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Abstract

In this article, we introduce and study the concept of u-stepanov-like pseudo al-
most automorphic function using the measure theory. We present new results on
completeness and composition theorems for the space of such functions. To illus-
trate our main results, we provide some applications to a nonautonomous semilinear
evolution equation.
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1 Introduction

The concept of almost automorphy was first introduced in the literature by Bochner
in 1960’s, it is a natural generalizaton of almost periodicity [I, 2], for more details about
this topic we refer to [3-6]. G. M. N’Guérékata and Pankov introduced the concept of
Stepanov-like almost automorphy and applied this concept to study the existence and
uniqueness of an almost automorphic solution to the autonomous semilinear equation
in [6]. Moreover, J. Blot introduced the notion of weighted pseudo almost automorphic
functions with values in a Banach space in [7], and Gisele M. Mophou studied the existence
and uniqueness of a weighted pseudo almost automorphic mild solution to a semilinear
fractional equation in [§]. Xia and Fan presented the notation of Stepanov-like weighted
pseudo almost automorphic function in [9]. Zhang, Chang and N’Guérékata investigated
some properties and new composition theorems of Stepanov-like weighted pseudo almost
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automorphic functions in [10, 1], and then used these results to study the existence of
weighted pseudo almost automorphic solutions for some differential equations in [12} [13]
and integral equations in [14].

Recently, J. Blot, P. Cieutat, K. Ezzinbi in [15] applied the measure theory to define
an ergodic function and they investigate many interesting properties of u-pseudo almost
automorphic functions. To the best of our knowledge, there is no work reported in the
literature on SP-weighted pseudo almost automorphic functions in the light of the mea-
sure theory. To close this gap, motivated by the above mentioned works, the purpose
of this work is to present the concept of u-sP-pseudo almost automorphic functions and
establish completeness and composition theorems for the space of such functions. And
then, we apply our main results to investigate the existence of u-pseudo almost auto-
morphic mild solutions with p-sP-pseudo almost automorphic coefficients to the following
nonautonomous semilinear evolution equation:

u'(t) = A(t)u(t) + f(t,u(t)), t € R, (1.1)

where { A(t) }+cr satisfies the Acquistapace-Terreni condition in [16], and U (t, s) generated
by A(t), is exponentially stable, and f € PAAP(R, X, )N C(R,X) for p > 1 will be
specified later.

The rest of this paper is organized as follows. In section 2, we present some basic
definitions, lemmas, and preliminary results which will be used throughout this paper.
In section 3, we establish some composition theorems of u-sP-pseudo almost automorphic
functions. In section 4, we prove the existence of u-pseudo almost automorphic mild
solutions to the nonautonomous semilinear evolution equation .

2 Preliminaries and pu-sP-pseudo almost automorphic func-
tions

In this section, we define new notion of the u-ergodic functions and the u-stepanov-like
pseudo almost automorphic functions, then we give some fundamental properties of these
functions that we use in differential equations. Recall that the notion of u-stepanov-like
pseudo almost automorphy will be a generalization of the Stepanov-like weighted pseudo
almost automorphy.

Let (X, [|-1]), (Y, |- |l¥), be two Banach spaces and BC(R, X) denotes the Banach space
of bounded continuous functions from R to X, equipped with the supremum norm || f||ec =
sup;cg || f(¢)||. Throughout this work, we denote by B the Lebesgue o-field of R and by
9N the set of all positive measures p on B satisfying p(R) = 400 and u([a, b]) < 400, for
all a,b € R(a < b).

Definition 2.1 [J] A continuous function f: R — X is said to be almost automorphic if
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for every sequence of real numbers {s), }nen there exists a subsequence {sy}nen such that

gt) == lim f(t+s)

n—oo

1s well defined for each t € R, and

lim g(t - Sn) = f(t)

n—oo

for each t € R. The collection of all such functions will be denoted by AA(X).

Definition 2.2 [5] A continuous function f(t,s) : R x R — X is called bi-almost auto-

morphic if for every sequence of real numbers {s] }nen, there exists a subsequence {sy }nen
such that

g(t,s) == nh_)ngof(t"_ Sns S+ Sn)

s well defined for each t,s € R, and

lim g(t — sp,s — sn) = f(t,8)

n—oo

for each t,s € R. The collection of all such functions will be denoted by bAA(R x R, X).

Definition 2.3 [/, [17] A continuous function f : R x X — X is said to be almost auto-
morphic if f(t,x) is almost automorphic for each t € R uniformly for all x € B, where
B is any bounded subset of X. The collection of all such functions will be denoted by
AAR x X, X).

Let U denote the set of all functions p : R — (0, 00), which are locally integrable over
R such that p > 0 almost everywhere. For a given r > 0 and for each p € U, we set

m(r.p) = ", p(t)dt.
Thus the space of weights U, is defined by
Uy :={p € U: lim m(r,p) = oo}.

Now for p € Uy, we define

PanE )= { £ € BO®): lim o [ 10l =0}

PAA)Y,X,p) :={f € C(RxY,X): f(-,y) is bounded for each y €Y

/ Ilf(t,y)llp(t)dt =0 uniformly in y € Y} .

and lim
rooe m(r, p)
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Remark 2.1 When p(t) =1 for each t € R, one retrieves the so-called ergodic space that
is, AA)(X) and AAy(X) = {f € BO(R,X) : lim; oo 5= [ | f(t)||dt = O}. Note that the
spaces PAAo(X, p) are richer than AAy(X).

Definition 2.4 [7] Let p € Us. A function f € BC(R,X) (respectively, f € BC(R x
Y, X)) is called weighted pseudo almost automorphic if it can be expressed as f = g +
o, where g € AA(X) (respectively, AAR x Y,X)) and ¢ € PAAyX,p) (respectively,
PAA)(Y,X,p)). We denote by WPAA(X) (respectively, WPAA(R x Y, X)) the set of all
such functions.

Definition 2.5 [15] Let p € M. A bounded continuous function f : R — X is said to be

w-ergodic if
. 1
lim — /[ 15 ane) =0

r=-too p([—r,7])

We denote the space of all such functions by (R, X, ).

Definition 2.6 [15] Let p € M. A continuous function f: R — X is said to be p-pseudo
almost automorphic if f is written in the form:

f=g9+9,

where g € AAR,X) and ¢ € (R, X, u). We denote the space of all such functions by
PAAR, X, ).

Thus, we have
AAR,X) c PAA(R,X,u) C BC(R,X).

Lemma 2.1 [75] Let p € M. Then (e(R, X, ), - ||oc) 48 @ Banach space.

For u € M and 7 € R, we denote p, the positive measure on (R, B) defined by
pr(A)=p({a+7:a€ A}) for AcB. (2.1)

From p € 901, we list the following hypothesis.
(HO)For all 7 € R, there exist # > 0 and a bounded interval I such that

pr(A) < Bu(A),
when A € B satisfies ANT = 0.

Lemma 2.2 [15] Let p € M satisfy (HO). Then e(R, X, u) is translation invariant, there-
fore PAA(R, X, u) is also translation invariant.
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Lemma 2.3 [75] Let p € M. Assume that PAA(R, X, u) is translation invariant. Then
the decomposition of a p-pseudo almost automorphic function in the form f = g+ ¢ where
g € AAR,X) and ¢ € e(R, X, p), is unique.

Lemma 2.4 [T5] Let p € M. Assume that PAA(R,X, p) is translation invariant. Then
(PAAR, X, ),

| |loo) s @ Banach space.

Definition 2.7 [6, (18] The Bochner transform f(t,s),t € R,s € [0,1], of a function
f: R — X is defined by
ot ) = f(t+5).

Remark 2.2 [18] (i) A function ¢(t,s),t € R,s € [0,1], is the Bochner transform of
a certain function f, o(t,s) = f(t,s), if and only if o(t + 7,5 — T7) = (s,t) for all
teR,s€[0,1] and T € [s—1,5].

(ii) Note that if f = h+ @, then f® = h® 4+ ©®. Moreover, (\f)® = \f® for each scalar
A

Definition 2.8 [18] The Bochner transform f°(t,s,u),t € R,s € [0,1], u € X of a func-
tion f: R x X — X is defined by

fb(t7 s,u) = f(t+s,u) for each wueX.

Definition 2.9 [0, [1§] Let p € [1,00). The space BSP(X) of all Stepanov bounded func-
tions, with the exponent p, consists of all measurable functions f : R — X such that
f e L™ (R, Lr(0,1;X)). This is a Banach space with the norm

1
t+1 ?
1 llse = 1720z ) = sup ( / Hf(T)H”dT>
teR t

Definition 2.10 [6, [19] The space ASP(X) of Stepanov-like almost automorphic (or SP-

almost automorphic) functions consists of all f € BSP(X) such that f* € AA(L(0,1;X)).

p

oe(R, X) is said to be SP-almost automorphic if its Bochner

In other words, a function f € L
transform f°: R — LP(0,1;X) is almost automorphic in the sense that for every sequence
of real numbers {s,, }nen, there exist a subsequence {s, tnen and a function g € LI (R,X)

loc
such that

s ’ t+1 1
lim </ | f(s+ sp) — g(s)deS> =0 and lim </ llg(s — sp) — f(s)des) = 0.
t oo \Jt

n—oo

pointwise on R.

Definition 2.11 [6, [19] A function f : R x Y — X, (t,u) — f(t,u) with f(-,u) €
L? (R,X) for eachu € Y, is said to be SP-almost automorphic int € R uniformly inu € Y

loc
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ift — f(t,u) is SP-almost automorphic for each w € Y. That means, for every sequence of

real numbers {s}, }nen, there exist a subsequence { sy }nen and a function g(-,u) € L} (R,X)
such that
1
t+1 »
i ([ 16+ 5000 sl Pas) " <o
n—oo t
and

t+1 A
lim </t llg(s — sp,u) — f(s,u)de5> =0,

n—oo

pointwise on R and for each uw € Y. We denote by ASP(R x Y,X) the set of all such

functions.

Definition 2.12 [20] A function f € BSP(X) is said to be Stepanov-like pseudo al-
most automorphic if it can be decomposed as f = g + ¢ where g € ASP(X) and ¢’ €
AAG(LP(0,1;X)). Denote by PAAP(X) the set of all such functions.

Definition 2.13 [20] A function F : RxY — X, (t,u) — F(t,u) with F(-,u) € L} (R,X)
for each uw € Y, is said to be Stepanov-like pseudo almost automorphic in t € R, if it
can be decomposed as F(t,u) = G(t,u) + H(t,u) with G € ASP(R x Y,X) and H® €
AAy(Y, LP(0,1;X)). Denote by PAAP(R x Y, X) the set of all such functions.

Definition 2.14 [71] Let p € Us. A function f € BSP(X) is said to be Stepanov-like
weighted pseudo almost automorphic (or SP-weighted pseudo almost automorphic) if it

can be expressed as f = g+ h, where g € ASP(X) and h® € PAAy (LP(0,1;X),p). In

p
loc

automorphic relatively to the weight p € Uy, if its Bochner transform f°: R — LP(0,1;X)

other words, a function f € L, (R,X) is said to be Stepanov-like weighted pseudo almost
1s weighted pseudo almost automorphic in the sense that there exist two functions g,h :
R — X such that f = g+ h, where g € ASP(X) and h® € PAAq (LP(0,1;X), p). We denote
by WPAASP(X) the set of all such functions.

Definition 2.15 [I1] Let p € Us. A function f : RxY — X, (t,u) — f(t,u) with
f(?u) € L

loc

(R,X) for each u € Y, is said to be Stepanov-like weighted pseudo al-
most automorphic (or SP-weighted pseudo almost automorphic) if it can be expressed as
f=g+h, where g € ASP(R x Y,X) and h® € PAAy (Y, LP(0,1;X),p). We denote by
WPAASP(R x Y,X) the set of all such functions.

Definition 2.16 Let u € M. A function f € BSP(X) is said to be p-stepanov-like pseudo
almost automorphic (or pu-sP-pseudo almost automorphic) if it can be expressed as f = g+
¢, where g € ASP(X) and ¢° € £(LP(0,1;X), p1). In other words, a function f € L} (R,X)

is said to be p-stepanov-like pseudo almost automorphic relatively to the measure p, if
its Bochner transform f?: R — LP(0,1;X) is p-pseudo almost automorphic in the sense
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that there exist two functions g,¢ : R — X such that f = g + ¢, where g € ASP(X) and
#® € e(LP(0,1;X), u), that is ¢* € BC(L?(0,1;X)) and

We denote by PAAP(R, X, u) the set of all such functions.

Definition 2.17 Let p € M. A function f : RxY — X, (t,u) — f(t,u) with f(-,u) €
L? (R,X) for each u € Y, is said to be p-stepanov-like pseudo almost automorphic (or -

loc

sP-pseudo almost automorphic) if it can be expressed as f = g+¢, where g € ASP(RxY, X)
and ¢* € (Y, LP(0,1;X), ). We denote by PAAP(RxY,X, p) the set of all such functions.

Remark 2.3 [15] One can observe that a SP-weighted pseudo almost automorphic func-
tion is p-sP-pseudo almost automorphic, where the measure p is absolutely continuous
with respect to the Lebesgue measure and its Radon-Nikodym derivatve is p : d*&—f) = p(t).
Moreover, a SP-pseudo almost automorphic function is a p-sP-pseudo almost automorphic
function in the particular case where the measure u is the Lebesgue measure.

Remark 2.4 [15] From € M and the fact that p([—r,r]) = p([—r,r] \ I) + u(I) forr
sufficiently large, we deduce that lim,_ 4o u([—r, 7]\ I) = +00.

Theorem 2.1 Let yu € M and I be a bounded interval (eventually I = 0)). Assume that
f(-) € BSP(R,X). Then the following assertions are equivalent.

(i) f*() € e(LP(0,1;X), p). .
(i )iy 4 o0 M([_le [ ( oy f(s)HPdS) ? du(t) = 0.

w({rermas (5t i) > o)
PERRYy

Proof: To prove the theorem, we refer to [I5, Theorem 2.14], first we prove (i) <= (ii).
1

Denote by A = u(I) and B = [, ( ttH ||f(s)||pds> v du(t). Since the interval I is bounded

and the function f € BSP(X), then A and B are finite. Let r > 0 be such that I C [—r,7]
and p([—r,7] \ I) > 0. Then we have

m /[_r,r]\f (/t T <s>llpds> % dpu(t)
sl ([ e o

)

- pllr.r) ! " s s g - L
(=) - A <,u([—1",7“]) /[_m] (/t 1f(s)[IPd > dp(t) u([—r,r])) (2:2)

=0.

(111)For any € > 0, lim, 4
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From the equality (2.2)) and the fact that u(R) = 400, we deduce that (ii) is equivalent to

i s [ ([ ) " auto =,
that is (i).

(iii)==(ii) Denote by A%(f) and BS(f) the following sets

AL(f) = {t elro: ([ - ||f(8)\|”d8>; > }
B(f) = {t € [=rr]\I: < / - IIf(S)Ipds>; < }

Assume that (iii) holds, that is

and

i)f) = 0. (2.3)

lim
2o ([

p(AL(f
7]

From the following equality

1

/[_m]\l (/+ Hf(s)des> du(t) /A ( /“1 1£(s desydﬂ(w

1

o (" iseras)” aueo,

we deduce for r large enough that

(i(f)
7]

)
= \)“

< |[[flls»

then for all € > 0,

) 1 t+1 %
lim sup =D /[_W]\I </t Hf(S)deS> du(t) < e,

o (ii) holds.
(ii)== (iii) Assume that (ii) holds. From the following inequality
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o HAL(S))
p([=r, ]\ 1)’

for r sufficiently large, we obtain (2.3)), that is (iii). This completes the proof.

v

Definition 2.18 [15]/ Let p1 and py € M. uy is said to be equivalent to pa(p1 ~ p2) if
there exist constants o and 3 > 0 and a bounded interval I (eventually I = 0) such that

apn(4) < ua(A) < B (A),

for A € B satisfying ANT = 0.

Theorem 2.2 Let py,pus € M. If u1 and pg are equivalent, then
S(LP(0,15X), 1) = £(LP(0, 15 X), 1)

and
PAAP(R, X, u1) = PAAP(R, X, u2).

Proof: Let us show that e(LP(0,1;X), u1) = e(LP(0, 1;X), u2). Since p1 ~ po and B is
the Lebesgue o-field, we obtain for r sufficiently large

Jo ({remran (o Ife)lvas)” > })

b pa([=r, 7]\ 1)

12 <{t e [-rr\I: < tH ||f(s)\|pds>’l’ - 6})
- pa([=r, 7]\ T)
3 g ({t e[-rr\I: ( i+ Hf(s)deS)é . 6})
- pa([=rr]\ 1) :

By using Theorem [2.1] we deduce that e(LP(0,1; X), 1) = £(LP(0, 1;X), u2). From the def-
inition of a p-sP-pseudo almost automorphic function, we deduce that PAAP(R, X, 1) =
PAAP(R, X, ug).

We give sufficient conditions for the translation invariance of the spaces of p-sP-pseudo
almost automorphic functions.

Remark 2.5 [15] Hypothesis (H0) holds if and only if, for all T € R, there exist a constant
G >0 and a bounded interval I such that

p(t+71) < Bp(t) a.e.on R\I.
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Lemma 2.5 [15] Let pn € M. Then p satisfies (HO) if and only if the measures p and pr
are equivalent for all T € R.

Lemma 2.6 [15] Hypothesis (H0) implies for all ¢ > 0,

lim sup wllzr—oyr +0)) < 400.
rotoo  p([=r,7])

Theorem 2.3 Let pn € M satisfy (HO). Then £(LP(0,1;X), ) is translation invariant,
therefore PAAP(R, X, u) is also translation invariant.

Proof: The proof of this theorem is similar to that of [I5, Theorem 3.5]. First, it is clear
that ASP(X) is translation invariant, it remains to prove that if f € ¢(LP(0,1;X), ) then
fr € e(LP(0,1;X), ) for all 7 € R. Let f € e(LP(0,1;X), ) and 7 € R. Since u(R) = +o0,
there exists rg > 0 such that u([—r — |7|,r 4+ |7]]) > 0 for all » > rg. In this proof, we
assume that r» > rg. Let us denote by

1
1 t+1 ?
K. (r)= / (/ ||f(s)||pds> dp-(t) for r > 0 and 7 € R, (2.4)

! NT([_ra ’l"]) [—r,r] t !
where p, is the positive measure defined by (2.1). By using Lemma it follows
that p, and p are equivalent, then by using Theorem we have ¢(LP(0,1;X), ur) =

e(LP(0,1;X), u), therefore f € e(LP(0,1;X), i), that is
lim K,(r) =0, forall 7 € R. (2.5)

r—+00

For all A € 8, we denote by x 4 the characteristic function of A. By using definition of the
measure ji;, we obtain that f[ir  XA(t)dur(t) = f[irJrT rir XA(t = T)dp(t) for all A € B

1

t+ IIf(s) des> ? is the pointwise limit of an increasing sequence of linear

t
combinations of characteristic functions |21, Theorem 1.17], we deduce that

[ wsewas) ) - Lo (] =) ", 26)

From (2.1),(2.4) and ({2.6]), we obtain

Kl = o7 s (- ””%); )

and since ¢ — (

If we denote by 7+ := max(7,0) and 7= := max(—7,0), we have || + 7 = 27" and
|7| = 7 = 277; and then [—r + 7 — |7|,r + 7 + |7|] = [-r — 27,7 + 277F]. Therefore we
obtain

Ko(r + 7]
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N p([—r — 271—, r+ 277]) /[—r—zf,r+2r+} </tt+1 I#s = T)des) % dult). - 27)

From (2.7) and the following inequality

M /[_m (/t T T)II”ds> % du(t)

1 t+1 %
: “@””D/;2—+2ﬂ<[ |U@_7Wmh>cm@%
we get

1 /[] (/ttﬂ (s — T>des> Dy < M)

pll=r,7]) pll=r,7])

which implies

N Y. pllor =2rlr £ 24l
M([—T,T]) /[—7‘,7“] (/t Hf( )H a ) d'u(t) = M([—T,T]) KT( +| ’) (2'8)

From (2.5) and (2.8]) and by using Lemma we deduce that

ey (/ s rivds) ’ dutt) = 0,

that is f_, € ¢(LP(0, 1;X), p) for all 7 € R. Then £(LP(0,1;X), 1) is translation invariant.
This ends the proof.

Theorem 2.4 Let p € M satisfy (HO). If f € PAA(R,X, p), then f € PAAP(R,X, p)
for each 1 < p < oo. In other words, PAA(R,X,u) C PAAP(R, X, ).

Proof: In the proof of this theorem we follow the same reasoning as in the proof of [I1
Lemma 2.4]. Let f = g+ h where g € AA(X) and h € ¢(R,X, u). From [6, Remark 2.4],
we know that the function g € AA(X) C ASP(X).

Next, let us show that h® € e (LP(0,1;X), u). For r > 0, we see that

: ;

M/[_ ] </0 “h(t‘f‘s)”pds) du(t)
1 1 )

w([=r,7]) /[} < /0 sil[ﬁfu |h(t + s)]| ds) dp(t)

1
= ull=rrl) /[] (i‘é‘,’u A+ 8>H”) au(t).

3=

IN

S
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Let s € [0,1] such that supscp 7 [|2(t + 8)|| = [|h(t + so)||. Then, we deduce

1 P
< e L (e o)

=

1 p 3

< Ty o (s sl duty
1

= T L I ol

By using the fact that (R, X, ) is translation invariant, it follows that lim, m f[_r . ||h(t+
s0)||du(t) = 0. Hence, h® € ¢ (LP(0,1;X), 1). The proof is then completed.

Theorem 2.5 Let u € M and f € PAAP(R, X, u) be such that f = g + h, where g €
ASP(X) and h® € e(LP(0,1;X), u). If PAAP(R, X, ) is translation invariant, then

{g(t) : t e R} C {f(t) : t € R}, (the closure of range f).

Proof: The proof is an adaptation of [I5, Theorem 4.1]. Suppose that the above claim
is not true, then there exist constants typ € R such that g(tg) ¢ {f(¢) : t € R}. Since the
space ASP(X) and (LP(0,1;X), u) are translation invariant, we can assume that ¢y = 0,
then there exists a constant € > 0 such that

lg(0) — f(t)|lp, > 2, for all t € R,
where || - ||, denotes the norm in LP(0, 1;X). Since g® € AA (LP(0,1;X)), for € > 0, let
Ce={teR:|lg(t) = g(0)[lp <€}

By [8, Lemma 2.12], there exist constants si,--- , s, € R such that [J;",(s; + Cc) = R.
From the fact that f = g + h and the Minkowski inequality, for all ¢ € C,, we have

1ROl = 1F&) = g(®)llp = 9(0) = F@)lp — llg(t) = g(0)][, > €.
Then it follows that
|\h(t — si)|lp >eforalli=1,--- ,mandtes;+C..
Let H(t) := > ||h(t — si)|lp- From the previous inequalities, we have the fact that
H(t) > €, for all t € R. (2.9)

In view of e(LP(0, 1;X), u) is translation invariant, then [t — h(t —s;)] € e(LP(0, 1;X), u)
for all i € {1,--- ,m}. Hence H € ¢(LP(0, 1;X), 1), which contradicts the relation (2.9).
This finishes the proof.
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Theorem 2.6 Let u € M. Assume that PAAP(R, X, u) is translation invariant. Then
(PAAP(R, X, ), | - ||s») is a Banach space.

Proof: Let (fn)neny C PAAP(R, X, 1) be a Cauchy sequence for the norm ||| sr. By defini-
tion, we can write f, = gn + hn, where (gn)nen C ASP(X) and (h8),en C £(LP(0,1;X), p).
From Theorem we obtain that

{gn(t) it €R}Y C {fu(t) : t € R}.

Hence, we easily deduce that (g, )nen is also a Cauchy sequence for the norm || - || gr. Thus
there exists a function g € ASP(X) such that ||g, —g||sr — 0 as n — oo. Using the previous
fact, it follows that h, = f, — gn is a Cauchy sequence with respect to the norm || - ||g».
So there exists a function h € BSP(X) such that ||k, — h|/sp — 0 as n — oo.

Now for r > 0,
t4+1 5
/ ( | >||Pds) du(t)
7]

=

< /[ (/muhm <s>||pds)’l’du<t>
+u([—1}) [ moras) " dut
< =M+~ /} (/ - I olas) ’ autt).

It follows that

lim sup #
r—oo p([=7,7])

1
t+1 P
/ (/ Hh(s)deS> du(t) < ||h, — h|lsr for all n € N.
[—r,r] t

Since limy, oo || — hl[sr = 0, we deduce that

that is, f =g+ h € PAAP(R,X, ). So PAAP(R, X, , || - ||s») is a Banach space.
From Theorem and the proofs of [15] Theorem 4.7], we have the following result.

Theorem 2.7 Let p € M. Assume that PAAP(R, X, u) is translation invariant. Then
the decomposition of a u-sP-pseudo almost automorphic function in the form f = g+ h,
where g € ASP(X) and h® € e(LP(0,1;X), 1) is unique.

Lemma 2.7 [11] Assume that f € ASP (R x X,X) and f(t,z) is uniformly continuous on
each bounded subset K' C X uniformly fort € R. If u € ASP(X) and K = {u(t) : t € R}
is compact. Then f(-,u(-)) € ASP(X).
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(H1) There exists a constant L > 0 such that for all u,v € X and t € R,

1t u) = f(&0)|| < Lilu—wvl|.

Lemma 2.8 [22] Suppose that f € ASP (R x X, X) and the following condition holds.
(H2)There exists a constant L > 0 such that for all u,v € X and t € R,

t+1 %
([ 1t - sopas) < Lol
If u € ASP(X) and Ky = {u(t) : t € R} is compact. Then f(-,u(-)) € ASP(X).

Lemma 2.9 [22] Suppose that f = g+ h € PAAP (R x X,X) with g € ASP(X), hb €
AAy(LP(0,1;X) and f satisfies condition (H1), then the function g satisfies condition

Now, we recall a useful compactness criterion.
Let h: R — R be a continuous function such that h(t) > 1 for all ¢ € R and h(t) — oo
as |t| — oco. We consider the space

Ch(X) = {u € C(R,X) : |t1i—I>nooZEg = 0}.

llu(®)]l

Endowed with the norm ||ul|;, = sup;cp o it is a Banach space (see [25]).

Lemma 2.10 [25] A subset R C Cp,(X) is a relatively compact set if it verifies the follow-
ing conditions:

(c-1) The set R(t) = {u(t) : w € R} is relatively compact in X for each t € R.

(c-2) The set R is equicontinuous.

(c-3) For each € > 0 there exists L > 0 such that ||u(t)|| < €h(t) for all w € R and all
[t| > L.

Lemma 2.11 [26] (Leray-Schauder Alternative Theorem) Let D be a closed convex subset
of a Banach space X such that 0 € D. Let F': D — D be a completely continuous map.
Then the set {z € D : x = AF(z),0 < X < 1} is unbounded or the map F' has a fized point
in D.

3 Composition theorems of u-s’-pseudo almost automorphic

functions

In this section, we prove some composition theorems for p-stepanov-like pseudo almost
automorphic functions under suitable conditions.
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Theorem 3.1 Let p € M. Suppose that f = g+ h € PAAP(R x X, X, pu) with g €
ASP(RxX, X), h® € (X, LP(0,1;X), u) and (H1) holds. If ¢ = a+3 € PAAP(R, X, ) with
a € ASP(X), B° € £ (LP(0,1;X), ) and K1 = {a(t);t € R} is compact. Then f(-,¢(-)) €
PAAP(R, X, 1).

Proof: Let f(t,u) = g(t,u)+h(t,u), where g € ASP(RxX,X), and h® € e (X, LP(0, 1;X), u1) .
Moreover, let p(t) = a(t) + B3(t), where a € ASP(X), and 3 € ¢ (LP(0,1;X), ) . It is easily
verified that

fte) = gta®)+fEel) —g(talt)

Define

G(t) = g(t,a(t)), F(t)=F(te®) = f(tal), HE)=h(al)).

Firstly, we show that G(t) € ASP(X). In fact, by the same reason of Lemma we have

that the function g satisfies condition (H2). Note that g € ASP(R x X, X), a € ASP(X)

and K1 = {a(t) : t € R} is compact. Thus, by Lemma we obtain G(t) € ASP(X).
Secondly, we claim that F(t) € e (LP(0,1;X), ) . Actually, by (H1), we have

([ ieras) = (715 o) = 1506 des)’l’
([ e - a(s)desf

t+1 -
L ( / ||@<s>upds) ,
t
thus, for » > 0,

M /[_m] ( /t - ||F<s)||pds);du(t) < M /[_W] ( /t " ||ﬂ(s)|]pds>pd,u(t).

Note that 3° € e (LP(0,1;X), 1) , we have

s [ ([ ) o o

which implies F°(-) € e (LP(0,1;X), 1) .
Finally, we also claim that H(-) € e (LP(0,1;X), 1) . In fact, let € > 0. Since g satisfies
condition (H2), there is a § > 0 such that

(/ttJrl lg(s,u) — g(s,v)deS)]i <

IN

IN

-
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for all t € R, u,v € X with ||u —v|| < 4. Put dp = min{e,d}. Then

</tt+1 |h(s,u) — h(s,v)”pd5>;

< (L+1)e

-

for all t € R, u,v € X with [Ju — v|| < do.

Since K7 = {a(t) : t € R} is compact, there are finite open balls Ug(k = 1,2, -

with center x € K; and radius dp(small enough) such that

{Oé(t) it e R} C G Uy.
k=1

Define and choose D, such that

Dp={seR:a(s) €U}, R= UDk,
k=1

and let -
Ji=D1, Je=Dy\|JD; 2<k<m).
j=1
Then

JinJ; =0, when i#j, 1<i,j<m.

Define the step function 7 : R — X by Z(s) = x, s € Ji, k=1,2---  m. It is easy to see

that ||a(s) — Z(s)|| < & for all s € R. It follows from (3.1) that

- =l (/ - (s, als))ds) ’ autt)

IN

1 Ui » P
L+ Det ) /H (Z /[] s, o)l ‘“) ap(?)

m

LDty —— /H ( / - uh<s,xk>upds) ’ dutt).

)

IA

IN

ey [( [ .0 - h(w(s))npds)’l’ ([ insznea)’

1

] dp(t)
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Using the arbitrariness of ¢ and h® € & (X, LP(0, 1;X), 1) , we obtain that

That is, H%(-) € e (LP(0,1;X), u) . This completes the proof.

Lemma 3.1 Let p € M. Assume that x(t) € ASP(X), Ky = {x(t) : t € R} is a compact
subset of X, and f* € (X, LP(0,1;X), ) satisfying that Ye > 0, 3§ > 0 and L(-) €
BSP(R) with p > 1 such that

(/ () - f(s,y)llpds); < L(t)e, (3.2)

for all x,y € Ko with ||z —y|| < J. Then

lim s /[] ( / s x(s))des) ’ aut) =0

Proof: for Ve > 0, let 6 and L(t) be as in the assumptions let dp = min{e,d} since K3 is
compact, there are finite open balls Ox(k = 1,2, - ,m) with center x; and radius dy such
that

fa):ter} c | On
k=1
Define and choose By, such that
Br={teR:|z(t) — x| <}, k=1,2,---,m.

Then R = |}, B, and let Ey = By, Ey = By, \ (U'=}'B;) (2 < k < m). Then R =
U By and E;(E; = 0,4 # j, 1 < i,j < m. Define the step function  : R — X, by
Z(t) = ap for t € B,k =1,2,--- ,m. It is easy to see that ||z(t) —Z(t)|| < do, for all t € R.
By the definition of e (LP(0, 1;X), ), for the above e > 0, there is constant ro > 0 such
that for all » > rg and 1 < k < m,

el sl " qult) < ‘ (33

Then, by (3.2) we have

([ IIf(S,x(S))HPdS);

< (" 150 - f(sm(s))des)’l’ ([T s epe)

=
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1
P

< t)e + E/ f(s,xg)|Pds
( Ep N[t,t+1] H k)H )

Now combining (3.3) and the above inequality, we get

e Y

< D ooy MO i ), MZ</MW 152l ds) ()
" 1 t+1 , 1

< ILIISP6+;M/_T’T] </t 1 (s, ) ds) dp(t)

< ILlisve+ Y-~
k=1

< |[Lllsre+€

< ([[L]lsr + 1)e.

For all r > rg, which means that
1 t+1 ‘ %
i s [ ([ It e pas) aut =0,
oo H([_T7 T]) [=r,r] t

Theorem 3.2 Let € M and let f = g+h € PAAP (R x X, X, u) with g € ASP (R x X, X),
Rt € e (X, LP(0,1;X), u). Assume that the following conditions are satisfied:

(i) there exists a nonnegative function L(-) € BSP(R) with p > 1 such that for all u,v € X
and t € R,

(/tm 1£ (s w) = f(s,v)llpdsf < L{t)u—].

(ii) g(t,x) is uniformly continuous in any bounded subset K' C X uniformly for t € R.
If u = up +uy € PAAP(R, X, p),with u; € ASP(X), u§ € €(LP(0,1;X), ) and Ky =
{ui(t) : t € R} is compact, then f (-,u(-)) belongs to PAAP(R, X, p).

Proof: Since f € PAAP (R x X, X, ) and u(t) € PAAP(R, X, i), we have by definition
that f = g+ h and u = uy + us where g € ASP (R x X,X), h € (X, LP(0,1;X), ),
u; € ASP(X) and u$ € e (LP(0,1;X), u). Now, the function f can be decomposed as

ftu(t) = gt u(t) + f (¢ ult) =gt u(t)
= g(twm@) + f{Gut) = f(Eu ) +h ().
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Define

G(t) =g twm®), F@)=f(tu®) =), HE)=h{ud).

Then f (t,u(t)) = G(t) + F(t) + H(t). Since the function g satisfies condition (ii) and
Ko = {ui(t) : t € R} is compact, it follows from Lemmathat the function ¢ (-, u1(+)) €
ASP(X). To show that f(-,u(:)) € PAAP(R,X, ), it is sufficient to show that F® +
H® € £ (LP(0,1;X), ). First we prove that F° € ¢ (LP(0,1;X), ). It is easy to see that
F() € BSP(X). Assume that ||F(t)||sp < M for t € R. For any € > 0, by (i) and I = 0,

we have
e /H (/ - PP ” dutt

- y ( / - HF(S)de8> ’ dutt)
b o ([ 17 st s (st )t

/,L(Afn(ug ) 1 t+1 . %
. RT(E=) /B;(W) L) (/t luz(s)|[Pd ) dp(t)

€
T

IN

In
=

)

) €

L+ /[1 L(t)dp(t)

< M
I

where I, AS(u2), Bt (ug) are given in Theorem [2.1
On the other hand, it follows from Theorem that

o (A5 (2)
5 (=)

Therefore, F* € ¢ (LP(0,1;X), ). Next we prove that H® € &(LP(0,1;X),pn). Ky =
{ui1(t) : t € R} is compact in X, ¢(t,z) is uniformly continuous in any bounded subset
K' C X uniformly for ¢t € R. Thus for any € > 0, there is a constant & € (0,€) such that

(/;H lg(s,u) — g(s,v)deS)’l’ <

teR, u,v € Ky with ||u—wv| <4. By (i) we have

</tt+1 |h(s,u) — h(s,v)des);

=0.

So we get
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(/tt+1 || f(s,u) — f(s,v)des);’ + (/tt“ llg(s,u) — g(s,v)HPds>’1’

< (L(t) + 1.

IN

For all ¢t € R and u,v € Ky with ||lu — v|| < 0. Noting that (L(t) + 1) € BSP(R), we know
from Lemma [3.3] that

152>u<pjnvq>tﬁlnﬂ (j[t+1nh<sju1«»>upds>;’du(ﬂ 0

which means that H® € ¢ (LP(0,1;X), u1). This completes the proof.

Theorem 3.3 Let € M and let f := g+¢ € PAAP (R x X, X, ) with g € ASP (R x X, X),
and ¢* € € (X, LP(0,1;X), u). Assume that the following conditions satisfied:

(1) f(t,x) is uniformly continuous in any bounded subset K' C X uniformly fort € R,

(2) g(t,x) is uniformly continuous in any bounded subset K' C X uniformly fort € R,

(3) For every bounded subset K' C X,{f(-,z) : x € K'} is bounded in PAAP(R x X, X, p).
Ifr = a+ p € PAAP(R, X, u) N B(R,X), with o € ASP(X), f° € ¢(LP(0,1;X), )
and Q@ = {z(t):te R}, Q1 = {a(t) :t € R} are compact, then f(-,x(-)) belongs to
PAAP(R, X, 11).

Proof: Since f € PAAP(R x X, X, ) and x € PAAP(R, X, 1), we have by definition that
f =g+ ¢ where g € ASP (R x X,X) and ¢ € ¢ (X, LP(0,1;X), ). So, the function f can
be written in the form

ftx) = gt o)+ f &) —g(talt)
= gt a@)+ [t (t) = [t alt) + ¢t al)).

~—

Define

G(t) =gt at), H(t)=[(tz1) - fEa), Al) =0 alt).

Then f (t,z(t)) = G(t) + H(t) + A(t). Since the function g satisfies condition (2) and
Q1 = {a(t) : t € R} is compact, it follows from Lemma [2.7| that the function ¢ (-, a(-)) €
ASP(X). To show that f (-, z(-)) € PAAP(R,X, ), it is enough to show that H® 4+ Ab €
e (LP(0,1;X), p).

First we prove that H® € ¢ (LP(0,1;X), ). Since z(-) and a(-) are bounded, we can
choose a bounded subset K’ C X, such that z(R), «(R) C K'. Under assumption (3) that
H(:) € BSP(X), from (1) we can see f is uniformly continuous on the bounded subset
K cX uniformly for ¢ € R. So given € > 0, there exists § > 0, such that u,v € K’ and
|lu —v| <0 imply that || f(¢,u) — f(t,v)|| < e for all t € R. Then we have

([H”V“ﬂﬁ—fﬁﬂwwﬁ>;§e
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Hence, for each t € R, ||5(s)||sr < d,s € [t,t + 1] implies that for all ¢ € R,

(AMJHHQNM“>;::(ZHJHf@#d$)—f(&aGDH“k>;ge

Therefore the following inequality holds

w{te brl (515,206 — s atovas) > of
p([=r, 7“])1
_ e (ope) > of
: i)

Since [3° is p-ergodic, Theorem yields that for the above-mentioned ¢ we have

—r,r|: i+ Pds
N w{tetorals (5 1sas)” > o)

r—+oo u([—"f’, TD

and then we obtain

—-r,r|: tt+1 S, T(S — p s % S ¢
1m1”{t€[ ](f 1f(s,2(s)) = £ (s, (»ud) }

oo pl=r)

= 0. (3.4)

With the help of Theorem (3.4) shows that t — H? is pu-ergodic.
Now to complete the proof, it is enough to prove that A® is y-ergodic. Since f, g satisfy

conditions (1) and (2), then for any € > 0, exists § > 0, such that u,v € Q1 imply that

t+1 5
(/ uﬂaw—f@wwm) << tem
t 16

and

t+1 - .
</ Hﬂ&w—g@mmwﬁ DT
t

Now, we put 9 = min(e, J), then

(l”ﬁm&w—¢@www);

t+1 % t+1 P
( 1 (s, 0) — f@ﬂMV@> +(/ w@no—g@ﬂmww)
t
s

=

IN

IN
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for all ¢t € R, and u,v € Qq with [|u — v|| < do.

Since Q1 = {a(t) : t € R} is compact, we find finite open balls O (k = 1,2, -+, m) with
center u; € 1 and radius dp given above, such that {a(t) 't e ]R} C UpL,Oy. Define and
choose By, such that By = {t € R: ||a(t) —ugl| < do}, k= -,m, R=U" By, and
set € =By, € =B\ (UVZ{B;) (2 <k <m). Then R = u 1@3k and & (N €; =0, HA
J, 1 <i,57 < m. Define a function ©: R — X by u(t) = ug for te @, k=1,2,--

Then ||a(t) —a(t)|| < dy for all t € R, it is easy to get from

<Z/€ Nt,t+1] 1 (s, a(s)) ¢(Svuk)||pds>
t+1 s
— </t 16 (s, a(s)) — & (s, u(s)) \pds>

p

A\
OO_\ A

Since ¢® € e (X, LP(0,1;X), i), there exists a constant rg > 0, such that

e ([ totswotras) " auto < 5

forallr >7rg and 1 <k <m.
Now combing these estimates, we deduce that for all » > rg

s [, ([ i) ans

m

- u([—lr, ) /[] ( &

S =

z; (/ekn[t t11] [ (s, os)) = (s, u) + 6(s, uk)lpd'g)) )

1 P — (s, ug)||Pds
< M([_M/[TT] [2 Z /kﬂtt+1 ||¢ S 04( )) d)( ) k:)” d
+ - |¢<s,uw|pds)] du()
21%—% t+1 B ) -
< st o ([ et —o s aepras) an

2l*s m Y
+M([—7’,7“])/[—rr] (Z /@kth” (s, uk)|l ds) du(t)
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< €+ p_* <
—4+mr— <e€
2 2m ’

which implies that A’ € ¢ (L?(0,1;X), u). This completes the proof.

4 Existence of y-pseudo almost automorphic solutions

In this section, we consider the existence of p-pseudo almost automorphic mild solu-
tions for the problem ((1.1)) under some suitable conditions.

Definition 4.1 A continuous function u is called a p-pseudo almost automorphic mild
solution of Eq. on R ifue PAAR, X, u) and u(t) satisfies

u(t) =U(t,a)u(a) + / U(t,s)f(s,u(s))ds
fort>a.

First, we list the following basic assumptions:

In this paper we assume that {A(t)};cr satisfies the Acquistapace-Terreni conditions
introduced in [16, 23], that is,
(A1) There exist constants A\g > 0, 6 € (§,7), £, K >0, and o, 3 € (0,1] witha +3 > 1

such that

U (0 € (A~ o), IROVA®) = M)l < o

and
I(A() = Xo)R(A, A(t) = Mo)[R(Xo, A(t) — R(Xo, A(s))]]| < L]t — s|*|A[ 7

for t,s e R,\ € 3p :={A € C\ {0} : |arg)| < 6}.

Remark 4.1 [16,[2])] If the condition (A1) holds, then there exists a unique evolution fam-
ily {U(t, 5)} —socs<i<oo 0n X, which satisfies the homogeneous equation u' (t) = A(t)u(t),t €
R.

We further suppose that
(A2) The evolution family U(¢, s) generated by A(t) is exponentially stable, that is, there
are constants K,w > 0 such that |U(t,s)|| < Ke (=% for all t > s. And the function
RxR— X (¢ts)— U(t,s)r € bAA(R x R, X) uniformly for all z in any bounded subset
of X.
(A3) There exists a constant L; > 0, such that

1F(t2) = fFty)ll < Lylle =yl

for all t € R and each z,y € X.
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(A4) There exists a nonnegative function L(-) € BSP(R), with p > 1 such that

(8 2) = (& 9)l < Ly(t)llz =y

for all t € R and each z,y € X.
(A5) The function f: R x X — X satisfies the following conditions:
(I)There exists L > 0 such that

v C L
M= s ([ ares) < g

teR, [|ul[<L

where A(K, q,w) = K ¢/ eq:;T*lZ;L’O:le_w”.

(IDLet {z,} € PAA(R,X, 1) be uniformly bounded in R and uniformly convergent in
each compact subsut of R. Then {f(-,z,(:))} is relatively compact in BSP(X).
(A6) The function f = g+h € PAAP (R x X, X, u) where g € ASP (R x X, X) is uniformly
continuous in any bounded subset M C X uniformly in ¢ € R and h® € ¢ (X, L?(0,1; X), ).
(A7) f € PAAP (R x X, X, u) and f(¢,x) is uniformly continuous in any bounded subset
M C X uniformly for t € R and for every bounded subset M C X, {f(-,z) : x € M} is
bounded in PAAP (R x X, X, u).

Consider the following abstract differential equation in the Banach space (X, || - ||)

u'(t) = At)u(t) + f(t), teR, (4.1)

where {A(t) }1er satisfies the condition (Al) and f € PAAP(R, X, u) N C(R,X) for p > 1.
Throughout this paper we set % =1- ]%. Note that ¢ # 0,as p # 1.

Lemma 4.1 Let u € M. Assume that (A1)-(A2) hold. Then the Eq.(4.1) admits a unique
p-pseudo almost automorphic mild solution given by

t

u(t) = / U(t, o) f(o)do. (4.2)

—00

Proof: The proof of uniqueness has been given in [I3]. Now let us investigate the existence.
Since f € PAAP(R,X, i), there exist g € ASP(X) and h® € & (LP(0,1;X), i) such that
f=g+h. So

u(t) = / U(t, o) f(o)do

= / U(t,o)g U)da—i—/too U(t,o)h(o)do

t)+ (1),

where ®(t) = [*_U(t,0)g(0)do, and W(t f U(t,o)h(c)do. We just need to verify
o(t) € AA( ) and U(t) € e (R, X, p). Flrst we prove that ®(t) € AA(X). It follows from
[B, Lemma 11.2] that ®(¢) is almost automorphic. Next, we prove that U(t) € ¢ (R, X u).
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For this, we consider

t—n+1
v, (t) = / U(t,o)h(o)do,

t—n
foreacht € Randn = 1,2,3---. From assumption (A2) and Holder’s inequality, it follows
that

t—n—+1
@) < K e || n(0)||do

q t—n+1 %
( / |h<o>|pda)
no o % t—n+1 %
(/ e ¢ d0> </ ]h(o’)|pd0>
n—1 t—n
1
1 t—n+1 >
K (e—qwm—n ~ 6—qwn>q ( / ||h(a)||pd0)p
\q/ qw t—n

1 t—n+1 %
i —1)q P
Yqw ‘ ' </tn 1Al do)

1
Ke—wn " 1 t—n+1 P
et ([ phioran)

Then for r > 0 we see that.

INA
VY
@\
| ~~
3 |

3
_l’_
=

g

<
£
=

|
2
=,

Q
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=) /[m W ()] dpa(t)
Ke w %# t—n+1 e %
< S 0t L, (L were) g

Since h? € ¢ (LP(0,1;X), 1), the above inequality leads to ¥,, € & (R, X, ). The above
inequality leads also to

Ke «m

qu

1
R (D) < (€™ + 1)al|h]sr-

Since the series

K R

e +1)a x e
Tk ) nzl
is convergent, then we deduce from the Weierstrass test that the series > 7, W, (¢) is
uniformly convergent on R and W(t) = ffoo U(t,o)h(o)do => 7", U,(t). Applying ¥, €
e (R, X, ) and the inequality

n

S O < fs [ =S w0ty

p([r.r) 2

I
p(l=r7])
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~ 1
> L, 1 ol,

we deduce that the uniformly limit W(¢) = > >, U, (¢) € (R, X, pn). Therefore u(t) =
®(t) + W(t) is p-pseudo almost automorphic.
Finally, let us prove that u(t) is a mild solution of the Eq. (4.1)). Indeed, if we let

u(s) = /S U(s,o)f(o)do. (4.3)

— 00

and multiply both sides of (4.3) by U(t,s), then

Ut s)u(s) = / Ut o) f(o)do.

— 0o
If t > s, then

S

/:U(t,o*)f(o)da = [ vt [ U0

—0o0 —00

= u(t) = U(t, s)u(s)
It follows that
u(t) = U(t, s)u(s) + /t U(t,o)f(o)do.
This completes the proof of the theorem.

Theorem 4.1 Let p € M. Assume the condition (HO0), (A1)-(A3) are satisfied and
the function f = g+ h € PAAP(R x X,X,u) with g € ASP (R x X,X), and h® €
e (X, LP(0,1;X), ). Then Eq. has a unique p-pseudo almost automorphic mild solu-
tion on R provided that KTﬁf < 1.

Proof:. Let I' : PAA(R, X, u) — PAA(R, X, 1) be the nonlinear operator defined by

(Tu)(t) = / U(t,s)f (s,u(s))ds, teR.

—00

First, let us prove that I' (PAA(R, X, u)) C PAA(R,X, ). For each u € PAA(R, X, p),
by using the fact that the range of an almost automorphic function is relatively compact
combined with the above Theorem Theorem one can easily see that f(-,u()) €
PAAP(R,X, pu). Hence, from the proof of Lemma[d.1] we know that (I'u)(-) € PAA(R, X, p).
That is, I' maps PAA(R, X, p) into PAA(R, X, u).

Now, let us prove that I' has a unique fixed-point. To this end, for each t € R, u,v €
PAAR, X, ), we have

t

[(Tu)(t) = (To) @) S/ [U(t, $)[f (s,u(s)) = f (s,0(s))]llds

—00



u-stepanov-like pseudo almost automorphic function 27

t
< K / e (s,u(s)) — f (s,0(s)) | ds
t
< Ke, / e u(s) — v(s) | ds
-
< KLy [ e s oo
KL
< == vl

So [[Tu—Tv||e < K—Ef||u—v||oo. Hence by the Banach contraction principle with KTﬁf <1,

- w

I has a unique fixed-point u in PAA(R, X, 1) which is the py-pseudo almost automorphic

solution to Eq. (1.1)).

A different Lipschitz condition is considered in the following result.

Theorem 4.2 Let pn € M. Assume that (HO), (A1), (A2), (A4) and (A6) hold, then Eq.
admits a unique p-pseudo almost automorphic mild solution whenever ||Ly|sr <
1

l—e—% wq q
K l—e—wa :

Proof:. Consider the nonlinear operator I' given by

t
() (1) = / Ut 5)f (s,u(s)) ds, ¢ € R.
—0o0

Let u € PAAR,X, u), with Theorem [2.4, Theorem (3.2} it follows that the function
s — f(s,u(s)) is in PAAP(R,X, ). Moreover, from Lemma we infer that T'u €
PAA(R, X, ), that is, I' maps PAA(R, X, ) into itself. Next, we prove that the operator
I has a unique fixed point in PAA(R, X, ). Indeed, for each t € R, u,v € PAAR, X, )
We have

ITu(t) — ()] < H [ 095 () £ 5,0l

t
< K[ e N sl - (s 0(s) [ds
t
< K/ eI L (s)dsllu — v]]oc
—0o0
0 t—n+1
= Z/ Ke U9 (s)ds|u — v]|oo
n=17t—"m
oo t—n+1 %
< S ([ wrentoas) ol o
n=1 t=n
1
K 1—e" ™\«
< e () 1l = ol
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which gives

ICu) - @0l < = (S ) el = vl

1

Since || Lf||s» < = (L) “ T has a unique fixed point u € PAA(R, X, p).

K l—e—wa
We next study the existence of u-pseudo almost automorphic mild solutions of Eq.

(1.1) when the perturbation f is not Lipschitz continuous.

Theorem 4.3 Let € M. Assume the conditions (HO0),(A1)-(A2) and (A5)-(A7) are
satisfied, moreover, U(t, s) is compact for t > s. Then the problem has at least one
p-pseudo almost automorphic mild solution on R.

Proof: Consider the nonlinear operator I' given by

(Tz)(t) = / U(t,s)f (s,x(s))ds, teR.

First, we show that the nonlinear operator I is well defined and continuous. From Theorem
Theorem [3.3| we can see that f(s,z(s)) € PAAP(R, X, ). Hence from Lemma [4.1] that
(I'z)(-) € PAA(R,X, p), that is, I' maps PAA(R, X, p) into PAA(R, X, ).

Now, let us to show that I" is continuous on PAA(R, X, ). Let {z,} C PAA(R, X, u)
be a sequence which converges to some z € PAA(R, X, p1), that is ||z, —z| — 0 as n — oo.
We may find a bounded subset M C X such that z,(t),z(t) € M fort e R,n=1,2,---.
By (A7), for any € > 0, there exists w > 0 such that u,v € M and ||u — v|| < w imply that

£ (t,w) — f(t,v)|| < % for each ¢ € R,

where w, K are given in (A2). For the above w > 0, there exists N > 0 such that
|zn(t) — z(t)|| < w for all n > N and all ¢t € R. Therefore,

we

1F (8 za(t)) = F(t 2@ < 3

for each t € R,

for all n > N and all ¢t € R. Then by the dominated convergence theorem, we have

|(Can)() — C)(B)]| = H | Ul - st

< K / || (5, 30 (5)) — £(5,3(5))|ds

t
< K/ e_w(t_s)%ds <e€
- K

for all n > N and all ¢t € R. This implies that I' is continuous.
For the sake of convenience, we divide the remain proof into several steps.
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Step 1: Let B = {x € PAA(R,X, ) : ||z]lso < L}. Then B is a closed convex subset
of PAA(R, X, u). We claim that I'B C B. In fact, for z € B and t € R, we get

I @) = H/ U(t, ) f (s, 2(s))ds

IN

t—n—+1
Z | vtesssats)as

—n

t—n—+1

ZK/ ~=| £ (s, 2(5)) | ds
ZK </t . W(ts)d5>; </ttn"“ \f(s,a:(s))des);
ZK

which implies that |[[z[s < L. Thus I'B C B.
Step 2: We prove that the operator I' is completely continuous on B. It is sufficient

IN

IN

_“’”M < L

IN

to prove that the following statements are true.

(B1) V(t) = {(T'x)(¢t) : © € B} is relatively compact in X for each t € R.

(B2) {Tz:2 e B cC PAAR,X, p)} is a family of equicontinuous functions.

First we show that (B1) holds. Let 0 < € < 1 be given. For each t € R and z € B, we
define

Ca)®) = [ Ul

—00

— U(t,te)/_EU(te,s)f(s,:c(s))ds

—00

= Ut,t— o))t —e)].

Since U(t, s)(t > s) is compact, then the set V.(¢) : {(T'cx)(t) : € B} is relatively compact
in X for each t € R. Moreover, for each z € B, we get

t

[(Tz)(t) = (Cex)(®)]] = /t U(t,5)f(s,x(s))ds

t
< K[ e ) f(s,a(s))llds

t—e

< k([ et ) (tEHfs:v >||pds)’l’
“)'

S KMf( —qwt s)
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Letting € — 0, it follows that there are relatively compact set V.(t) arbitrarily close to
V(t) and hence V(t) is also relatively compact in X for each ¢t € R.

Next we prove that (B2) holds. Let ¢ > 0 be small enough and —oo < #; < to < 0.
Since {U(t,s)} is exponentially stable and compact for ¢t > s, there exists 6 = d(e) < €
such that to — t1 < ¢ implies that

HU(tl,tl — 3) _ U(tQ,tl _ t)H < Shorallt>0,
2 2 ¥

where € = (57577 < 1 and v = 3K Mj \/ 2(63 Uy ¢ —elg

Indeed, for z € B and to — 1 < §, we have

(D) (¢2) — (D) (1)
H/ 6 Ultz, s) = Ults, s)1f (s, 2(s))ds

IN

i

/t_~[U(t2’ s) = Ul(ty, s)|f (s, 2(s))ds

to

Ulta,s)f(s,z(s))ds

t1

IN

a
‘ /:O[U(tz,tl —8) = Ul(t1, t1 — 8)|f(t1 — s,2(t1 — 5))ds
t& tjl_g[e_““?‘s) + e | f (s, 2(s)) | ds

+K :2 ™27 f (s, 2(s)) | ds

‘ /;o U (21 = 5) =0 (10 = 5) [0 (51 = 5ot = 5) S0 = 2001 = ))ds

U
t1 P

K </ Jemwlhame) ygmulins st> ( £ (s, ))||pds)
t1— t1—¢

o ( / e—%"(tfs)ds)é ( / (s, (s >>des)

oo >
EK/ e F(f(t — s, 2(ty — 5))||ds + 2K€5 My + K1 M;
Y &
o0
€

IN

=

IN

Q=

IN

e+n e € q 1
‘K / e~ f(ty — s,2(t1 — 8))||ds + 2K [< ) ] M, + K&iM
Y ,; S 6K M, ! !

€ 0 e+n qos %
-K Z / e 2.ds
Y Hn—1

n=1

3=

IN
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€ 2e?T —1) & En) € €
< SRMp RTINS L4

N e nzl 376
< ELifLf

-+ -+-<e
-3 3 6

This implies that the set {I'z : € B} is equicontinuous.

Now we denote the closed convex hull of I'B by col'B. Since I'B C B and B is closed
convex, col'B C B. Thus, I'(coI'B) C I'B C coI'B. This implies that I' is a continuous
mapping from ¢ol'B to col'B. It is easy to verify that col'B has the properties (B1) and
(B2). More explicitly, {z(t) : = € cI'B} is relatively compact in X for each ¢t € R,
and coI'B ¢ BC(R,X) is uniformly bounded and equicontinuous. By the Ascoli-Arzela
theorem, the restriction of ¢oI'B to every compact subset K3 of R, namely {z(t) : = €
coI' B} ek, is relatively compact in C'(K3,X). Thus, by the conditions (A5)(II) and T is
well defined and continuous, we deduce that I' : col'B — ¢ol'B is a compact operator.
Noting the continuity of I', it follows from Schauder’s fixed point theorem, we conclude
that there is a fixed point z(-) for I" in coI'B. That is Eq. has at least one p-pseudo
almost automorphic mild solution x € B. this completes the proof.

The following existence result is based upon nonlinear Leray-Schauder alternative the-
orem. For that, we require the following assumption:

(A8) There exists a continuous nondecreasing function W : [0, 00) — (0, 00) such that

lf(t,z)| <W(||z]]) for all t€R and z € X.

Theorem 4.4 Let p € M. Assume the conditions (HO0),(A1)-(A2) are satisfied. Let
[ RxX — X be a function that satisfies assumptions (A6)-(A8), and the following

additional conditions:
(i) For each z > 0, the function t — ffoo e (=)W (zh(s)) ds belongs to BC(R). We set

B(z) =K H /_ ; e =W (zh(s)) ds

h

(i1) For each € > 0 there is 0 > 0 such that for every u,v € Cy(X), |[u — v||p < & implies
that

/ 9| f(s,u(s)) — f(s,0(s))]ds < e,

— 00

for allt € R.
(ifi) lim infe oo 505 > 1.
(iv) For all a,b € R,a < b, and z > 0, the set {f(s,h(s)x):a <s <bz e Cp(X),]|z|n <
z} is relatively compact in X.
Then Eq. has a p-pseudo almost automorphic mild solution.
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Proof: We define the nonlinear operator I' : Cj,(X) — Cj(X) by

(Tu)(t) := / U(t,s)f(s,u(s))ds, teR.

We will show that I" has a fixed point in PAA(R, X, ). For the sake of convenience, we
divide the proof into several steps.
(I) For u € Cj(X), we have that

|(Cu)(®)] < K / W (fu(s))ds < K / W (Jullnh(s)) ds.

It follows from condition (i) that I is well defined.
(IT) The operator T' is continuous. In fact, for any € > 0, we take 6 > 0 involved in
condition(ii). If u,v € Cy(X) and ||u — v||p < J, then

[(Tu)(t) = (To)(@)]| < K/_ e U f (s, u(s)) — f(s,v(s))llds < e,

which shows the assertion.

(IIT) We will show that I" is completely continuous. We set B, (X) for the closed ball
with center at 0 and radius z in the space X. Let V = I'(B,(Cp(X))) and v = I'(u) for
u € B,(Cp(X)). First, we will prove that V(¢) is a relatively compact subset of X for each
t € R. It follows from condition (i) that the function s — Ke “*W (zh(t—s)) is integrable
on [0,00). Hence, for € > 0, we can choose a > 0 such that K [ e “SW (zh(t—s))ds < e.
Since

v(t) :/OaU(t,t—S)f(t—S,u(t—S))d8+/OOU(t,t—S)f(t—S,u(t—S))dS

we get v(t) € aco(N) + Be(X), where c¢o(N) denotes the convex hull of N and N =
{Ut,t—s)f(§,h(€)z) :0<s<a,t —a<E<t,|z|n <z} Using the strong continuity
of U(t, s) and property (iv) of f, we infer that N is a relatively compact set, and V' (t) C

aco(N) + Bc(X), which establishes our assertion.
Second, we show that the set V is equicontinuous. In fact, we can decompose

and

/OOU(t,t—s)f(t—sju(t—s))ds

< K/ e W (zh(t — s))ds <,

v(t+s)—v(t) = /OSU(t,t—U)f(t+s—U,U(t—}—s—a))da

+ Oa[U(t,t—O'—S) —U(t,t —o)]f(t —o,u(t — o0))do

+/M[U(t,t—a—s)—U(t,t—a)]f(t—a,u(t—o))da.
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For each € > 0, we can choose a > 0 and d; > 0 such that

—i—/OO[U(t,t—U—s)—U(t,t—a)]f(t—a,u(t—a))da

/SU(t,t—a)f(t—i-s—U,u(t—i—s—U))da
0

S [e.9]
< K/ e Y W(zh(t+s—o))do + K/ [e=@F) L e W (zh(t — o))do
0

¢ a
< —
- 2
for s < 6;. Moreover, since {f(t —o,u(t—0)):0<o0 <a,u € B,(C,(X))} is a rela-
tively compact set and U(t, s) is strongly continuous we can choose d3 > 0 such that
I[Ut,t—0—s)—=Ult,t —o)|f(t —o,u(t —0))|| < 5 for s < . Combining these esti-
mates, we get ||[v(t+s) —v(t)|| < € for s small enough and independent of u € B,(Cp(X)).

Finally, applying condition (i), we can see that

@Il _
h(t)

(t=9) h ds — 0 t| —
e v W(zh(s))ds , o0,

and this convergence is independent of u € B,(Cy(X)). Hence, by Lemma Visa
relatively compact set in (C(X)).

(IV) Let us show assume that u*(-) is a solution of equation u* = AI'(u*) for some
0 < A < 1. We can estimate

@] = AH/t UL, 5) (s, u*(s))ds
< K / W (l[unh(s))ds
< B(luMn)h(E).

Hence, we get
[
Al S

and combining with condition (iii), we conclude that the set {u* : u* = A'(u?), A € (0,1)}
is bounded.

(V) It follows from Theorem [2.4] (A6)-(A7) and Theorem [3.3] that the function ¢t —
f(t,u(t)) belongs to PAAP(R, X, ,u), whenever u € PAA(R, X, u). Moreover, from Lemma
we infer that I'(PAA(R, X, p)) € PAA(R,X, ) and noting that PAA(R, X, p1) is a
closed subspace of C},(X), consequently, we can consider I' : PAA(R, X, u) — PAAR, X, ).
Using properties (I)-(III), we deduce that this map is completely continuous. Applying
Lemma we infer that I has a fixed point v € PAA(R, X, 1), which completes the
proof.
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Corollary 4.1 Let p € 9. Assume that (HO), (A1)-(A2) are satisfied. Let f: RxX —
X be a function that satisfies assumptions (A6)-(A7) and the Holder type condition:

£t u) = f(t,0)] <ollu—2|% 0<a<l,

for all t € R and u,v € X, where o > 0 is a constant. Moreover, assume the following
conditions:
(a) £(£,0) = q.
(b) supteRKffoo e =9 h(s)%ds = gy < 0.
(c)Foralla,b € R, a <b,and z > 0, the set { f(s,h(s)x) :a < s < b,z e Cp(X),|z|n < 2}
is relatively compact in X.

Then Eq. has a p pseudo almost automorphic mild solution.

Proof: Let oo = ||q||, 01 = 0. We take W (&) = 0o+ 01£%. Then condition (AS) is satisfied.
It follows from (b), we can see that function f satisfies (i) in Theorem Note that for

each € > 0 there is 0 < 0 < - such that for every u,v € Cy(X), |lu — v|[s < § implies

that K [*__ e (=) f(s,u(s) — f(s,v(s))||ds < € for all t € R. The hypothesis (iii) in the
statement of Theorem [.4] can be easily verified using the definition of W. So by Theorem
M we can proof Eq. has a p-pseudo almost automorphic mild solution.
Acknowledgements: The authors are grateful to the anonymous referees for the
valuable comments to improve this paper. This work was supported by NSF of China
(11361032), Program for New Century Excellent Talents in University (NCET-10-0022).
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