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Abstract: In this paper, an initial boundary value problem for a system of semi-linear
hyperbolic equations with damped term in a bounded domain is considered. We prove
the global existence,uniqueness and blow up of solutions and give some estimates for the
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1 Introduction

In the paper, we study the behavior of local solutions of the following super-linear hyper-
bolic equations with (possibly strong) damping

et — A — WAUR + puge + fo(u) = aglup|P 2w, in [0,T] x Q
u(0.2) = p()  w(0.2) = () in © k=12 ()
u(t,z) =0 on [0,T] x 092

where ) is an open bounded Lipschitz subset of R* (n > 1),7 > 0, u = (uy,usy) is
unknown, a is constant and ay > 0, p > 2, fr is a known continuously differentiable
function . We study the behavior of solutions to (1) in the phase space H}(2) x H}(Q).
Since stationary solutions play a crucial role in the description of the evolution of (1),
several tools from critical point theory turn out to be quite useful for our purposes.

In particular, we consider the mountain pass energy level d (see [1]), the Nehari man-
ifold N (see [20]) of the stationary problem associated to (1) and the two unbounded sets
Ny (inside N ) and N_ (outside N ). All these tools are defined in detail in Section 2.
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A first attempt to tackle it with these tools was made by Sattinger ( [26]) who developed
the so called potential well theory in order to study the problem with no damping (that is
w = p = 0). In the wave equation blow-up literature, there have been significant progress
made by Merle and Zaag [17,18] and [19] for the semilinear wave equation

uy = Au+ |uPtu

where p > 1and p < 1+ ﬁ if N > 2. Subsequently, equations with damping terms have
been considered by many authors. For equations with (possibly nonlinear) weak damping
we refer to ( [8] [21] [22] [24] [29] [30]). Much less is known for equations with strong
damping; see the paper( [9] [12] [23] [27]), but still many problems remain unsolved. It is
our purpose to shed some further light on damped wave equations of the kind in both the
cases of weak (w = 0) and strong (w > 0) damping. As recently done by the first author
in ( [7] [9]), we will exploit further the properties of the Nehari manifold. However we
mention that, by exploiting a completely different method, the existence of solutions with
arbitrarily high initial energy has been also obtained in ( [11]) for weakly damped wave
equations on the whole R". Cazenave ( [2]) proved bounded-ness of global solutions for
w = p = 0 while Esquivel-Avila ( [5] [6]) recovered €h¢ same result for w = 0 and p > 0
and showed that this property may fail in presence of a nonlinear dissipation term.

Motivated by the papers ( [3] [4] [9] [13] [15] [16] [31]), in the present paper we con-
sider problem (1). We shall discuss the existence, uniqueness and blow-up properties of
solutions in for a system (1) in a bounded domain €2 in R”. The method mainly used here
are the Galerkin method(see [14]), the fixed point method, the potential well method and
the concave method.

The paper is organized as follows. In section 2, we first recall the notations used
throughout this paper and the main assumptions. In section 3, we present the main
result of the paper. From section 4 to 6, we provide the proofs of the results.

2 Notations and assumptions

First we give the notations used throughout this paper. Let W9(2) be the usual Sobolev
space and its norm is denoted by || - |- Specially, W™2(Q2) and W%4(Q2) will be marked
by H™(€2) and L%(2), respectively. Moreover, the norm of L9(€2) is denoted by || - ||, and
when ¢ = 2, the corresponding norm will be written as || - || simply.We denote by (-, ")
the inner product of L?*(Q). It is well known that Hj(f2) is the closure of C5°(2) with
respect to the norm |ullzz = [[Vul|. Let X be a Banach space, then L?([0, 7], X) and
Ck([0,T], X) stand for the Banach space of the strongly measurable X-valued functions
u: [0,T] — X with [Ju(-)||x € L%[0,T]) and C*([0,T7]), respectively, where k > 0 and
| - [|x is the norm defined on X.

Moreover, we denote by (-, -) the duality pairing between H'(Q2) and H}(2). When
w > 0 (resp. w = 0) for all v,w € H}(Q) (resp. for all v,w € L*(Q)), we put
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(0,0), = w / VoVt p / vw, [[olls = (v,0)2;
Q (9]

| - ||+ is an equivalent norm over H}(Q) (resp.L?*()).

We may consider the C! functionals Iy, Jy, : Hy(Q) — R defined by

1 Qe
Ie(w) = [[Vull; —axllullf - and  Ji(u) = S| Vull; - ?HUHZ
The mountain pass value of Jj (also known as potential well depth) is defined as

dp = inf  max Ji(\u)

ueHY ()\{0} A0

All nontrivial stationary solutions belong to the so-called Nehari manifold (see [20]
and also [28]) defined by

Ni = {u € H}(Q\{0} : I1(u) = 0}.

It is easy to show that each half line starting from the origin of HJ(f2) intersects
exactly once the manifold @and that @separates the two unbounded sets

Niy = {u € HQ) : Iu(u) > 0} U {0}

Noo = {u € HSQ) : Iu(u) < 0} U {0}

We also consider the (closed) sub-levels of @

J¢={u € H(Q) :§ a} (a€R)

and we introduce the stable set W}, and the unstable set U defined by

We=JON, and U,=JiNN,_

ere d = min{d;, ds}, d is the mountain pass level.

It is readily seen (see [28]) that the mountain pass level dj, may also be characterized

as

Finally, we consider the energy functional F(t)
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2

1 a
Z ke (1) + —HVung—;kHukHZ)Jr/QF(U(t))dw-

k=1
where F'(u / flsqus—l—/ f2(0,s)d

8f1 = (9f2 hold, then
8u2 (51
—I—Z ||ukt )|12dr = E(s), 0<s<t<The (%)
k=1""%
Define

S ={u]ueC0,T], Hy())NC* ([0, T], L*())NC*([0, T], HH(Q)), ue € L*([0,T], Hy(2))}

Definition 1. A function u = (uy,us) is called a weak solution of the initial boundary
value problem (1), if ug(z,t) € S for k = 1,2, and satisfy

(ttere, m) + /Q Vur(t)Vn +w /Q Vg (t)Vi + /Q u(t)n + /Q fre(u)n = /Q aklue P ugn

holds for Vn € H}(Q2) and a.e.t € [0, 7]

Now we make the following assumptions.

(A1)

p(2) = (01(2), 2(x)) € Hy(Q) x Hy(Q),¥(2) = (¥n(x),¥2(x)) € L*(Q) x L*(Q)  (2)

w>0,p0>—wh (3)

A1 being the first eigenvalue of the operator —A under homogeneous Dirichlet bound-
ary conditions.

(A2)
2
n w>0
2<p< gn_—22 ifn>3, and 2<p<oo, if n=12. (4)
w=20
n—2
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(A3) fr. : R*> — R is continuously differentiable such that for each u = (uy,us) €
H(Q) x HYNQ), upfr(u) € LYQ), k= 1,2, F(u) € L'(Q).
(Ad) fr: H}(Q) x HY(Q) — L*(Q),k = 1,2, satisfies a local Lipschitz condition, i.e.,
for any § > 0, there exists a positive constant C'(d) such that
1fe(u) = fe()]| < C(6)lw — vl g xmy for u,v € Hy x Hy with
[ell gy <0, N[0l gy <0
o5 _ s,
Ouy  Ouy
(AG) Ulfl + U2f2 Z F(U) Z 07VU17U2 € R.
(A7) There exists a positive constant ny > 1/p such that

1
max{uy f1 + us fo,0} < n—F(u),Vul, us € R.
0

(A5)

Remark1: consider a particular problem (1)in R"(n < 3) with fi(uy,us) = yuju3,
fo(uy, uz) = yu2usy, 7y is a constant. If v > 0, we see that f; and F satisfy the assumptions
(A2-A6). Moreover let ng = }1, take p = 3 whether n < 2 or n = 3, we see that p, f; and
F satisfy assumptions (A2-A5) and (A7).

3 The main results

Theorem 1. Let the assumptions (A1)-(A5) be fulfilled. Then problem (1) admits
a unique weak solution (uj,us) defined on [0,7,,.), and at least one of the following
statements is valid:

(1) Tnaz = 0]

(2) Thnaz < 00, and

2
lim Y flue ()15 + | Va3 = o0
k=1

t—=Tmax

B+ / lage(7) 2 = E(0)
k=170

Definition 2. Let T),4, = sup{7 > 0: v = v(z,t) exists on [0,7)}. If Ty < 00, we say
that the solution to (1) blows up and that 7, is the blow up time. If T},,, = 0o, we say
that the solution is global.

Theorem 2. Assume that (A1)-(A6) hold and let (u1,us) be the unique local solution
to (1). In addition, assume that there exists ¢ € [0, T},q.) such that

ur(t) € Wy and E(t) < d.



where d = min{d;, dy}. Then T}, = 0o . And for every ¢ >,

O(w, 1)
t

IVur(®)3 + llur ()]l <

where

C.l+1+w) w>0
Cl+,+n) w=0

O(w, p) = {

and C' is independent of p , whereas C, only depends on p.

Theorem 3. Let the assumptions (A1-A5) and (A7) hold. If 11 (1) < 0 and Ix(¢2) < 0,

E(0) < min{dy, ds}. Then the solution (u,us) blows up in finite time, i.e., there exists
such that

2

Tim S [luse(8) 2 + [ (1) 2] = oo

k=1

and an upper bound for [[},,.|is estimated

Tmam S

s (00 60190l 4078 3 loul] 10l 20000, 000}

2

where 3 = 23 di — E(0)), 0 = 1%2.
k=1

4 Proof of Theorem 1

In the paper, we restrict ourselves to the case w > 0, u # 0 and n > 3.

For a given T' > 0, consider the space H = C'([0,T], H3(2))NC ([0, T, L*(£2)) endowed
with the norm

UIVu@)l; + lu®)l13)

2 _
lull = max
Lemma 4.1. Forevery T > 0, every f € H and every initial data (p,1) € H}(Q)x L*(Q),
1

S
there exists a unique v € H N C%([0,T], H*(Q2)) such that v; € L*([0,T], H}(2)) which
solves the linear problem
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— Av — wAv + pvy = f(t,x)  in [0,T] x Q

v(0,2) =p(x)  w(0,2) =¥(x) inQ (6)
v=0 on [0,T] x 092

Proof: For every h > 1, let W), = Span{w,...,w,}, where {w;} is the orthogonal
complete system of eigenfunctions of —A in H} () such that ||w;||2 =1 for all j. Then,
{w,} is orthogonal and complete in L?(Q) and in H, 1(Q) denote by {\;} the related

eigenvalues. Let ¢"(t) = / VeVw,)w; and " (t) = / Yw;)w; so that " € W,

Y€ Wy, gph—>g01nH1( )andwh—mme%Q) ash—>oo. For all h > 1 we seek h
functions 47, - -+ ,y® € C?[0,T] such that

w(t) = Y () @
solves the problem
Jolin(t) = Avn(t) — wAin () + pon()lnde = [, £(t,2)n(e)da .
Uh(o) = <Ph o (0) = ¥"

for every n € Wy and ¢t > 0. For j =1,--- , h, taking n = w, in (8) yields the following
Cauchy problem for a linear ordinary differential equation with unknown yj’? :

FI(E) + (WAj + ) A(E) + Xy (t) = 5(t) ()
7= Jopwide A7 = Jodwide
where W, ( / f(t, x)wj(x)dx € C[0,T]. For all 5, the above Cauchy problem yields

a unique global solution 4 € C?[0,T]. In particular, (7) implies that 0,(t) € Hj(€2) for
every t € [0,T] so that Sobolev inequality entails

—9
lonllar < C||Vin|la, where 2% = %
integrating over [0,¢] C [0, 7], we obtain

, for every ¢ € [0, T). Taking n = ¥y, into (9), and

IV oI+ on (]2 +2 / lon(r)I2dr = VP |2+ [ |2 +2 / / f(ry 2yin(r)dr (10)



for every h > 1. We estimate the last term in the right-hand side thanks to Holder,
Sobolev and Young inequalities

//fovh dT<CT+/th VI2dr (1)

Recalling that from (10) and (11) we obtain

ol + [ len(r)ar < o)
for every h > 1, where C(T') > 0 is independent of h. By this uniform estimate and using
(8), we have:
{vn} is bounded in L>®([0,T], H}(Q2))
{0} is bounded in L*°([0, T, L*(2)) N L*([0, T], H} (2))
{} is bounded in L?([0,T], H*(2))

Therefore, up to a subsequence, we may pass to the limit in (8) and obtain a weak
solution v of (6) with the above regularity. Since v € H'([0,T], H}(Q2)), we get v €
C([0,T], H (Q)). Moreover, since v € L*([0,T], L*(©2)) N L*([0,T], H} () and © €
L3([0,T], H(Q)) ,we have v € C([0,T1], L*(Q)). Finally, from (6) we get © € C'([0,T], H ().
The existence of v solving (6) is so proved.

Uniqueness follows arguing for contradiction: if v and w were two solutions of (6)
which share the same initial data, by subtracting the equations and testing with v; — wy,
instead of (10) we would get

IVo(t) = Vu@)ll; + llv(t) — w5 + 2/ lve(r) = wi(7) || 2d7 = 0

which immediately yields w = v. The proof of the lemma is now complete.

Take (p, ) satisfying (2), let R? = 2(||Vyl||3 + ||¢]|3) and for any 7' > 0 consider

r={ue H:u(0) =p,u(0) =10 and ||ul|lg < R}

By Lemma 4.1, for any v € I'r x I'r, we may define v = ®(u), being v the unique
solution to problem

(Vpte — Avp — WAV + poge = ag|ugP2ug, — fr(u) in [0,T] x Q
v(0,2) = p(x)  v(0,7)=Y(x) in Q k=12, (12)
u(t,z) =0 on [0,T] x 0%2



We claim that, for a suitable 7" > 0, ® is a contractive map satisfying
O(T'r x ') CT'p x Ty, Given u € T'y, the corresponding solution v = ®(u) satisfies for
all t € (0,T] the energy identity :

t

IVoe @113 + lowe @13 + 2/ lvre (7) 2

t 0 t
= Vel + 2+ 2 / / felwyou(r)dr + 2 / / ol P2 (7)dr
0 Q 0 Q

For the last term, we argue in the same spirit (although slightly differently) as for (11)

and we get
/ /ak|uk|p UV (T )dT<C’/

<C/ lwg||P~ v ||odr < CTR*P~D +2/ |vs||2d7

(13)

2*

(14)

and

Q/Ot/ka(U)'Ut(T)dT < O/Ot | £ () ||2 || (7) || 2d7 < CRT+2/OT|’Ut||id7—

for all ¢t € (0,7]. Combining (13) with (14) and taking the maximum over [0, 7] gives

1
[0l < §R2 L OTRXPD

Choosing T sufficiently small, we get

[vlfrm < R
which shows that ®(I'y xI'y) C I'r x I'y. Now,take wy and wq in I'r x I'p. subtracting

the two equations (6) for v; = ®(w;) and vy = $(ws), and setting v = v; — v9 we obtain
for all n € H}(Q) and a.e. t € (0,7

(Vke, ) /Vvk VT]"‘W/VUM V77+,U/Uk(t)77

(15)
/%(Wlk’p Ulk—|02k\p U2k /fk Ul fk 02) )
Q

by Lagrange Theorem and (A4). Therefore, by taking n = vy in (15) and arguing as
above, we obtain



1@(ws) = @(w) [ = 0l < CRPTTwy — wallfyun < Ollwr — wallfrn

for some 6 < 1 provided T is sufficiently small. This proves the claim. By the
Contraction Mapping Principle, there exists a unique (weak) solution to (1) defined on
[0, T].

Exploiting a standard continuation principle (see [25]), and multiplying by ug; both
sides of (1) and then integrating by parts over [0,¢) x €, by use of the assumptions
(A1) - (A5), we get that Theorem 1.

5 Proof of Theorem 2

In the following we consider the case w > 0. Without loss of generality, we may assume
that ¢ = 0. we know that the energy map E(t) is decreasing. Then, if condition

u(t) € Wy and E(t) <d (16)

holds true, we have uy(t) € Wy and E(t) < d for every t € (0,7},4,). Indeed, if it
was not the case, there would exist ¢, > 0 such that . By the variational
characterization of d, d < Ji(ux(t.)) < E(t.) < d, a contradiction to (16). As a further
consequence of (16), a simple computation entails

Tolug(t)) > %uku% (17)

for every t € (0, Thnqz), For all t € (0, T)4z) by (*) we obtain
2

1 t
> sl + Aus(t) + [ llwa(r)ldr = BO) < d < o0
k=1 0

Therefore, by virtue of (17) the Continuation Principle yields T,,,, = oo and

2
D IVukll3 + lluel3 < C 9t € [0, 00)

k=1

2 t C
Z/ | Ve (1) ||2dr < — Vte[0,00) (18)
k=10

Hence, by Poincaré inequality, we get

10
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t
C
/ lure(7)||3dT < —  for every t € [0, 00)
0 w
We integrate over [0, ]

d
dt

and that by (see [10]) there holds

—(L+DEQR) < EQ)

Ji(ur(t)) < Cli(ui(t))  for every t € [0,00)

we reach the inequality
2 t
(1+t)E(t) < d+ / |t (7)]|2 d¢+02/ | 2 (e (7)) || dr
k=170
for every ¢t € [0,00). Observe also that, by direct computation, there hold

d
(i w) = 5 [ e =

for a.e. t € [0,00). Moreover, by testing the equation with wuy, we obtain

(e, 1) + [Vl + (s + / feun = axllul?

for a.e. t € [0,00). Using (21), this yields

2

d
> [ wan+ Sl + [ P Z Jusl3 — 7o)

k=
By integrating (22) on [0,¢] and by (18) and (19), we have

>—‘

WE

t 2 t
/ fk<uk<f>>dfs2 / lasell? + onllaliel + asellalleaella
0

C
(lgll? = Iluxll?) / / wizdt < 0+ < 4w

i
I

_|_

DN | —

for every t € [0,00). Then, by combining the above inequalities, from (20) we get

1 1
E(t)<C(l1+4 — +w)¥ for every t € [0, 00)
w

11

(19)

(20)

(21)
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Consequently, by (17) we immediately obtain

O(w, )

IV (@)llz + llure(D)llz <
where O is the map defined in (5).

for every t € [0, 00)

The proof in the case w = 0 (and p > 0) is similar and follows by obvious modifications
of inequalities (19) and (23).

6 Proof of Theorem 3

Lemma 6.1. Suppose that F(s) > 0 with s = (s1, s9) € R' x R!. Let (uy, us) defined on
[0, T}naz) be a weak solution of problem (1). For each t € [0, T}42)

If for all k € {1,2}, I1(ux(t)) > 0, then
p 2. p—2 2
> Ti(uk(t)) > Z—HVuk M= Z—HVuk( N° < E(t) (24)
If for all k € {1,2}, I (ux(t)) < 0, then
L2 |G t)))2 > d (25)
o k k

Proof: If I} (ug(t)) > 0 for each ¢ € [0, T)n4z), We obtain

E(t) 2 Jilux(t)) ZHVW ] Z [[ur ()15 = ZHWk Ol

Let I (ug(t)) < 0 for each t € [0, Tynaz ), there exists tg € [0, Trnaz) such that
2 —2
oy V)P <dior E S Vus(to)] < d

we then obtain

arfus(to)llf < Vus(to)I* or  aslluz(to)ll} < [Vua(to)[|*

A contradiction with Iy (uy) < 0. |In fact, since d; < max Ji(Aui(to)) = $22||Vua (t)[|*—

AP [lug |7, taking differentiation with respect to A in order to seek for a maximal point,

< 22 V)P
2 (ax o (t0) )27 °

we see that d; Now a simple computation leads to this inequality.

12
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Lemma 6.2. Suppose that F'(s) > 0 with s = (s1,82) € R x R'. Let (uy,us) defined
on [0, Tpnaz) be a weak solution of problem (1). We have the following results.For any
0<t< T

If for all k € {1,2}, I1(vx) > 0, E(0) < min{dy, ds}, then
> J(ux(t)) Z HVuk O] Z HVuk OI* < E) (26)
If for all k € {1,2}, Iy(vx) <0, E(0) < min{dy, ds},then

-2
by Iu Ol > di (27)

Proof: Since I(¢x) > 0, by Lemma 6.1, we get that

p—2
> Jkler) > ZwHV%HZ

Define

T* = sup{t € [0, Tjnaa] : E(0) > Z ||Vu ()%, 0< s <t}

If T* < T2 , then we have

Z%uwk(mr? — B(0)

and

S LIV > BO), € (1" T 29

-2
Since £(0) < min{d;,ds}, we get that b |Vup(T*)||* < dy. By the continuity of
[Vug(.)|| , there exists an interval (T*,T) C (T*, Tag) such that I (u(t)) > 0, Vt €

R -2
(T*,T). Again using Lemma 6.1, it yields ZPQ—HVuk(t)HQ < E(t) < E(0), ¥t €
P

(T*,T). This contradicts with (28). The contradiction implies that|T* meets with T}qs

and (26) holds.

-2
Let I1(¢x) < 0, then by Lemma 6.1, we get that p2 Vrl|* > di, k=1,2. Define
p

-2
T, = sup{t € [0, Trnaa] : pZ—HVuk(s)H2 >dp, k=1,2, 0<s <t}
p

13
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If T, < T),4z, then we have
-2 -2
oy V(TP = di, F S Vus( T < d
or
-2 -2
Py V(TP < di, B = IVua(T)| = d
Therefore, I (ug(T,)) >0, k =1,2. Then by use of Lemma 6.1, we obtain
p—2 2
> %HVW(T*)H < B(T.) (29)

Combining (*), (29) and noting that £(0) < min{d;, ds}, we get that

-2
%HVuk(T*)Hz < dj| A contradiction. Thus (27) is true.

We give the estimates in the following. For any 7' > 0 we may consider L : [0, 7] — R™
defined by

L(t) =ZHW(¢)||§+/ Jur (7) |12 + (T = ) |lprll? + B(E + s0)? (30)
k=1 0

where [ and so > 0 are constants to be determined.

Lemma 6.3. Let the assumptions of Theorem 3 be satisfied. then

2 2 t
P02 @9 fualP+ 23 [l + 2+)3
k=1 k=1"0

Proof:
2
D) =322 [ e+ ul? = ol + 250+ 50
_ Q
k=1 t (31)
= 2/ UpUk + 2/ (ug (), upe (7)) dT + 26(t + s0)
E—1 Q 0
2
L(t) = 2, un) + 2lurel? + 2(unr, wi)s + 28 (32)

B
Il
—

By (32), we get that

14
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2
£(t) = 2 S (e — V] - / up fw)d + o [2)] +26
k=1 @

Using the energy equality and A6 and Lemma 6.2 , we have

2 2 t
L'(t) > (2+p) ZH%II +(p ZI!VUH|Q+2PZ/ e () ||2dT
k=1 k=170

—2pE(0) + 2p/ F(u)dx — /Qukfk(u)dx +2p

Q

2 27 2
> 240wl + 20 / ||ukt<7>||3df+<p—2>zpf2 k
=1
> (2 +p)z e || +2p2/ ||ukt(7)llfd7+2pzdk — 2pE(0) + 28
k=1 k=10 k=1

2 2

By the assumptions QpZ dr — 2pE(0) > 0. Now take = 2(2 dr — E(0))
k=1 k=1

we get that

L) > (24 p) Zuuktuuzpz/ lusell? + (2 + )8

Proof of Theorem 3

Assume by contradiction that the solution u is global. Define :

2 t
P=S (il + / () |2dr) + Bt + s0)°
k=1 0
2 t
Q=" ((wew) + [ (wnsuw.dr) + 5t + )
0

k=1

2 t
U= Sl + [ ua(r)2dr) + 5
k=1 0

15



L/I (t)

. For any real pair (),
) y real pair (A, 7)

It is easy to check 0 < P < L(t), Q = 1L/(t), 0 < U <
and for all ¢ € [0,T], we have

2 2 t
PN +2QXn +Un’ = || Mug + nup|® + Z/ [ Nk + nuge||2dr + B(t 4 s0) X + 1)
k=1 k=10

Therefore, PU — Q?> > 0. we infer from the above inequality that

_2tp
1

(33) implies that [L=%(¢)]” <0, t € [0,T] where § = P%?_

1
Sp > 3 Z(cpk,l/;k), we get that L/(0) > 0 and (L~?)’(0) < 0 . Choosing

L(t)L"(t) (L'(#)*>0, t 0,7 (33)

Now taking

L=%)(0
T> —w, then by the concavity Lemma, there exists T} satisfying
(L)(0)
(L)

O0<hh <———L, L7(T)=0 34

< 1 = (L_g)/(0)7 ( 1) ( )
From (34), we see that lim L(t) = oo, which implies that
t—=T,

2
lim Z(Huk(t)Hg + || Vug||5) = oo. This leads to a contraction with T,., = 0o. Now we
=T 1

give the estimate of T'. If (34) holds, it suffices

el + s
20| (o) + Bso| 0 X IVipull? = 11 X

where if it is necessary we may take sg sufficiently large such that

<T

20| " (ow 00) + Bs0| —w D IVl = 1D llull® > 0

Therefore, we only need to take

T = mf{ 2 lenl® + Bsy S0 > —EZ(%%)}
20| Y(ow, ) + Bso| —w X [Vl = 1 X o2 8

- il [(Z i o X Ival ~u X leal?) ) + 10 S ul]
+HOE IV 4 lloel? - 2000, 10)) |

16



we have completed the proof of Theorem 3.

Acknowledgements: The authors thank the referee for his/her valuable comments

and suggestions.
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