Nonsmooth interval-valued optimization and

saddle-point optimality criteria

L* Anurag Jayswal, 2I. Ahmad, 3Jonaki Banerjee
L3 Department of Applied Mathematics, Indian School of Mines,
Dhanbad-826 004, Jharkhand, India
2Department of Mathematics and Statistics, King Fahd University of
Petroleum and Minerals, Dhahran 31261, Saudi Arabia

lanurag_jais123@yahoo.com, 2drizhar@kfupm.edu.sa, 3jonakibanerjee22@gmail.com

Abstract: In this article, we focus our attention on a nonsmooth interval-valued opti-
mization problem and establish sufficient optimality conditions for a feasible solution to
be a LU optimal solution under the invexity assumption. Appropriate duality theorems
for Wolfe and Mond-Weir type duals are presented in order to relate the LU optimal solu-
tion of primal and dual programs. Moreover, saddle-point type optimality conditions are
established in order to find relation between LU optimal solution of primal and saddle-
point of Lagrangian function.

Keywords: Interval-valued programming, Invexity, LU-optimal, Sufficiency, Duality,
Lagrangian function

Mathematical subject classification (2010): 90C26, 90C30, 90C46

1 Introduction

Convexity is one of the most frequently used hypotheses in optimization theory. In recent
years, many extensions have been considered for classical convexity. Several classes of
functions have been defined for the purpose of weakening the limitations of convexity.
One of the most useful generalization of convexity was introduced by Hanson [5] for the
differentiable functions. For more details Arana et al. [1] has been refereed. On the other

hand by substituting invexity for convexity, many optimization problems can be solved
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for differentiable functions. But in nonsmooth programming the corresponding results
cannot be formulated using the concept of invexity as a derivative term is required in the
definition of invexity.

The theory of nonsmooth optimization using locally Lipschitz functions was intro-
duced by Clarke [3]. He extended the properties of convex functions to the case of locally
Lipschitz functions by suitably defining a generalized derivative and a subdifferential.
Later on, the notion of invexity was extended to locally Lipschitz functions by Craven [4],
by replacing the derivative with Clarkes generalized gradient. Kim and Lee [8] presented
optimality conditions and duality relations for nonsmooth multiobjective programming
problems involving locally Lipschitz functions. Recently, Jiao and Liu [7] introduced some
generalized cone-invex functions called K-a-generalized invex, K-a-nonsmooth invex and
presented several sufficient optimality conditions and duality results for nonsmooth vector
optimization problem under the assumptions of the generalized cone invexity.

In general mathematical programming problems, the coefficients of the problems are
always considered as deterministic values. This assumption is not satisfied by great ma-
jority of real-life engineering and economical problems. The introduction of imprecision
and uncertainty in the modeling process is an important issue of the approaching real
practical problems.

Uncertainty can be handled in various manners namely by a stochastic process and
fuzzy numbers. However, sometimes it is hard to find an appropriate membership func-
tion or probability distribution with insufficiency of data. Interval-valued optimization
programming is one of the approaches to tackle the uncertain optimization problem in
which only the range of the coefficients are known.

Many solution concepts have been introduced for solving interval-valued program-
ming problems. Urli and Nadeau [11] derived a process to solve the multi-objective linear
programming problem with interval co-efficient. In [14], Wu presented a new solution
concept in interval-valued optimization problem by imposing a partial ordering on the
set of all closed intervals.

Several authors have been interested in deriving sufficient conditions and duality re-
sults with differentiable objective and constraint functions in interval-valued programming
problem. Wu [12] derived Karush-Kuhn-Tucker optimality conditions. Later, Wu [13] for-

mulated Wolfe type dual problem and presented duality theorems by using the concept



of nondominated solution. Zhou et al. [18] derived sufficient optimality conditions and
formulated mixed type duality under convexity assumption.

Recently, Jayswal et al. [6] derived sufficient optimality conditions and duality the-
orems for interval-valued optimization problems involving generalized convex functions.
Bhurjee and Panda [2] proposed a new approach for existence of an efficient solution of an
interval optimization problem. Very recently, Zhang et al. [17] established the KKT op-
timality conditions in a class of nonconvex optimization problems with an interval-valued
objective function. A very little work has done on nondifferentiable interval-valued pro-
gramming problem. Sun and Wang [9] first derived the optimality conditions and duality
theorems for the nondifferentiable interval-valued programming problem. Very recently,
Sun et al. [10] presented saddle point optimality conditions and established a relation
between optimal solution of the primal and saddle point of the Lagrangian function.

Saddle-point is a fundamental concept which is used in many areas of science and eco-
nomics. The saddle-point of the Lagrangian is always a global optimum of the problem
and they are also equivalent under the convexity assumption and constraint qualification
for inequality constrained mathematical programming problem. Zalmai [16] established
necessary and sufficient saddle-point-type optimality conditions and Lagrangian-type du-
ality relations for a class of state and control-constrained generalized fractional optimal
control problems. Yang et al. [15] derived duality theorems and a saddle-point type
optimality condition by using theorems of alternative.

In this paper, we consider a nonsmooth optimization problem in which objective func-
tion to be considered as interval-valued and constraints as real valued functions. Sufficient
optimality conditions of the considered problem are derived for a feasible solution to be
a LU optimal solution under the invexity assumption. Weak, strong and strict converse
duality theorems for Wolfe and Mond-Weir type duals are also formulated in order to
relate the LU optimal solution of primal and dual programs. Furthermore, saddle-point
optimality conditions are presented under invexity assumption in order to find a relation
between LU optimal solution of primal and saddle-point of Lagrangian function.

The paper is unfolded as follows. Section 2 is devoted to notation and definitions.
In Section 3, we derive some sufficient optimality conditions. Weak, strong and strict
converse duality theorems for Wolfe and Mond-Weir type duals are proved in Sections 4

and 5. In Section 6, we define saddle-point of Lagrangian functions and discuss saddle-



point optimality conditions. Conclusion and further development are presented in Section

7.

2 Notation and preliminaries

We denote by I the set of all closed and bounded intervals in R. Suppose A € I,
then we write A = [al,aV], where a” and aV means the lower and upper bounds of
A, respectively. Throughout this paper our intervals are considered to be bounded and
closed. Let A = [a”,aV], B = [b",bY] € I, we have

(i) A+ B={a+b:ac Aandbc B}=[a"+b" aV +0Y],

(i) —A={—a:a€c A} =[-aY,—al],

(iii)A — B= A+ (=B) = [a* — bV, aV — bF],

(W) k+A={k+a:ac A} =[k+a" k+a"],

[k:aL, k:aU] if £>0,
(v) kKA={ka:a€ A} =
[k‘aU, kaL} if k<0,

where k is a real number.

Let R"™ denotes the n-dimensional Euclidean space and X be a non-empty subset
of R™. The function F' : R" — I is called an interval-valued function. Then F(x) =
F(x1,x9,...,x,) is a closed interval in R for each x € R™. We can write the interval-valued
function F as F(z) = [FL(z), FY(z)], where F¥(z), FV(x) are real valued functions
defined on R™ and satisfy the condition F¥(z) < FY(x) for each z € R™.

If A= [a" aV] and B = [b¥,bY] are two closed intervals, we write A <ry B if and
only if a® < b¥ and aV < bV. It is easy to see that <y is a partial ordering on I. Also
we can write A <py B if and only if A <;y B and A # B.

Equivalently, A <;y B if and only if

at < b, aV <Y,
or, al < bl a¥ < Y,
or, al < bl aV <Y,

Definition 2.1. [3] A function f: X — R is said to be Lipschitz at x € X, if there exist

a positive constant K and a neighbourhood N of x such that, for any y,z € N,
fy) = f2)] < K|y — 2]



We say that f: X — R is locally Lipschitz on X if it is Lipschitz at any point of X.

Definition 2.2. [3/ If f : X — R is Lipschitz at x € X, the generalized derivative (in

the sense of Clarke) of f at x € X in the direction v € R"™, denoted by f°(z;v), is given

by
fO(x. 1}) _ lim sup f(y + tv) — f(y)
y—x !
t10

Definition 2.3. [3] The Clarke’s generalized gradient of f at x € X, denoted by 0f(x),

is defined as follows:
of(x) ={¢CeR": fOz;v) > ¢Tv, VveR"},
where “I'”signifies the transpose of a vector or matrix.

It follows that, for any v € R™

FO(w;v) = maa{¢To s C € Of(x)}.
Definition 2.4. The locally Lipschitz function f : X — R is said to be invex with respect
ton: X x X — R" at x* if for all x € X,

flx) = fa*) > n(z,2*)7¢, Ve df(a”).
Definition 2.5. The locally Lipschitz function f : X — R is said to be strictly-inver with
respect ton: X x X — R" at x* if for all x € X,

f(x) = f(@*) > n(z,2*)"¢, ¥V edf(a*) and x#a*

Definition 2.6. The locally Lipschitz function f : X — R is said to be (strictly) pseudo-

invex with respect ton: X x X — R"™ at x* if for all x € X,
0w, a*)C 20— f(z) - f(@)(>) 20, ¥(eofa).

Definition 2.7. The locally Lipschitz function f : X — R is said to be quasi-invex with
respect ton : X x X — R"™ at x* if for all x € X,

fl@) = fa*) 0= n(z,a")"'¢ <0, V(edfah).
Now, we turn our attention to invexity of locally Lipschitz interval-valued function.

Definition 2.8. The locally Lipschitz interval-valued function F : X — I is said to be
invex with respect ton : X x X — R™ at 2* € X if the functions F' and FU both are

invexr with respect to same n at x*.



Definition 2.9. The locally Lipschitz interval-valued function F : X — I is said to be
strictly-invex with respect ton : X x X — R™ at z* € X if the functions FL and FY both
are strictly-invex or at least one of F' or FU is strictly-invex with respect to same 1 at

z*.

In this paper, we consider the following nonsmooth optimization problem with interval-
valued objective function:
(IVP) min F(z) = [FL(z), FY(2)]
subject to
A={reX:gjx)<0,j=1,2,...,m},
where F' : X — I is an interval-valued function, FX(x), FV(z) and g; : X — R, j =

1,2,...,m are locally Lipschitz on X.

Definition 2.10. [9] A point z* € A is said to be a LU optimal solution to (IVP), if

there exists no xog € A such that F(xo) <puy F(z*).

In [9], Sun and Wang established the Karush-Kuhn-Tucker type conditions for nons-
mooth interval programming problem. Motivated by [9], we restate them as the following

theorem.

Theorem 2.1. (Karush-Kuhn-Tucker type conditions). Assume that x* is a LU optimal
solution to (IVP) and the suitable constraint qualification is satisfied at x*. Then there

exist scalars 0 < ¢, ¢V € R and 0 < wi € R, j=1,2,...,m such that

0 € g"OF (2*) + YOFY (x*) + ) p0g;(a), (1)
Jj=1
/L]g](:x*) - 0’ ] = 1a 2a am (2)

3 Sufficient optimality conditions

In this section, we shall establish the following sufficient optimality conditions for (IVP).

Theorem 3.1. (Sufficiency). Let x* € A be a feasible solution of (IVP). Assume that

there exist scalars 0 < £, ¢V € R and 0 < wi € R, j=1,2,...,m such that
(i) 0 € ELOFL (a*) + €VOFY (2*) + > p;dg; ("),
j=1

(it) pjgi(x*) =0, j=1,2,...,m,



m

(iii) F and Z,ujgj are invex with respect to same n at x*.
j=1

Then x* is a LU optimal solution to (IVP).

Proof. By hypothesis (i) it is clear that there exist some v™ € 9FF(z*), v¥ € OFY (x*)
and w; € dg;(z*), for each j =1,2,...,m such that
m
ghol 4 V¥ + Z,ujwj =0. (3)
j=1
Suppose, contrary to the result that z* is not a LU optimal solution to (IVP), then there

exists a feasible solution z(, such that

F(xo) <LU F(IE*)

That is,
FE(z0) < FE(2¥) FL(zg) < FL(x¥) FE(zg) < FE(2*)
FU(zo) < FU(z*) FU(zo) < FU(z*) FU(z) < FU(z*)

Since £ > 0, €Y > 0, we can write the above inequalities as
¢4 (o) + €7 FY (wo) < €M FH (a7) + €V FY (a7). (4)
From the assumption that F' is invex with respect to n at «*, we have
Fl(z) — FY(a*) > n(xo,a*)Tv", v oF € OF% (a%),
FY(zo) — FY(2*) > n(zo,2*)"vY, V¥ € 9FY(z*).
The above inequalities together with the positivity of £€& and &V, gives
VP () — €L FE(2*) > n(wo, 2*)Telol, Vol e OFE (2*),
fUFU(aco) — §UFU(x*) > n(xo, x*)TvaU, vl e 8FU(:B*).

Combining the above two inequalities, we get
(E"F*(wo) + EVFY (29)) — (¢"F"(2*) + €V FY(2"))
> n(xg, )T (lvl + €YY, Vol e 9FF(x*), VoY € OFY (x*),

which in view of (4), yields

n(zo, z*)T (el + YY) <0, Vol € aFE(2*), VoY € OFY (2*). (5)



On the other hand, since u; > 0, j = 1,2,...,m from the feasibility of z¢ to (IVP) and

hypothesis (ii), we have
m m
> ngi(xo) < Z 1 g5 (7). (6)
i=1 i=1

m
From the assumption that ) p;g; is invex with respect to n at z*, we have
j=1

m m m
Z,ujgj(a:o Zu]g] ) > n(zo, x Z,ujwj, YV w; € 0gi(z*), j=1,2,...,m,

which together with the inequality (6), yields

n(zo, ZMJ“’J <0. (7)
On adding (5) and (7), we get
m
n(xo,z*)T (€08 + %0V + ) pjw;) <0,
j=1
which contradicts (3). Therefore z* is a LU optimal solution to (IVP). This completes

the proof. 0

Theorem 3.2. (Sufficiency). Let x* € A be a feasible solution of (IVP). Assume that

there exist scalars 0 < ¢, ¢V € R cmd 0<u; eR, j=1,2,...,m such that
(i) 0 € ELOFL(a*) 4+ VOFU (2* +Zﬂjag] ),

(1) Mjgj(l'*) =0,7=12,.

(iii) ELFL + EVFY s pseudo-inver and Y pjg; is quasi-invex with respect to same 1 at
j=1

z*.

Then z* is a LU optimal solution to (IVP).

Proof. By hypothesis (i) it is clear that there exist some v’ € FL(z*), vV € OFY(z*)
and w; € 0g;j(z*), for each j = 1,2,...,m such that
m
ELUL+£UUU+Z/ijj =0. (8)
j=1
Suppose, contrary to the result that z* is not a LU optimal solution to (IVP). Then there

exists a feasible solution zg € A, such that

F(wo) <LU F(l'*)



That is,

FE(zg) < FL(x¥) F(zg) < FL(x¥) FL(zg) < FL(x¥)
FU(zo) < FU(z*) | FU(zo) < FV(@*) | FYU(z0) < FU(z")

Since ¢F >0, €Y > 0, we can write the above inequalities as
8 F (o) + €V FY (x0) < €M F"(a") + €"FY (),
which together the pseudo-invexity of ¢LFL + ¢UFV with respect to n at z*, gives
n(xg, x) T (ol + eY0Y) <0, Vol e dFF(2*), VU e aFY (). (9)

On the other hand, since p; > 0, j = 1,2,...,m from the feasibility of z¢ to (IVP) and

hypothesis (i), we have

m
ZMJQJ z9) < ZM;QJ

m

The above inequality together with the assumption that ) uj;g; is quasi-invex with
j=1

respect to n at x*, yields

n(xo, x Zu]w] <0. (10)

On adding (9) and (10), we get
m
n(wo,z*)" (€"M0" + %0V + ) pjwy) <0,
j=1
which contradicts (8). Therefore z* is a LU optimal solution to (IVP). This completes

the proof. ]

4 Wolfe-type duality

In this section, we consider the following Wolfe-type dual problem:

(IWD)  max F(y)+ > 1igi(y)
subject to
0 e cLaFt(y) + YOFY (y) + Z 1109, (y (11)
>0, V>0, 4; >0, j=1,2,...,m, (12)

where F(y) + 3 pig;(y) = | F L(y) + > 139;(v): FU(y) + > #i9;(y) | is an interval-
J= J= J=

valued function.



Definition 4.1. Let (y*,&*F, &V 1% be a feasible solution of dual problem (IWD). We

say that (y*,{*L, ev, w*) is a LU optimal solution of dual problem (IWD), if there exists

o (y, &%, &Y, u*) such that F(y*) + Zlﬂjgj(y*) <wv F(y) + Zlujgj(y)-
Jj= Jj=

Now, we establish the following weak, strong and strict converse duality results in

order to relate the feasibility of (IVP) and (IWD).

Theorem 4.1. (Weak duality). Let x and (v, €Y, 1) are the feasible solutions to (IVP)

m

and (IWD), respectively. Assume that F and ) p;g; are invex with respect to same 1 at
i=1

y with €£ + €YV = 1. Then

F( > LU F ‘|‘ Zﬂjgj

Proof. From (11), it is clear that there exist v* € OF(y), v¥ € OFY(y) and w; € dg;(y),

for each j = 1,2, ...,m such that

m
¢hol + %Y 43 pjw; =o. (13)
j=1

Now, suppose contrary to the result that

That is,
FL(z) < FL(y) + i 1395 (y) FL(@) < FL(y) + Y 15(y)
FU@) < FU) + 2 mosw) | U < FU)+ 3 mas(w)
Fl(z) < FE(y) + f)luggg(y)
or I .
FU(z) < FY(y) + Zlujgj(y)
p

Since £ > 0, €Y > 0 and ¢4+ ¢V = 1, the above inequalities together with the feasibility
of = to (IVP) gives

m
¢hFH () + U FY () + Zu;gg ) <& FR) + UFY(y) + ) migily).  (14)
From the assumption that F' is invex with respect to n at y, we have
Fl(a) = FH(y) = n(z,y)"0", vl e dFt(y),

10



FU(x) = FY(y) = n(a,y)™", Vo € 9FY(y).
The above inequalities together with the positivity of £~ and &V, gives
EMFE(x) — € FH(y) 2z, )T et Vol € OFH(y), (15)
UFY () = €TFY(y) > n(a,y)"e"0Y, v o € OFY(y). (16)
Further, using the invexity of in:l p;g; with respect to n at y, we get
j=

> owigi(x) =Y wigi(y) = nlwy)" Y pwy, Y w; € 0giy), j=1,2,om. (17)
j=1 j=1 =1

On adding (15), (16) and (17), we obtain

(ELFL(@) + €UFU(x) + 3 ig;(w)) — (ELFL(y) + VRV (y) + i 1595 ()

Jj=1 Jj=

> n(z, )" (0" + TV 1> pwy).

j=1
The above inequality together with (14), yields
m
n(z,y)T (o8 + 0%+ pw;) <0,
j=1
which contradicts (13). This completes the proof. O

Theorem 4.2. (Strong duality). Let x* be a LU optimal solution to (IVP) and suitable
constraint qualification is satisfied at x*. Then there exist & >0, €V >0 and p* > 0,
such that (z*,&% U 1) is a feasible solution to (IWD) and the two objective values
are equal. Further, if the hypothesis of weak duality Theorem 4.1 holds for all feasible

solutions (y*, €L, &V u*). Then (z*,&F, 6V u*) is a LU optimal solution to (IWD).

Proof. Since z* is a LU optimal solution to (IVP) and suitable constraint qualification is
satisfied at x*, then by Theorem 2.1 there exist scalars {*L > 0, §*U > 07,u; >0, 5=
1,2,...,m such that

m

0€&tort(a) + &VorY (@) + > idg;(x"),
j=1
wigi(z*) =0, j=1,2,...,m,

which yields that (z*,&*L, &Y, 1*) is a feasible solution to (IWD) and corresponding
objective values are equal. Let (x*, el U, ") is not a LU optimal solution to (IWD),

then there exist a feasible solution (y*,&*L, ¢*Y, 1*) to (IWD) such that

F(z*) <pu F(y*) + > wigi (),
j=1

11



which contradicts the weak duality Theorem 4.1. Hence (z*, & «L exU ") is a LU optimal

solution to (IWD). O

Theorem 4.3. (Strict converse duality). Let x* and (y*, &L, &V, 1u*) are the feasible

m
solutions to (IVP) and (IWD), respectively. Suppose that F' is strictly-invex and i g;
j=1
1s invex with respect to same 1 at y* and

*xL «U *L «*U

FERM ) + ¢V FY (o +Zujgj ) <EFFM Y + ¢V FY(y +Zu]gg - (18)
Then x* = y*.
Proof. From (11), it is clear that there exist some v € OF%(y*), vY € OFY(y*) and
wj; € 0g;(y*), for each j =1,2,...,m such that

S*L’UL *U U + Z:U’]wj —0. (19)

Now we assume that x* # y* and exhibit a contradlctlon. Using the strict invexity of F

with respect to n at y*, one of the following is satisfied

FL(:E*) _ FL(y*) > 17(:E*,y*)TUL FL(:L‘*) _ FL(y*) > n(:x*,y*)TvL
M Or )
FU(x*) = FY(y*) > n(a*, y*) "oV FU(z*) = FY(y*) > nz*, y*)"oY

FL Tt _FL ) > ’ T,L
or @) = FH) > @y L aptey. v o € 9FY ().

FU(JJ*) _ FU(y*) > n(a:*,y*)T’UU
Since ¢*' >0, ¢V > 0, we can write the above inequalities as
(&P Fh @) + &V FY (@) — (EPFR ) + €V FY(yY) > n(a®, y) T (o 4+ ¢V,

On the other hand, using the invexity of Z ,u]g] with respect to n at y*, we get
=

m m m
D o w5gi(x) = > wrgi(y) = (et y")T Y phwy, ¥ w; € 0g;(y).
j=1 j=1 j=1

Combining the above two inequalities, we obtain

(€ LFE () + VPV () + 32 ig;(a7)) — (€L FE(™) + €VFU(y) + 3 wig;(y"))

j=1 j=1
> n(a, v (e ol + eV 4 ZMJU}J
The above inequality together with (19), gives
ErFH @) + VY (") + Z wigi(a®) > &Py + T FY (y7) + i w595,
which contradicts (18). This completes the proof. O

12



5 Mond-Weir type duality

In this section, we consider the following Mond-Weir type dual problem:

(IMWD)  max F(y) = [F"(y), FY(y)]
subject to
0 € g"OF (y) + "OFY (y) + > 1095 (y), (20)
j=1
> 1igiy) =0, (21)
j=1
>0,V >0, 4; >0, j=1,2,....,m. (22)

Definition 5.1. Let (y*, &%, &V, 1*) be a feasible solution of dual problem (IMWD).
We say that (y*, €L, &Y 1*) is a LU optimal solution of dual problem (IMWD), if there
exists no (y, &L, €Y, u*) such that F(y*) <pu F(y).

Now, we establish the following weak, strong and strict converse duality results in

order to relate the feasibility of (IVP) and (IMWD).

Theorem 5.1. (Weak duality). Let x and (y,&5, €Y, 1) are the feasible solutions to (IVP)
and (IMWD), respectively. Assume that E¥FL + €UFU s pseudo-invex and " pjg; is
=1

J
quasi-invex with respect to same n aty. Then

F(x) >rv F(y).

Proof. From (20), it is clear that there exist v* € OFL(y), v¥ € OFY(y) and w; € dg;(y),

for each j = 1,2, ..., m such that

eyl 4 eVl 4 Z piw; = 0. (23)
j=1

Now, suppose contrary to the result that

F(.’L’) <LU F(y)

That is,
Fl(z) < FE(y) Fl(z) < Fl(y)
FUa) < FUGy) | FU@) < FU(y)

13



Fl(z) < FE(y)
FU(z) < FU(y)

Since £F > 0, €Y > 0 the above inequalities can be written as
EFFH(x) + €FY (2) < €FFH(y) + €V FY (y).

The above inequality together with the assumption that éXFL + ¢V FU is pseudo-invex

with respect to n at y, gives
n(z, )T (ol +eY0Y) <0, Yol e dFE(y), voU e dFY(y). (24)

On the other hand, from the feasibility of z and (y, &%, &Y, 1) to (IVP) and (IMWD),

respectively, we obtain

> pigi() < pigi ).
j=1

m
The quasi invexity of ) pj;g; with respect to 1 at y together with the above inequality,
j=1

yields

n(z,y)" Y pjw; <0,V w; € dgi(y). (25)
j=1

On adding (24) and (25), we obtain

n(x,y)" (80" + %0V +) " pjw;) <0,
=1

which contradicts (23). This completes the proof. O
Theorem 5.2. (Strong duality). Let x* be a LU optimal solution to (IVP) and suitable
constraint qualification is satisfied at x*. Then there exist & >0, €V >0 and p* > 0,
such that (x*, €L &V %) is a feasible solution to (IMWD) and the two objective values
are equal. Further, if the hypothesis of weak duality Theorem 5.1 holds for all feasible

solutions (y*, €L, &V u*). Then (z*, &L, &Y, 1u*) is a LU optimal solution to (IMWD).

Proof. Since z* is a LU optimal solution to (IVP) and suitable constraint qualification is
satisfied at z*, then by Theorem 2.1 there exist scalars &% > 0, &V > 0, w; =0, 7=

1,2,...,m such that

0e & FoFL(z*) + e VaFY (z¥) + Z,uj-agj(x*),
j=1

14



M;gj(x*) = 07 ] = 1727 AU
which yields that (z*,&*L &V ;%) is a feasible solution to (IMWD) and corresponding

objective values are equal. Let (z*, "L, ¢*Y, 1) is not a LU optimal solution to (IMWD),

then there exist a feasible solution (y*,&*L, &*V %) to (IMWD) such that

F(z%) <wv F(y°),
which contradicts the weak duality Theorem 5.1. Hence (z*, &%, &*V, i*) is a LU optimal
solution to (IMWD). O

Theorem 5.3. (Strict converse duality). Let z* and (y*, &L, &V, 1u*) are the feasible
solutions to (IVP) and (IMWD), respectively. Suppose that €*LFL + eUFU s strictly
m

pseudo-invex and Zluj-gj is quasi-invex with respect to same n at y* and
‘7:

g*LFL(l'*) + §*UFU(x*) < §*LFL(y*) + §*UFU(y*) (26)
Then x* = y*.
Proof. From (20), it is clear that there exist some v € OFL(y*), v¥ € OFY(y*) and
w; € 0g5(y*), for each j =1,2,...,m such that

eyl 4 Uyl 4 Z piw; = 0. (27)
j=1

Now we assume that x* # y* and exhibit a contradiction. Since w; =20, 5=12..m
from the feasibility of z* and (y*,&*%,6*U, u*) to (IVP) and (IMWD), respectively we

obtain
m m
> wrgiat) < iy,
j=1 =1

m
which together with the assumption that »_ 14795 is quasi-invex with respect to 1 at y*,
j=1
yields

(@, y*) Y pwiw; <0,V w; € dg;(y).
j=1
By (27) and the above inequality, we get
n(z*,y) (PP + ¢ %0Y) > 0, Vot € OF (y"), VU € OFY (y).

The above inequality together with the assumption that &7 FL4-£*V U s strictly pseudo-

invex with respect to n at y*, gives
f*LFL(:U*) + é.*UFU(x*) > §*LFL(y*) +§*UFU(?/*)7
which contradicts (26). This completes the proof. O

15



6 Lagrangian function and saddle-point analysis

In this section, we define the real-valued Lagrangian function for interval-valued opti-

mization problem (IVP) as follows:
L(z, "7, p) = €"F (2) + €"FY(2) + ) pjg(w), (28)
j=1

where z € X, ¢X >0, EUEO,MERT.
Now we define a saddle-point of L(z, &%, €V, 1) and study its relation to the problem
(IVP).

Definition 6.1. Let &L > 0 and €V > 0 be fized. A point (z*,&F 6V pu*) € X x
Ry x Ry x R is said to be a saddle-point of the real-valued function Lz, &%, &Y ) if it

satisfies the following conditions
L(a", &, &Y p) < L, &5, 7 07) < Lia, &7, 67 ), (29)
VeelX, VueRY

Theorem 6.1. Let &L >0, ¢*V > 0 be fized and (z*, &%, 6%V, 1*) is a saddle-point of

L(z, &%, €Y ). Then x* is a LU optimal solution to (IVP).

Proof. Suppose, contrary to the result that z* is not a LU optimal solution to (IVP).

Then there exists a feasible solution x € A, such that

F(l’) <LU F(.T*)

That is,
Fl(z) < FI(x*) Fl(z) < Fl(z%) Fi(z) < Fl(x¥)
FU(z) < FU(z") FU(z) < FU(z") FU(z) < FU(z")

Since &' > 0, €U > 0, the above inequalities gives
g*LFL(IIZ) +§*UFU(IL’) < f*LFL(x*) +§*UFU(IL’*) (30)
As (z*, L U 1) is a saddle-point of L(z, 5 €Y, 1) from (29), we have
L(ﬂj*,f*L,g*Uaﬂ) < L(l'*,g*L,f*U,,Uz*),

e Y pigi(a) < pigi(a). (31)
=1 j=1
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Setting (/Ile/L?a ey Bg—15 By Hj+1, ,,Mm) = (:wfuuéa -'-7ﬂ;717f‘*j + lvﬂ*j+17 7”?71) in the
inequality (31), we obtain

gi(z*) <0, j=1,2,..,m,

which shows that z* is a feasible solution to (IVP).

Since p* € R, from the above inequality we have
pigi(x*) <0, j=1,2,....,m.
Again setting p1; =0, j =1,2,...,m in the inequality (31), we obtain
pigi(x*) >0, j=1,2,....,m.
Therefore from the above two inequalities, we conclude that
pigi(x*) =0, j=1,2,....,m. (32)

On the other hand, since (z*,&*F, &V, %) is a saddle-point of L(z, &5, €V, 1) from (29)

we also have

L(LB*, f*L, é—*U7 N*) < L(CC, f*L, g*U’ ,U/*)7
i.e. ﬁLFL@ﬁ%+€UFU@ﬁ%+§éNﬁU@ﬁ)Sfﬂqﬂfﬂ-%gUFU@)+jiuﬁh@)
— —
Now by using the feasibility of x tjo (IVP) and (32), we have from the abolee inequality
f*LFL(IE*) + f*UFU(IL‘*) < g*LFL(IL‘) + g*UFU(x)’
which contradicts (30). This completes the proof. O

Theorem 6.2. Let z* is a LU optimal solution to (IVP). Assume that there exist
scalars 0 < &1 &V e R and 0 < u; ER, j=1,2,....m such that

(i) 0 € &LOFL(2*) + ¢ VOFY (z*) + zm:u;fagj(x*),

(i) Hg5(a") =0, j =1.2,.com. =

(iii) F and Z,u;‘»gj are invex with respect to same n at x*.

j=1
Then (z*, 6L, &V, 1*) is a saddle-point of L(xz, &%, €V, ).

Proof. By hypothesis (i) it is clear that there exist some v™ € FL(z*), vV € OFY(z*)

and wj € dg;(z*), for each j = 1,2, ..., m such that

m
el e Uyl 4 Z piw; = 0. (33)
j=1
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From the assumption that F' is invex with respect to n at «*, we have
FL(z) — FE(2*) > n(x, o) Tol, Vol e FE(z"),
FY(z) — FY(z*) > n(z,2*)T0Y, VvoU € oFY ().
Since £*F > 0 and £*Y > 0, we get
E*LFL(;E) _ E*LFL(x*) > n(x,a:*)Tf*LvL, v ol € 9FE(zY),
VU (z) — eVFU (2%) > n(z, 2))TeVV, V¥ € OFY (2%).
m

From the assumption that > ,u; g; is invex with respect to 7 at z*, we have
j=1

m
Zlujg] Z/’ng] >77~’U517 Z,u]w], ijeag]( ) j:1727"'7m
=1

7=1

Combining the above three inequalities, we get
m

(EEF @)+ &V FY (2) + ) wig(@)) - EFFh @) + eV FY () + Zujgg

> n($,$*)T(§*LUL + g*U,UU 4 Zﬂ;wj)7
j=1
which together with (33), yields

m
EERM ) + &V FY (%) + Z wigi(@*) < &PFH ) + VY () + ) igs(a)
Hence, we have
L(a®, &7, e w) < L, ", ¢V ). (39)
On the other hand, since o € R from the feasibility of z* to (IVP) we get

By using (35) and the hypothesis (4i), we obtain

(', &, p) < L(a", 5,67, ). (36)
The relation (34) together with (36) shows that, (z*,&*L, ¢*V 1u*) is a saddle-point of
L(:B7£L7£U7ILL)' D

Theorem 6.3. Let z* is a LU optimal solution to (IVP). Assume that there exist

scalars 0 < &1 eV e R and 0 < u;-‘ eER, j=1,2,....m such that

m

(i) 0 € &LOFL(x*) + ¢V OFY (2 +Z 1059g; ("),
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m
(i) ELFL 4+ ¢ URU 4 Zu}fgj is invex with respect to n at x*.
j=1
Then (z*, &L, &Y 1i*) is a saddle-point of L(x, &, €Y, p).
Proof. By hypothesis (i) it is clear that there exist some vZ € FL(z*), vV € OFY(z*)

and wj € dg;j(z*), for each j = 1,2,...,m such that

m
elot eVl 4 Z,u;‘-wj = 0.
j=1

m

The above inequality together with the assumption that &*VFL 4+ ¢V FU 4 Z w;g; is
j=1

invex with respect to n at x*, gives

=1 i=1

Now the proof is similar to that of Theorem 6.2. This completes the proof. U

7 Conclusion

In this paper, we have discussed optimality conditions for nondifferentiable interval-valued
programming problem under the invexity assumption. Weak, strong and strict converse
duality theorems are presented for two types of the dual models. Moreover, we derived
some saddle-point type optimality conditions. It will be interesting to obtain the op-
timality and duality theorems under generalized invexity assumptions. Furthermore, it
will also be interesting to see whether the results for a class of nonsmooth interval-valued
programming problems presented in this paper hold for mixed type dual. This will orient
the future research of the authors.
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