bt

P~ Tylloo < [Ea+ [L2 4 LsLaci (75 )| 06,01

e

e = e

asin(m/a
which proves that I' is a contraction we conclude that I' has a unique fixed point in
AAA(RT,X). This completes the proof. O

We next study the existence of asymptotically almost automorphic mild solutions of
(1.1)-(1.2)) when the perturbation f is not necessarily Lipschitz continuous. For that, we

require the following assumptions:
(H4) There exists a continuous nondecreasing function W : [0,00) — (0, 00) such that

1t )l < W(lal + lyl) foral t>0and «eX

(H5) The functions f: Rt x X x X — X, h: R" x X — X and k; : R" x X — X are
asymptotically almost automorphic in ¢ and uniformly for z in compact subsets of

X and uniformly continuous on bounded sets of X uniformly in ¢ > 0.

Theorem 3.2. Assume that the conditions (H1) and (H4)-(H5) hold. Let inequality (2.3)
be satisfied. In addition, suppose the following properties hold:

(i) For each C >0

tW((1+ K)Ch
lim ! / (( + K) (S))ds:O;
SR Jo 1+ el — )"
where h is the function given in Lemma 2.3.
We set
1
MC)—Mﬂ@S(Xm—%N&mW+ﬂh@$®W

(1+ K)Ch(s)
M/ 1+yz|t_s) )ds)’

where C(6,«) and M are constants given in (2.3).



(ii) There is a constant Ly > 0 such that ||k1(t, h(t)x) — ki (t, h(t)y)| < L1||lz —yl| for all
t>0and z,y € X. We set

QC) =

9aM/ (14 K)Ch(s ))ds

1+ |w|(t —s)~
where C(0, ) and M are the constants given in (2.3) and h is given in Lemma 2.3.

(iii) For each € > 0 there is 6 > 0 such that for every u,v € Cp(X), ||u—v||p <& implies

that
1f (s, u(s), Ku(s)) — f(s,v(s), Kv(s))|
HaM/ T+ wl{i —5)0 ds < e,
forallt € R.
(iv) Ly 4 liminfy — ooQ(T) <1
(v) hmggoﬁ’é) > 1.

(vi) For all a,b € R, a < b and r > 0, the set {f(s,h(s)x, K(h(s)x)) :a < s <b, x €
Ch(X), ||z|ln < 7} is relatively compact in X.

Then equation (L.1)-(1.2) has an asymptotically almost automorphic mild solution.

Proof. We define the operator I' : Cj(X) — Cy(X) by

(Tz)(t) = Sa(t)[xo — k1(0, )] + k1(t, z(t)) —i—/o St —8)f(s,x(s), Kz(s))ds, t > 0.
Now, we decompose I' as I' = I'y 4+ I'y, where
(T12)(t) = Sa(t)[xo — k1(0,20)] + K1(t, z(t))

(Do) (¢ / Su(t — ) f(s,2(s), Ka(s))ds.

Now, we will show that the operator I'; is contraction and I's is completely continuous.
For better readability, we break the proof into sequence of steps.
Step 1: We show that I'y is contraction on Cp,(X).

Let x € C,(X), we have that,

[Tl
Fon 2 < (1S O ol + 1 (0,20) ]+ (1 () = k00| + [ (0.0)1]
1

B 0] [C(G,a)M[HmOH + |[k1(0, z0)|[] + Li||z||n + ||]<;1(.70)||OO]_

Hence, I'; is Cp(X)-valued. On the other hand, I'y is an L;-contraction.

Next we show that, I's is completely continuous.

Step 2: The operator I'y is continuous.



In fact, for any € > 0, we take 6 > 0 involved in condition (iii). If z,y € Cy(X) and
|z —y[ln <& then

IC20)(0) - (Ta)(0)] < o, [ IR EED 2T B,

<e€

)

which shows the assertion.
Step 3: We next show that I'y is completely continuous.

Let V' (t) = To(B,(Cy(X))) and v = T'y(x) for 2 € B.(Cy(X)). Initially, we can infer
that Vj (t) is a relatively compact subset of X for each ¢ € [0,b]. Infact, using condition (vi)
we get that N = {So(s)f(&, h(&)z, K(h(§)x)) : 0 < s <t,0 <& <t | z| <r}is relatively
compact. It is each to see that V, (t) C Su(t)[xo — k1(0,x0)] + k1(t, 2(t)) + tC(N), which

establishes our assertion.

From the decomposition of

O (t+8) — v (t) = [Salt + ) — Su(®)][xo — k1(0,20)] + ki(t + s, (t + 5)) — k1 (¢, z(t))
t+s

+ Sa(t 45 = &) f(& 2(8), Kz(8))d§

t

" /0 (S (€ + ) — SalE)f(t — €2t — €), Kalt — £))de,

it follows that the set Vb/ is equicontinuous.
From the condition (i), we have,
[PROI [
< [ Sa(®) w0 — k1 (0, 20)] + ku(t 2(t)| +
wo) = a0 Jrlt

—0 as t — oo.

C0,a)M [P W((1+ | K|)rh(s)

MO Jo 1tleli-se @

From Lemma we deduce that, V' is relatively compact set in Cp,(X).
Let us denote 2*(-) be a solution of equation z* = A\I'(z*) for some A € (0,1). Now

using the estimate,

122l < [[Sa(®)lwo — k1 (0,20) || + [IK1(t, 2 (&)]1n)]

FWA A [ KDrlle?ah(s)
1+ |w|(t —s)@

a)M ds

< ﬁ(llxkﬂh),

[EI : s l AA
we get, iy < 1. Using the condition (v) of Theorem we have {z* : 2" =

AI'(z*)}, A € (0,1) is bounded. From Lemmas [3.1| and (3.2 . we have that
[(AAA(RT x X, X)) C AAA((RT x X, X)),i=1,2.

Hence, I'(AAA(RT x X, X)) € AAA((RT x X, X)) and Ty : (AAA(RT x X, X)) —
AAA((RT x X, X)) is completely continuous.
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Putting B, := B,(AAA(R" x X, X)), we claim that there is r > 0 such that I'(B,) C
B,.. In fact, if we assume that this assertion is false, then for all » > 0 we can choose
" € By and t" > 0 such that | T'z"(¢")||/h(t") > r. We observe that

[T ()] < C(0, ) M([[xol| + [[E2(0, o) [[) + Lar + [[E1 (-, 0)[loo
" WA [IK|)rh(s)
1 + lw|(t" — s)

ds.

Thus, 1 < L + liminf,_, @, which is contrary to assumption (iv). We have that I';
is a contraction on B, and I'y(B,) is a compact set. It follows from [30] [Corollary 4.3.2]
that I has a fixed point z € AAA(R"T x X, X). More precisely, z € AAA(RT x X, X) and
this finishes the proof. O

4 Example

Example 1. Consider the following example for the Theorem 3.1

O w(t,x) — ki (t,w(t, )] = 2[w(t, x) — k1 (t, w(t,x))] — pw(t,z)
+ oot [ﬂw(t, 2)(cost + cos V2t) + Be " sin(w(t, 7))
+ sin (/0 e *h(s,wl(t, s))ds)}, t>0,ze€l0,n],
w(t,0) =w(t,m)=0, t>0,pu>0,

where 1 < o < 2 and wo € L*[0, 7). Define the linear operator A on X = (L*([0,7]),| - |2)
by Aw = w"” — pw with the domain

D(A)={we X :vw" € X,w(0) = w(r) = 0}.

It is known that Aw = w" is the infinitesimal generator of analytic semigroup on L?[0, 7]

and thus A is sectorial of type w = —p < 0. Denote w(t)r = w(t,z) and
f(t,w, Kw)(z) = Bw(z)(cost + cos v2t) + Be I sin(w(z)) + sin(Kw(z))
for each w € X. One can easily see that the function f(t,z, Kx) is asymptotically almost

automorphic in t for each x € X. Now under the condition

asin(m/a)

1 —L
fri< 3C(0,a)Mp~Yog b

there exists an unique asymptotically almost automorphic mild solution.

Example 2. One can also consider the following fractional order delay relazation oscil-
lation equation for a € (1,2),
o 0?

11



a—1
+%(f(t,u(t,$),U(t —7,2))), T>0,
teR, vec(0,m)
u(t,0) = wu(t,m)=0, teR,

u(t,z) = ¢(t,x) te[-T1,0], (4.1)

where p > 0 and f is a asymptotic almost automorphic function in t. Also assume that

f satisfies Lipschitz condition in both variable with Lipschitz constants Lo, Ly. Note that
¢ t
/ k(t — s)h(s,u(s))ds = / k(—s)h(s,u(s))ds = J(u), which can be thought like

—00
function of uz and hence can be considered as functional differential equations. Using the

transformation u(t)x = u(t,z) and define Au = % —pu, u € D(A), where
D(4) = {u € 2((0.7). B).u € L(0. %), R).u" € L2((0.7). R),u(0) = u(r) = 0}.

the above equation can be transform into

do a—1

g (w(t) = kit u(t)) = Au(t) = ki (8 u(t)) + —o=g (8 ult), u (=), (4.2)
t € R and u(t) = ¢(t) t € [—7,0]. It is to note that A generates an analytic semigroup
{T(t):t >0 on X, where X = L%((0,7), R). Hence pI — A is sectorial of type w = —p < 0.
Further A has discrete spectrum with eigenvalues of the form —k?;k € N, and correspond-
ing normalized eigenfunctions given by z(x) = (%)% sin(kx). As A is analytic. Thus under
all the required assumption on f, the existence of asymptotic almost automorphic solutions

1s ensured accordingly.
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