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Abstract Let p(-) : R™ — (0, 00) be a measurable function satisfying some decay condition
and some locally log-Hélder continuity. In this article, via first establishing characterizations
of the variable exponent Hardy space H?)(R") in terms of the Littlewood-Paley g-function,
the Lusin area function and the g3-function, the authors then obtain its intrinsic square
function characterizations including the intrinsic Littlewood-Paley g-function, the intrinsic
Lusin area function and the intrinsic gx-function. The p(-)-Carleson measure characterization
for the dual space of H”(')(]R”)7 the variable exponent Campanato space L; ,(.y,s(R™), in
terms of the intrinsic function is also presented.
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1 Introduction

Variable exponent Lebesgue spaces are a generalization of the classical LP(R™) spaces, in which the
constant exponent p is replaced by an exponent function p(-) : R™ — (0, c0), namely, they consist of
all functions f such that [, [f(2)[P®) dz < co. These spaces were introduced by Birnbaum-Orlicz
[3] and Orlicz [34], and widely used in the study of harmonic analysis as well as partial differential
equations; see, for example, [1, 2, 6, 7, 8, 11, 12, 13, 14, 20, 30, 43, 48, 50]. For a systematic
research about the variable exponent Lebesgue space, we refer the reader to [8, 13]

Recently, Nakai and Sawano [32] extended the theory of variable Lebesgue spaces via studying
the Hardy spaces with variable exponents on R™, and Sawano in [35] further gave more applica-
tions of these variable exponent Hardy spaces. Independently, Cruz-Uribe and Wang in [9] also
investigated the variable exponent Hardy space with some weaker conditions than those used in
[32], which also extends the theory of variable exponent Lebesgue spaces. Recall that the classical
Hardy spaces HP(R™) with p € (0, 1] on the Euclidean space R™ and their duals are well studied
(see, for example, [10, 38]) and have been playing an important and fundamental role in various
fields of analysis such as harmonic analysis and partial differential equations; see, for example,
[4, 31].

Communicated by Rosihan M. Ali, Dato’.
Received: January 28, 2014; Revised: March 26, 2014.
*Corresponding author



2 CIQIANG ZHUO, DACHUN YANG AND YIYU LIANG

On the other hand, the study of the intrinsic square function on function spaces, including Hardy
spaces, has recently attracted many attentions. To be precise, Wilson [44] originally introduced
intrinsic square functions, which can be thought of as “grand maximal” square functions of C.
Fefferman and E. M. Stein from [10], to settle a conjecture proposed by R. Fefferman and E.
M. Stein on the boundedness of the Lusin area function S(f) from the weighted Lebesgue space
L%(U)(R”) to the weighted Lebesgue space L2(R"), where 0 < v € L] (R") and M denotes
the Hardy-Littlewood maximal function. The boundedness of these intrinsic square functions on
the weighted Lebesgue spaces LP (R™), when p € (1,00) and w belongs to Muckenhoupt weights
Ap(R™), was proved by Wilson [45]. The intrinsic square functions dominate all square functions of
the form S(f) (and the classical ones as well), but are not essentially bigger than any one of them.
Similar to the Fefferman-Stein and the Hardy-Littlewood maximal functions, their generic natures
make them pointwise equivalent to each other and extremely easy to work with. Moreover, the
intrinsic Lusin area function has the distinct advantage of being pointwise comparable at different
cone openings, which is a property long known not to hold true for the classical Lusin area function;
see Wilson [44, 45, 46, 47] and also Lerner [24, 25].

Later, Huang and Liu in [19] obtain the intrinsic square function characterizations of the
weighted Hardy space H.(R™) under the additional assumption that f € LL(R™), which was
further generalized to the weighted Hardy space HE(R™) with p € (n/(n+ «),1) and « € (0,1) by
Wang and Liu in [42], under another additional assumption. Very recently, Liang and Yang in [28]
established the s-order intrinsic square function characterizations of the Musielak-Orlicz Hardy
space H?(R™), which was introduced by Ky [23] and generalized both the Orlicz-Hardy space (see,
for example, [21, 41]) and the weighted Hardy space (see, for example, [16, 36]), in terms of the
intrinsic Lusin area function, the intrinsic g-function and the intrinsic g3-function with the best
known range A € (2 + 2(a + s)/n,00). More applications of such intrinsic square functions were
also given by Wilson [46, 47] and Lerner [24, 25].

Motivated by [28], in this article, we establish intrinsic square function characterizations of the
variable exponent Hardy space H p(')(R”) introduced by Nakai and Sawano in [32], including the
intrinsic Littlewood-Paley g-function, the intrinsic Lusin area function and the intrinsic g3-function
by first obtaining characterizations of H?(")(R™) via the Littlewood-Paley g-function, the Lusin area
function and the g}-function. We also establish the p(-)-Carleson measure characterization for the
dual space of H?()(R"), the variable exponent Campanato space L1 p(),s(R™) in [32], in terms of
the intrinsic square function.

To state the results, we begin with some notation. In what follows, for a measurable function
p(-) : R™ — (0,00) and a measurable set E of R", let

p—(F):=essinfp(x) and p4(F):=esssupp(x).
zeE z€EE

For simplicity, we let p_ := p_(R"), ps := p4+(R™) and p* := min{p_, 1}. Denote by P(R") the
collection of all measurable functions p(-) : R™ — (0, 00) satisfying 0 < p— < p;y < 0.
For p(-) € P(R"), the space LP()(R") is defined to be the set of all measurable functions such

that )
p(x
| £l o) (mny = inf {/\ € (0,00) : / Pf(;)] dr < 1} < 00.

Remark 1.1. It was pointed out in [32, p. 3671] (see also [8, Theorem 2.17]) that the follows hold
true:

(1) £z @ny > 0, and || f|| Loy mny = 0 if and only if f(z) = 0 for almost every » € R™;
(i) H)‘f”LP(‘)(]R”) = |)‘|||f||LP(‘)(R") for any A € C;

(i) f +9||£Lp<->(Rn) < ||f||£Lp(->(1Rn) + ||gHép(-)(Rn) for all £ € (0, p*];
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(iv) for all measurable functions f with || f||zsc) sy # O, fRn[|f(w)\/Hf||Lp<.>(Rn)]p(””) dr = 1.

A function p(-) € P(R™) is said to satisfy the locally log-Hélder continuous condition if there
exists a positive constant C such that, for all z, y € R™ and |z —y| < 1/2,

N O
log(1/]z —yl)’

and p(-) is said to satisfy the decay condition if there exist positive constants C, and poo such
that, for all z € R",

(1.1) Ip(z) — p(y)| <

C
(1.2) Ip(z) — poo| < w~

In the whole article, we denote by S(R™) the space of all Schwartz functions and by S’(R™)
its topological dual space. Let Soo(R™) denote the space of all Schwartz functions  satisfying
Jgn ()2 dz = 0 for all multi-indices 8 € Z7 := ({0,1,...})" and S, (R™) its topological dual
space. For N eN:={1,2,...}, let

(1.3) Fn(R") :=< ¢ € S(R) : > sup (L+[a)ND%(x) <1y,
gezr, |Bl<N “EF"

where, for 3 := (B1,...,8,) € Z%, |B| := B1+ -+ + B, and D” : _(o 1)61...(8W) Then, for
all f € S'(R"), the grand mazimal function f3, , of f is defined by setting, for all x € R”

f;”r(m) :=sup{|f *Y(x)]: t € (0,00) and ¢ € Fy(R")},

where, for all ¢ € (0,00) and £ € R™, ¢4(&) := ¢t " (£/t).

For any measurable set E C R™ and r € (0,00), let L"(E) be the set of all measurable functions
y = { g [f@)]" dx}l/r < 00. For r € (0,00), denote by Lj (R™) the set of
all r-locally integrable functions on R™. Recall that the Hardy-Littlewood mazimal operator M is
defined by setting, for all f € L{ (R") and = € R",

M(a) = s iz [ 171,

B>z

where the supremum is taken over all balls B of R™ containing .

Now we recall the notion of the Hardy space with variable exponent, H ”(')(R”), introduced
by Nakai and Sawano in [32]. For simplicity, we also call HP(")(R") the variable exponent Hardy
space.

Definition 1.2. Let p(-) € P(R") satisfy (1.1) and (1.2), and
n
(1.4) N€<p—|—n+1,oo)ﬂN.
The Hardy space with variable exponent p(-), denoted by HP()(R™), is defined to be the set of all

f € 8'(R") such that fy , € LPO)(R™) with the quasi-norm £l ey @ny = A 4l e (e

Remark 1.3. (i) Independently, Cruz-Uribe and Wang in [9] introduced the variable exponent
Hardy space, denoted by HP(), in the following way: Let p(-) € P(R") satisfy that there
exist po € (0,p—) and a positive constant C, only depending on n, p(-) and pg, such that

(1.5) M Leer o @y < ClFl Lo /v ey
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If N € (n/pg +n+1,00), then the variable exponent Hardy space HP®) is defined to be the
set of all f € S'(R™) such that f} , € LPO)(R™). In [9, Theorem 3.1], it was shown that the

space HP() is independent of the choice of N € (n/pg +n + 1, 00).
(ii) We point out that, in [32, Theorem 3.3], it was proved that the space HP()(R") is independent
of N as long as N is sufficiently large. Although the range of N is not presented explicitly

in [32, Theorem 3.3], by the proof of [32, Theorem 3.3], we see that N as in (1.4) does the
work.

Let ¢ € S(R™) be a radial real-valued function satisfying

(1.6) suppg C {€ €R": 1/2 < [¢ <2}
and
(1.7) 6(6)| > C if 3/5 < |¢| < 5/3,

where C denotes a positive constant independent of £ and, for all ¢ € S(R"), (Z denotes its Fourier
transform. Obviously, ¢ € So(R™). Then, for all f € S, (R™), the Littlewood-Paley g-function,
the Lusin area function and the g5-function with A € (0,00) of f are, respectively, defined by

setting, for all z € R"™,
o0 dt\ 2
o= { [TIreawrt]

1/2
— - N pdydl
S(H)) .—{ J A N 2 tm}
and

(19) B)) = { [ () e s 22 }

For all f € S (R™) and ¢ € S(R™) satisfying (1.6) and (1.7), we let, for all ¢ € (0,00), j € Z,
a € (0,00) and xz € R,

oy o B @ADL g e S ty)
(¢tf)a(x) T yeﬂg (1+|y|/t)a d ((b]f)a( ) ye]RRL (1+2j|y|)“ :
Then, for all f € S, (R™), a € (0,00) and € R™, define
iy 1/2
= gt x 2 4t and o x) = : )]
R A T NE e S N ) > [t

The following conclusion is the first main result of this article.

Theorem 1.4. Let p(-) € P(R") satisfy (1.1) and (1.2). Then f € HPC)(R™) if and only if
f €S (R) and S(f) € LPO)(R™); moreover, there exists a positive constant C, independent of f,
such that C_1||S(f)||LP(')(R") < e @ny < CHSCH) Il Lrer @n)y-

The same is true if S(f) is replaced, respectively, by g(f), gax(f) and o4 (f) with a €
(n/ min{p_, 2}, 00).
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Corollary 1.5. Let p(-) € P(R™) and A € (1+2/min{2,p_},00). Then f € HPO)(R™) if and only
if f € S\ .(RY) and gi(f) € LPC)(R™); moreover, there exists a positive constant C, independent
of f, such that C= | gX(N)llzror @) < If o @y < ClgX (e @ny-

Remark 1.6. (i) We point out that the conclusion of Theorem 1.4 is understood in the following

sense: if f € HPO)(R™), then f € S/ (R") and there exists a positive constant C' such
that, for all f € HPC)(R™), IS()lLecr@ny < CUfllgeer@ny; conversely, if f € SL (R™)
and S(f) € LPO(R"), then there exists a unique extension f € &'(R") such that, for all
h € Su(®™), (f,h) = (f.h) and || fllgror@ny < C|IS ()l o0 (@ny with C being a positive

constant independent of f. In this sense, we identify f with f.

Recall that, Hou et al. [18] characterized the Musielak-Orlicz Hardy space HY¥(R™), which
was introduced by Ky [23], via the Lusin area function, and Liang et al. [26] established the
Littlewood-Paley g-function and the g-function characterizations of H?(R™). Observe that,
when

(1.9) o(x,t) :=tP@ forall zeR" and te[0,00),

then H?(R") = HP()(R™). However, a general Musielak-Orlicz function ¢ satisfying all the
assumptions in [23] (and hence [18, 26]) may not have the form as in (1.9). On the other hand,
it was proved in [49, Remark 2.23(iii)] that there exists an exponent function p(-) satisfying
(1.1) and (1.2), but t*() is not a uniformly Muckenhoupt weight, which was required in [23]
(and hence [18, 26]). Thus, the Musielak-Orlicz Hardy space H¥(R™) in [23] (and hence in
[18, 26]) and the variable exponent Hardy space HP()(R™) in [32] (and hence in the present
article) can not cover each other.

Moreover, Liang et al. [26, Theorem 4.8] established the gi-function characterization of the
Musielak-Orlicz Hardy space H¥(R"™) with the best known range for A. In particular, in
the case of the classical Hardy space HP(R™), A € (2/min{p, 2}, 00); see, for example, [15,
p. 221, Corollary 7.4] and [37, p.91, Theorem 2]. However, it is still unclear whether the
g;-function, when A € (2/min{p_,2},1 + 2/min{p_, 2}], can characterize H?(")(R") or not,
since the method used in [26, Theorem 4.8] strongly depends on the properties of uniformly
Muckenhoupt weights, which are not satisfied by ().

Indeed, a key fact that used in the proof of [26, Theorem 4.8], which may not hold in the
present setting, is that, if ¢ is a Musielak-Orlicz function as in [26], then there exists a
positive constant C' such that, for all A € (0,00), a € (0,1) and measurable set £ C R",

/ oz, \)dx < Coz"q/ oz, \) dz,
U(E;a) E

where U(E;a) := {x € R" : M(xg)(z) > a} and ¢ € [1,00) is the uniformly Muckenhoupt
weight index of ¢. To see this, following [32, Example 1.3], for all z € R, let

p(x) := max {1 — e 1*l min (6/5,max{1/2,3/2 — xz})} .

Then p(-) satisfies (1.1) and (1.2). Now, let E := (1,2), then, for all x € R,
1
M(xe)(r) = xe(r) + mXR\E(ﬁ)-

It is easy to see that, for all A € (0, c0), fE N@) d = A\V/2 and

_ 13 1
/ AP g :/ @) gy >/ W@ gz 4 [T NP gy = N2 4 26/5,
U(E;1/11) E

_T —
2

1
2
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Thus, we find that
I fU(E;l/ll) ) d
im
A—00 fE )\p(w) dx

= 00,

which implies that there does not exist a positive constant C, independent of A, such that,

/ NP de < C / N@) do.
U(E:1/11) - JE

Thus, the method used in the proof of [26, Theorem 4.8] is not suitable for the present setting.

For any s € Z,, C*(R"™) denotes the set of all functions having continuous classical derivatives
up to order not more than s. For o € (0,1] and s € Z4, let Cy 5(R™) be the family of functions
¢ € C*(R™) such that supp¢ C {x € R" : |z < 1}, [, d(2)27 dz = 0 for all v € Z7 and || < s,
and, for all z1, x; € R™ and v € Z7 with |v| = s,

(1.10) [D¥¢(x1) — D" ¢(x2)| < |21 — 22|
For all f € LL (R") and (y,t) € R :=R" x (0, 00), let

loc
Aas(f)y,t) == sup |f*du(y)l-
$€Cq,s(R™)

Then, the intrinsic g-function, the intrinsic Lusin area integral and the intrinsic g3-function of f
are, respectively, defined by setting, for all € R™ and A € (0, c0),

Gan(f)(@) = { / T A ()00 ‘“}/

t
o dy dt 2
Sas()(@) = { Lo e G }

G5 F) (@) = {/OOO / <t+|;—y>m Aas(F) (5, 1)]? Ct’fjff}m.

We also recall another kind of similar-looking square functions, defined via convolutions with
kernels that have unbounded supports. For a € (0,1], s € Zy and € € (0,00), let C(q.c),s(R™) be
the family of functions ¢ € C*(R™) such that, for all z € R", v € Z"} and |y| < s, [DY¢(z)] <
(14 |z])7"7¢, Jn @(x)2 dx = 0 and, for all 21, x2 € R™, v € Z} and |v| = s,

and

(L1 DY g(1) = D*$la)| < [an = @ [(1+ [aa]) ™"+ (1 + [a]) 7]

Remark that, in what follows, the parameter € usually has to be chosen to be large enough. For
all f satisfying

(1.12) FOIA+]-)™ 7 € L'(R™)

and (y,t) € R%H et

(113) A(a,e),s(f) (y7 t) = sup ‘f * ¢t(y)‘
¢€c(a,e),s(Rn)
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Then, for all x € R” and A € (0,00), we let

st = { [ [Aaatnien] 4

1/2
2 dydt
A
S(a 6)’ {/ /{yeR" ly— x|<t}{ (@ ) )} th}
~% o - 2
T (e (F) (@) = {/O / <t+|m—y> [A(ae),s (), )] tnﬂ} .

These intrinsic square functions, when s = 0, were original introduced by Wilson [44], which were
further generalized to s € Z by Liang and Yang [28].

In what follows, for any r € Z,, we use P,.(R™) to denote the set of all polynomials on R™ with
order not more than r.

We now recall the notion of the Campanato space with variable exponent, which was introduced
by Nakai and Sawano in [32].

and

Definition 1.7. Let p(-) € P(R"), s be a nonnegative integer and ¢ € [1,00). Then the Campanato
space Lg p(.y,s(R™) is defined to be the set of all f € L} (R™) such that

1fll 2y o0y e®n) = L {|Q|/ |f(z) = Pof(x)|9dz| < oo,

ockn Txalle (R

where the supremum is taken over all cubes @ of R" and Ppjg denotes the unique polynomial
P € Py(R") such that, for all h € Ps(R"), [,[f(z) — P(z)]h(z) dz = 0.

Now we state the second main result of this article. Recall that f € S’'(R™) is said to vanish
weakly at infinity, if, for every ¢ € S(R™), f * ¢ — 0 in S'(R™) as t — oo; see, for example, [15,
p.50].

Theorem 1.8. Let p(-) € P(R™) satisfy (1.1), (1.2) and p+ € (0,1]. Assume that o € (0,1],
s€Zy andp_ € (n/n+a+s,1]. Then f € HPO(R™) if and only if f € (L1p(),s(R™))*, the dual
space of L1 p(.),s(R™), f vanishes weakly at infinity and gqo. s(f) € LPO)(R™); moreover, it holds true
that 1

6||ga,5(f)”LP(')(R") <[ fllaror @y < Cllga,s(Hll Lo mmy

with C' being a positive constant independent of f.
The same is true if ga,s(f) is replaced by g(a,e),s(f) with € € (o + 5,00).

Observe that, for all z € R", S, s(f)(z) and ga,s(f)(z) as well as §(a,€),5(f)(x) and g(q,e),s(f)(x)
are pointwise comparable (see [28, Proposition 2.4]), which, together with Theorem 1.8, immedi-
ately implies the following Corollary 1.9.

Corollary 1.9. Let p(-) € P(R") satisfy (1.1), (1. ) and py € (0,1]. Assume that a € (0,1],
s €Zy and p_ € (n/(n+a+s),1]. Then f € HPO(R") if and only if f € (Lqp(.),s(R™))*,
vanishes weakly at infinity and Sq (f) € LPC)(R™); moreover, it holds true that

1
clSes(Dllrer@ny < 1F e @ny < CllSa.s (£l oe )

with C' being a positive constant independent of f.
The same is true if Sos(f) is replaced by S(q,e),s(f) with € € (a + s,00).
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Theorem 1.10. Let p(-) € P(R™) satisfy (1.1), (1.2) and p+ € (0,1]. Assume that « € (0,1],
s€Zy,p_ € (nf(n+a+s),1] and A € (3+2(a + 8)/n,00). Then f € HPO(R™) if and only
if f € (L1p),s(R"))", f vanishes weakly at infinity and g5 , ,(f) € LPO)(R™); moreover, it holds
true that

1 * *
e (Plleor @y < I llaro @n) < Clgxa,s(Flleo @n

with C being a positive constant independent of f.
The same is true if g3 , ,(f) is replaced by gy (@) (f) with € € (o + 5,00).

Remark 1.11. (i) We point out that there exists a positive constant C' such that, for all ¢ €
Ca,s(R"), Co € Ca,0),s(R™) and hence ¢ € Ly ) s(R™); see Lemma 2.8 below. Thus,
the intrinsic square functions are well defined for functionals in (L ,(.),s(R"))*. Observe
that, if ¢ € S(R™), then ¢ € Ly (.),s(R"); see also Lemma 2.8 below. Therefore, if f €
(L1,p(),s(R™))*, then f € S'(R") and f vanishing weakly at infinity makes sense.

(ii) Recall that Liang and Yang [28] characterized the Musielak-Orlicz Hardy space H?(R") in
terms of the intrinsic square functions original introduced by Wilson [44]. Moreover, Liang
and Yang [28] established the intrinsic g}-functions 95 o and ﬁf\’(ale)& with the best known
range A € (2 4+ 2(a + s)/n,00) via some argument similar to that used in the proof of
[26, Theorem 4.8]. However, it is still unclear whether the intrinsic g3-functions g3 , ; and
95 (a,0),50 When A € (2+2(a+s)/n, 3+ 2(a+s)/n], can characterize HPO)(R™) or not. Based
on the same reason as in Remark 1.6(ii), we see that the method used in the proof of [28,
Theorem 1.8] is not available for the present setting.

(iii) Let p € (0,1]. When
(1.14) p(z) :=p forall zeR",

then HP()(R™) = HP(R"). In this case, Theorem 1.8 and Corollary 1.9 coincide with the
corresponding results of the classical Hardy space HP(R"™); see [28, Theorem 1.6] and [28,
Corollary 1.7].

(iv) We also point out that the method used in this article does not work for the variable exponent
Hardy space investigated by Cruz-Uribe and Wang in [9], since it strongly depends on the
locally log-Holder continuity condition (1.1) and the decay condition (1.2) of p(-). Thus, it
is still unknown whether the variable exponent Hardy space in [9] has any intrinsic square
function characterizations or not.

Definition 1.12. Let p(-) € P(R"). A measure dp on R’} is called a p(-)-Carleson measure if

Q2 v
ldullycy = sup { / du(az,m} < oo,
QCR™ HXQHLP(')(R”) Q

where the supremum is taken over all cubes @ C R" and @ denotes the tent over @, namely,
Q:={(yt) ERT™: Bla,t) CQ}.

Theorem 1.13. Let p(-) € P(R™) satisfy (1.1) and (1.2). Assume that py € (0,1], s € Z,
p— € (n/(n+s+1),1] and ¢ € S(R™) is a radial function satisfying (1.6) and (1.7).

(i) If b € Ly p(),s(R™), then du(x,t) := |dy x b(z)|? @ for all (z,t) € R is a p(-)-Carleson
measure on R?fl; moreover, there exists a positive constant C, independent of b, such that
ldpllpey < Clbllz, 0y, e
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(i) If b € LE (R™) and du(z,t) = |¢ = b(z)|* L2 for all (z,t) € RYT is a p()-Carleson
measure on Ri“, then b € El’p(.)ys(R") and, moreover, there exists a positive constant C,

independent of b, such that ||b||£1,p(_)ys(Rn) < COlldpllp-

In what follows, for a € (0,1], s € Zy, € € (0,00) and b € Ly p(.) (R™), the measure i, on Rﬁ“
is defined by setting, for all (z,t) € R:L_H,

(1.15) dpp(,t) = [Afne) s (0) (2, 1)) @,

where Av(oz,e),s(b) is as in (1.13) with f replaced by b.

Theorem 1.14. Let o € (0,1], s € Z4, € € (a+s,00), p(-) € P(R™) satisfy (1.1), (1.2), p1 € (0,1]
and p_ € (n/(n+a+s),1].

(i) If b € Ly p0),s(R™), then duy as in (1.15) is a p(-)-Carleson measure on RV moreover,
there exists a positive constant C, independent of b, such that ||dpup]| .y < CHb”Ll’p('),s(Rn).

(ii) Ifb € L} (R™) and duy as in (1.15) is a p(-)-Carleson measure on Ry, then it follows that
b€ Ly p(),s(R™); moreover, there exists a positive constant C, independent of b, such that

10l o @ny < Clldps |y

Remark 1.15. (i) Fefferman and Stein [10] shed some light on the tight connection between
BMO-functions and Carleson measures, which is the case of Theorem 1.13 when s = 0 and
p(z) :=1 for all z € R™.

(ii) When p(-) is as in (1.14) with p € (0, 1], Theorem 1.13 is already known (see [29, Theorem
4.2]).

(iii) When p(-) is as in (1.14) with p € (0, 1], Theorem 1.14 was obtained in [28, Theorem 1.11]
with p € (n/(n+ a+ s),1]. Thus, the range of p_ in Theorem 1.14 is reasonable and the
best known possible, even in the case that p(-) being as in (1.14) with p € (0, 1].

This article is organized as follows.

Section 2 is devoted to the proofs of Theorems 1.4, 1.8, 1.10, 1.13 and 1.14. To prove Theorem
1.4, we establish an equivalent characterization of HP()(R"™) via the discrete Littlewood-Paley g-
function (see Proposition 2.3 below) by using the nontangential maximal function characterization
of HP()(R™) obtained in this article and the Littlewood-Paley decomposition of H?()(R") which
was proved in [32]. In the proof of Theorem 1.4, we also borrow some ideas from the proofs of [40,
Theorem 2.8] (see also [27, Theorem 3.2]).

The key tools used to prove Theorem 1.8 are the Littlewood-Paley g-function characterization
of HP()(R™) in Theorem 1.4, the atomic decomposition of HP()(R™) established in [32] (see also
Lemma 2.11 below), the dual space of HPC)(R™), L1, s(R™), given in [32] and the fact that the
intrinsic square functions are pointwise comparable proved in [28]. As an application of Theorems
1.4 and 1.8, we give the proof of Theorem 1.10 via showing that, for all 2 € R", the intrinsic
square functions S(a,e),s(f)(x) and g3, . ,(f)(x) are pointwise comparable under the assumption
A€ (3+2(a+s)/n,0).

The proof of Theorem 1.13 is similar to that of [29, Theorem 4.2], which depends on atomic
decomposition of the tent space with variable exponent, the fact that the dual space of H: p(‘)(R")
is L1 p0),s(R") (see [32, Theorem 7.5]) and some properties of £y ,(.)s(R™). To complete the
proof of Theorem 1.13, we first introduce the tent space with variable exponent and obtain its
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atomic decomposition in Theorem 2.16 below. Then we give an equivalent norm of £y . s(R™)
via establishing a John-Nirenberg inequality for functions in £y ;) ;(R™). At the end of Section
2, we give the proof of Theorem 1.14 by using Theorem 1.13 and some ideas from the proof of [28,
Theorem 1.11].

Finally, we make some conventions on notation. Throughout the paper, we denote by C a
positive constant which is independent of the main parameters, but it may vary from line to line.
The symbol A < B means A < CB. If A < B and B < A, then we write A ~ B. If Eis a
subset of R™, we denote by xg its characteristic function. For any z € R™ and r € (0,00), let
B(z,r):={y € R": |z —y| <r} be the ball. For 8 := (01,...,8,) € Z%, let 8! := 3;!---3,!. For
a € R, we use |« to denote the maximal integer not more than «. For a measurable function f,
we use f to denote its conjugate function.

2 Proofs of main results

In what follows, for all f € §'(R™) and N € N, the nontangential mazimal function f% of f is
defined by setting, for all x € R",

(2.1) fa(@):= sup  sup |fxeh(y)l,
WEFN (B t€0)

where Fn(R") is as in (1.3).
The following proposition is an equivalent characterization of HP()(R™).

Proposition 2.1. Let p(-) € P(R") satisfy (1.1) and (1.2), and N be as in (1.4). Then f €
HPO(R™) if and only if f € S'(R"™) and frx e LPO)(R™); moreover, there exists a positive constant
C such that, for all f € HPO)(R™),

C M flrey @y < I llLeey @y < ClF e gy

Proof. Let f € S'(R") and f% € LP()(R™). Observing that, for all x € R", In (@) < fy(x), we
then conclude that || f|| gre)@ny = If3 1 |Lee) @y < | f3|lLee) ey and hence f € HPC)(R™). This
finishes the proof of the sufficiency of Proposition 2.1.

To prove the necessity, we need to show that, for all f € HPO(R™), || f3 | oo @ny S Il ee) @ny-
To this end, for all ® € Fnx(R™), 2z € R™, t € (0,00) and y € R™ with |y — x| < t, let, for all z € R™,
¥(z) == ®(z 4 (y — x)/t). Then we see that

y—z
A a—

N
Y s+ DG = Y sw (1+ )|D%<z>|s2N,

gezy, |p|<n " pezn, |8|<n *R"
+ ¥

which implies that 2=V € Fy(R"). From this, we deduce that

|+ @ey)| = |f *whe(2)] < 2V f3 4 (@),

and hence fx(z) $ fx o (z) for all z € R™, which further implies that

1N llzee ey S N4 lLeer @ny ~ 11 e @ny.-
This finishes the proof of the necessity part and hence Proposition 2.1. O

Corollary 2.2. Let p(-) be as in Proposition 2.1 and f € HP?)(R"). Then f vanishes weakly at
infinity.
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Proof. Observe that, for any f € H?()(R") with I £l o) vy # 0, ¢ € S(R™), z € R™, ¢ € (0, 00)
and y € B(z,t), |f * ¢u(x)| S fi(y), where fX is as in (2.1) with N as in (1.4). By this and
Remark 1.1(iv), we see that

min{|f * ¢ ()7, | f x du(2)[P} ot )mln{[f*( yIP v}

< / min{[f§ ()7, [fx (y)]"} dy| B(=, )|
B(z,t)

< / Fo )P dylB(z, 1)~
B(z,t)

1 £3 Lo ey

Yy . -
~ /]R lN] ”fN”i(py(?)(Rn) dy|B(x,t)| 7"
5 ‘B($,t>|_1 maX{”f]ﬂ{f”Z[),;(.)(Rn)v ||fNHLp( )(]RW)} N 0’

as t — oo, which implies that f vanishes weakly at infinity. This finishes the proof of Corollary
2.2. O

In what follows, denote by Ppoly (R™) the set of all polynomials on R™. For f € S (R™) and
¢ € S(R™) satisfying (1.6) and (1.7), let

1/2

Z|¢j*f(ﬂf)2

JET

and

HPO®R") = {f € S B™) 1550y = 10D oy < 00}

Proposition 2.3. Let p(-) € P(R") satisfy (1.1) and (1.2). Then HPO)(R™) = Hg(‘)(]R”) in
the following sense: if f € HPC)(R™), then f € Hg(')(R") and there exists a positive constant C
such that, for all £ € HPO(R), 100y < Ol lLocrao comversely, i f € HE (), then
there exists a unique extension f € S'(R™) such that, for all h € Soo(R™), (f,h) = (f,h) and
£ 1 v (mmy < C'||f||Hp(.)(]Rn) with C being a positive constant independent of f.

Proof. Let f € HPC)(R™). Then f € S'(R") C S’ (R") and, by [32, Theorem 5.7] (see also [35,
Theorem 3.1]), we see that || £ ys0: gy S I1f o) () and hence f € HEO(RM).

Conversely, let f € Hp(')(R"). Then f € S, (R™). From [17, Proposition 2.3.25], we deduce
that there exists f € S'(R™) such that f — f € Pyoiy(R™). By [32, Theorem 5.7] and the fact that
Ojx f=¢j x f for all j € Z and ¢ as in definition of o(f), we know that

”fHHP(')(R") = ”U(f)”LP(‘)(R") ~ Ha(f)HLP(')(]R") ~ ||f||Hg<->(R,L)v

which implies that f € HP()(R™).

Suppose that there exists another extension of f, for example, § € H?()(R"). Then g € S'(R")
and g = f in S, (R™), which, together with [17, Proposition 2.3.25], 1mphes g—fe€ Pyoly (R™).
From this, g — f e HPC )(R”) and Corollary 2.2, we deduce that g = f since nonzero polynomials

fail to vanish weakly at infinity. Therefore, f is the unique extension of f € HY ¢ )(R"), which
completes the proof of Proposition 2.3. O
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The following estimate is a special case of [27, Lemma 3.5], which is further traced back to [40,
(2.29)] and the argument used in the proof of [40, Theorem 2.6] (see also [27, Theorem 3.2]),

Lemma 2.4. Let f € S, (R"), No € N and ® € S(R"™) satisfy (1.6) and (1.7). Then, for all
te[1,2], a € (0,Ng], l € Z and x € R™, it holds true that

r

¢ " E - + Ppri)e * f(y)]
s-1.f)a(x)]” < Cp 9~ kNoro(k l)n/ ‘(kl— ,
(@51, f)a(z)]” < ( )k . e P dy

where 1 is an arbitrary fived positive number and C,y a positive constant independent of ®, f, I, t,
but may depend on r.

We point out that Lemma 2.4 plays an important role in the proof of Theorem 1.4.
The following vector-valued inequality on the boundedness of the Hardy-Littlewood maximal
operator M on the variable Lebesgue space LP()(R") was obtained in [6, Corollary 2.1].

Lemma 2.5. Let r € (1,00). Assume that p(-) : R™ — [0,00) is a measurable function satisfying
(1.1), (1.2) and 1 < p— < py < o0, then there exists a positive constant Cy such that, for all
sequences { f;}52, of measurable functions,

1/r 1/r

> (ML) <Co|(DIAI
j=1 j=1
LP(‘)(]R") LP(‘)(]R")

Proof of Theorem 1.4. We first prove that, for all f € S._(R"),
(2.2) ”g(f)”LP(‘)(R") ~ ”S(f)HLP(')(R") ~ ||ga,*(f)||LP<‘)(]R")
~ ||‘7(f)||Lp<->(Rn) ~ HUa,*(f)Hme(Rny
To prove (2.2), we first show that, for all f € S._(R™),

(2:3) 19(P Lo @ny ~ N9as (Pl Loy @ny and [lo(F)l| Lo @ny ~ loa,« (£l oe @n)-

For similarity, we only give the proof for the first equivalence. By definitions, we easily see that
9CH 20y < 19,e (P50 - Conversely, we show that |[ga.. (F)| g ey S 190F) |10 )
Since a € (n/min{p_, 2}, 00), it follows that there exists r € (0, min{p_, 2}) such that a € (n/r, ).
By Lemma 2.4 and the Minkowski integral inequality, we find that

1/2
2
d
Qa,*(f)(m) = Z/ [(qb;_jtf)a(«r)]Q?t
jez V1
2 2 1/2
< s —kNoro(k+j)n Md " ﬂ
- J%/l LZZOQ ’ /]Rn (2 —yhr V]
1/2

2

20 [i 271€N0r2(k‘+j)n/ U [(Drag)e * F(u)I* 412 dy‘| ) 7

2| e (L2 —y)”

which, together with the Minkowski series inequality and Remark 1.1(iii), implies that

(2-4) ||ga,*(f)||2:n(')(Rn)
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[e%S) B 2 r '% 2
—k(Nor—n) j2n [fl ‘(¢k+j)t *f(y)|2 %]2
22 Zz n (1_|_2]| . _y|)ar dy
k=0 JEZ R ()
L (R?)
1T
= U2 @)+ F@)P 25 17
/S 22 k(Nor—n) Z2j217f 1 k+] t 1 d’y
D e (e TR
- - Lr() (R™)
5 ZQ k(Nor—n) 22327” <Z 27iar
JEZ i=0
, N
dt]? '
X / [/ [(Dhai)e = f(y)? t] dy) ;
l—yl~zi-i L
Lp(')(]Rﬂ)

where Ny € N is sufficiently large and |r — y| ~ 2¢77 means that | —y| < 277 if i = 0, or
27371 < |z —y| < 2077 if i € N. Applying the Minkowski inequality and Lemma 2.5, we conclude
that

Hga,*(f)Hzp(‘)(Rn)

_ - 2y 5
o0 o0 2 3 i
o dt
< 27kNgr+kn 27'Lar+1n / . 2 2
<S> Z Z M . [(Dreg)e x FI7
k=0 i=0 JEZ L ()
L (R™)
1"
oo 00 r .2 dt 2
< S o kNortkn N giarin | 3 / [(Prsj)e* fIP t] SN To0) @nys
k=0 i=0 jez W1
LP(-)(]R")
which completes the proof of (2.3).
Next we prove that
(2.5) HS<f)||LP(')(]R") ~ ”ga,*(f)HLP(')(]R”)'

It suffices to show that [|ga,«(f)ll Lr¢) n) S I1S(f)IlLre) ), since the inverse inequality holds true
trivially. From [27, (3.9)], we deduce that

Hga,*(f)”LP(')(R")

_ Z [i 9—kNor+2(k+j)n

j€z Lk=0
- 2
e 2 z 2
dzdt
x Z/ / / |(¢k+j)t*f(y—i—z)|2T dy 7
i—0 Y |-—yl~2i=3 \J1 J|z|<2-(+it
Lp(-)(]Rn)
where Ny € N is sufficiently large and | - —y| ~ 2?77 is the same as in (2.4). Then, by an argument

similar to that used in the proof of (2.3), we conclude that [|ga«(f)llLr()@®ny S ISl o) ®n),
which completes the proof of (2.5).
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By arguments similar to those used in the proofs of (2.3), (2.5) and [40, Theorem 2.8], we
conclude that

(2.6) lo (D lzeer@ny S 9ax(Hllzeer@ey S loa(H)ll Lo @ny-

Now, from (2.3), (2.5) and (2.6), we deduce that (2.2) holds true, which, together with Propo-
sition 2.3, implies that f € HP()(R™) if and only if f € S'_(R™) and S(f) € LP*)(R™); moreover,
£l ey @ny ~ [1S(F)ll Loc) @@ny- This finishes the proof of Theorem 1.4. O

Proof of Corollary 1.5. Assume f € S, (R"™) and g5(f) € LPO(R™). Tt is easy to see that, for
all A € (1,00) and & € R, S(f)(z) < gx(f)(z), which, together with Theorem 1.4, implies that
fEe Hp(')(Rn) and Hf”HP(')(R") ~ Hs<f)||LP('>(Rn) S ||g;<f)||LP('>(R7l)-

Conversely, let f € HPO)(R"). Then f € S'(R") C S/ (R"). By the fact that A € (1 +
2/min{2,p_},00), we see that there exists a € (n/min{2,p_},c0) such that A € (1 4+ 2a/n, c0).
Then, by this, we further find that, for all x € R™,

G (@) = { I [ (H't_y) 60+ )P dy 2% }1/2
S { [Cinaer [ (1) g }1/2

- { | @inaer Cf}/ ~ oo () (@)

From this and Theorem 1.4, we deduce that

”g;(f)”LP(‘)(]R”) S ”ga,*(f)HLP(‘)(]R") ~ ”f”HP(')(]R”)v
which completes the proof of Corollary 1.5. O

To prove Theorem 1.8, we need more preparations. The following technical lemma is essentially
contained in [32].

Lemma 2.6. Let p(-) € P(R™) satisfy (1.1) and (1.2). Then there exists a positive constant C
such that, for all cubes Q1 C Qo,

Q1)) /P
@.7) 10l sy < C (IQ) 10l w0
and y
| Q2] b=
I1X@a I Lrer @ny < C <|Q1| 1X@1 [Lre) Y-

Proof. For similarity, we only show (2.7). Let zp € Q1. If £(Q2) < 1, then, by [32, Lemma 2.2(1)]
and its proof, we see that

1X@: I e ) N <Q1>P(ZO) < (|Q1|)p+
IX@allrer@ny  \1Q2] Q2|
If £(Q1) > 1, then by [32, Lemma 2.2(2)], we find that
1 o
||XQ1||LP(‘>(R") - (|Q1|)”°° < <Q1>”+

1XQa | Lre) (rmy |Q2] ~ Q2|
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where poo is as in (1.2). If £(Q1) < 1 < £(Q2), then by [32, Lemma 2.2], we know that

1
oo, @) (1@
1XQallLre) (mmy |Q2|1/P= (923 7

which completes the proof of (2.7) and hence Lemma 2.6. O
The following Lemma 2.7 comes from [39, p.38].

Lemma 2.7. Let g € LlOC(R"), s € Zy and Q be a cube in R™. Then there exists a positive
constant C, independent of g and Q, such that

Lemma 2.8. Let o € (0,1], s € Zy and € € (a+ s,00). Assume that p(-) € P(R") satisfies (1.1),
(1.2) and p— € (n/(n+a+5),1]. If f € Cia,6,s(R") or S(R™), then f € Ly p.,s(R™).

Proof. For similarity, we only give the proof for C(4,¢) s(R™). For any f € C(q.¢),s(R"), 2 € R" and
cube @ := Q(xg,7) C R"™ with (xg,7) € Rﬁ“, let
DPf(x n
po(z) = Z J(m —20)? € Py(RM).
\ A
Bl<s

Then, from Lemma 2.7 and Taylor’s remainder theorem, we deduce that, for any x € @, there
exists £(x) € @ such that

(2.8) /Qf(x)—Péf(x)ldx é/ If(x)—pQ(x)Ider/QPé(PQ—f)(x)ldx

/ () = po(a)] d

DPf(&(x)) — D f (o) 5
~ (x — z0)”| dx.
/Z e

Now, if |zg| +r < 1, namely, @ C Q(0, v/n), then, by Lemma 2.6, (2.8), (1.11) and the fact that
p— € (n/(n+ a+ s),1], we see that

1
. _ x) — P2 d
) oo /Q |F(@) = P5f(a)| da

DP DB f(
S sup [D°f(@) = D7f{y)] /|§ ) — @o|*|z — wo|* dz
z, yER™ x#£y ‘ﬂ‘:S “/L. _y|a ||XQ||LP<)(]R"
< |QpHats)/m-1/p- 1RO, vl

1XQ0,vm)ll Lre) @)

If |zo| +7 > 1 and |zo| < 2r, then r > 1/3 and |Q| ~ |Q(0, v/n(|zo| + 7))|. From Lemma 2.7
and |f(x)] < (14 |z|)7" € for all x € R™, we deduce that

1
. - — P2 d
210) o /Q (@) — Pyf(a)|da
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1 / 1 1
S [ 1f@)ldas sup [(1+1s)" 1) / da
IxeollLror@ny Jo yeRn [ ] IxQllLrer @y Jo (14 |z[)te

- [IQ(O, V(| +r>>|]”p‘ 1 .
Q| I1XQ0,va(zo+m I Lee) @ny ™

If |zo| +7 > 1 and |zg| > 2r, then, for all x € @, it holds that 1 < |z| ~ |zo|. By this, (2.8),
Lemma 2.6 and (1.11), we find that

~

1
. _ — P2 d
e e /Q |f(@) = Py ()| da

1 —NnN—e€ El
si/ 1€(2) — ol (L + o)) ™| — wol* do
HXQHLP(')(R") Q

1+t
< AT gy
HXQHLP(')(]R")
1
o Qit(ats)/n (|Q(0, Vn(|zol +7“))|> = 1 <1
™ (Jwo| 4 r)nte Q] 1XQ0,vm(lzo+m) PO ®r) ™

Combining (2.9), (2.10) and (2.11), we see that f € L; ) s(R™), which completes the proof of
Lemma 2.8. O

Remark 2.9. We point out that, from the proof of Lemma 2.8, we know that C(,,)s(R™) and
S(R™) are continuously embedding into £ p(.) s(R™), which, in the case of s = 0 and p(x) := 1 for
all x € R"™, was proved in [33, Proposition 2.1]. Indeed, by the proof of Lemma 2.8, we see that,
for all f € C(q,c),s(R") or S(R™),

1flls pe,e @) S Sélﬂ@(l + 1)) e f ()]

[T — D) - D))
T+ lal A+ EET

+ sup
z, yeR™ x#y |ﬁ|:S

moreover, if f € Ci4 ) s(R"), then ”fHCl,p(-),s(R") < 1 if f € S(R™), then

112y Ry S sUD > Az DP f ().
2R gezn1pl<s+1

In this sense, Cq.c),s(R™) and S(R™) are continuously embedding into Ly () s(R™).

Now we recall the atomic Hardy space with variable exponent introduced by Nakai and Sawano
[32]. Let p(-) € P(R™), s € (n/p— —n—1,00) NZ4 and q € [1, 0] satisfy that ¢ € [py,0). Recall
that a measurable function a on R™ is called a (p(-),q, s)-atom if it satisfies the following three
conditions:

(i) suppa C @ for some Q) C R™;

1/q

(ii) HaHLP(')(R") < ”XQ”LP(')(]RH);

(ili) [zn a(z)a? dz =0 for any § € Z7 and |8] < s.
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The atomic Hardy space with variable p(-), denoted by H;’t(('))r;lq (R™), is defined to be the set of all
f € 8’'(R™) that can be represented as a sum of multiples of (p(-), g, s)-atoms, namely, f = Zj Aja;
in §'(R™), where, for each j, A; is a nonnegative number and a; is a (p(-), ¢, s)-atom supported in
some cube @); with the property

p(x)

* *

p P
Aixo. (x
/ Z JXQJ( ) dr < oo
; ”XQ;‘”LP(')(]R")

J

with p* := min{p_,1}. The norm of f € H,p(')’q(R”) is defined by

atom
11 00 gy 2= i S AN {QiY5) = =D Aja; in S'(R™) o,
i

where the infimum is taken over all decompositions of f as above and

AN Q) = inf { a e 000): [ Z[”W)] o<1

)\HXQj ”LP(')(]R")

The following conclusion is just [32, Lemma 4.11].

Lemma 2.10. Let p(-) € P(R™) satisfy (1.1) and (1.2). Then there exist By € (0,1) and a positive
constant C' such that, if ¢ € (0,00) satisfies 1/q € (0, —logy Bo/(n + 1)), then, for all sequences
{A;}; of nonnegative numbers, measurable functions {b;}; and cubes {Q;}; satisfying supp b; C Q;
and ||bj||La(q,) # 0 for each j,

1
3

h . |1/q e
Z( Milb;11Q,1 )) < CA({N} 1Q51):

=~ \bslla@plixe;llLeo @n

Lp(C)(R™)
Let ¢ € [1,00] and s € Z;. Denote by L5, (R™) the set of all functions f € L*(R™) with
compact and
L&, (R") == {f € L, (R™) : - (2)z%dz =0, |a] < S}.

As point out in [32, p.3707], L5, (R™) is dense in Hst(glf(R"). The conclusions of the following

Lemmas 2.11 and 2.12 were, respectively, just [32, Theorems 4.6] and [32, Theorem 7.5], which
play key roles in the proof of Theorem 1.4.

Lemma 2.11. Let g € [1,00] and p(-) € P(R") satisfy (1.1), (1.2) and p1 € (0,q). Assume that
q is as in Lemma 2.10. Then HPO)(R™) = Hp(')’q(R") with equivalent quasi-norms.

atom

Lemma 2.12. Let p(-) € P(R™) satisfy (1.1), (1.2), p4+ € (0,1}, g € (p4,0) and s € (n/p— —n —
1,00) NZy4. Then the dual space of Hgt(c'))r;lq(R”), denoted by (Hgt((‘ﬁ;?(w))*, is Lo p(),s(R™) in the
following sense: for any b € Ly p(y,s(R™), the linear functional

(2.12) b(f) = | b(z)f(x)dr,
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ingtial defined for all f € L% (R™), has a bounded extension to Hp(')’q(]R"); conversely, if £

comp atom
is a bounded linear functional on H,ft(['))r;lq(R”), then £ has the form as in (2.12) with a unique
be Ly p)s(R").
Moreover,
Bllc,r e oy ~ Wbl ez ey
where the implicit positive constants are independent of b.

The following Lemma 2.13 is just from [28, Theorem 2.6], which, in the case when s = 0, was
first proved by Wilson [44, Theorem 2].

Lemma 2.13. Leta € (0,1], s € Z and e € (max{q, s},00). Then there exists a positive constant
C' such that, for all f satisfying (1.12) and x € R",

290 (1)) < Tl () £ Coas()(2)

The following Lemma 2.14 is a special case of [28, Proposition 3.2].

Lemma 2.14. Let a € (0,1], s € Zy and g € (1,00). Then there exists a positive constant C' such
that, for all measurable functions f,

/n[ga,s(f)(x)]q dx <C |f(1')‘q dx.

R’n
Now we come to give a proof of Theorem 1.8.

Proof of Theorem 1.8. For € € (a + s,00), by Lemma 2.13, we see that g, (f) and g, s(f)
are pointwise comparable. Thus, to prove Theorem 1.8, it suffices to show that the conclusion of
Theorem 1.8 holds true for the intrinsic square function gq.s(f).

Let f € (L1p(),s(R"))* vanish weakly at infinity and g, s(f) € LPO)(R™). Then, by Lemma
2.8, we find that f € S'(R") C S/ (R"). Notice that, for all z € R™, g(f)(z) < J(a,e),s(f)(x) ~
Ja.s(f)(z) (see Lemma 2.13), it follows that g(f) € LP()(R™). From this and Theorem 1.4, we
deduce that there exists a distribution f € S’(R™) such that f=fin SL(R™), fe HPO(R™)
and ||ﬂ\Hp<->(Rn) S 19(H)|lre) mny, which, together with Corollary 2.2 and the fact that f vanishes

weakly at infinity, implies that f = fin S’(R™) and hence

”fHHP(')(]R") ~ ”f”HP(')(R") S ||g(f)||Lp<->(R") S Hga,s(f)HLp(-)(Rn)-

This finishes the proof of the sufficiency of Theorem 1.4.

It remains to prove the necessity. Let f € HP()(R™). Then, by Corollary 2.2, we see that
f vanishes weakly at infinity and, by Lemmas 2.11 and 2.12, we have f € (L) (R"))". If
g € (1,00) is as in Lemma 2.10, then, by Lemma 2.11, we know that there exist a sequence {\;};
of nonnegative numbers and a sequence {a;}; of (p(-),q, s)-atoms, with supp a; C Q; for all j,
such that f =3, \ja; in S'(R") and also in HPO)(R™) and, moreover
(2.13) AN :AQ51) Sl mny-
Thus, by Lemma 2.8, we find that, for all ¢ € Cio ) (R"), f*¢ = Zj Aja; * ¢ pointwise and
hence, for all z € R™, go,s(f)(z) < 325 Ajga,s(a;)(2).

Now, for a (p(-), ¢, s)-atom a with supp a C @ = Q(z¢,r), we estimate g, s(a). By Lemma
2.14, we find that

Q 1/q
(2.14) 1os (@) 102y < lall o) < ”Q"

)

[l Lo0) (Rn)
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here and hereafter, 2,/n@ denotes the cube with the center same as @ but with the side length

2/n times Q.
On the other hand, for all x ¢ 24/nQ, by the vanishing moment condition of a and (1.10),
together with Taylor’s remainder theorem, we see that

(2.15) |a * ¢y ()| :tin /Wa(y) ¢<zty) - > D%(ﬁ??o) (Ioty)ﬁ dy

|Bl<s

v =zl L rynes
< [ ey s @
n t IxQllLrer@ny \

Notice that supp ¢ C {x € R": |z| < 1}. If 2 ¢ 2¢/nQ and ¢; x a(z) # 0, then, there exists a
y € @ such that |x — y|/t <1 and hence t > |x — y| > |z — zo| — |zo — y| > |z — zo|/2. From this
and (2.15), we deduce that

9 1/2
*° dt
9a,s(a)(z) = sup_Jax ¢(2)]| —
0 | ¢€Ca,s(®RM)
- 1/2
< 1 ,,,n+o¢+s / t*?(n+04+5) dt
~ lIxellzeo @) le—zol
1 ( r )"*“*p [M(xg) (@)
N”XQ”LP(')(]R") |z — 0] HXQHLP(')(]R") ’
which implies that
nta+s
Mxq,)]l =
(2.16) (g (D)l oo an) < nggas Xoyia, +[Soa B
- ||XQ_7‘||LP<')(R")
Lp()(R™) J LrO)(R7)

=: 11 + IQ.

For I;, by taking b; := ga’s(aj)XQﬁQj for each j in Lemma 2.10, (2.14) and Lemma 2.6, we
conclude that

(217) I, < Z Asbi Q5]
16 ||L‘I(2fQJ)||X2ﬁQ,”LP()(]R")
Lp(-)(]RW)
| |1 py /P°
Aibi|Qsle
S N SAWN 15, 1Q515)-
zj: (”bj”L‘l(Q\/ﬁQj)HXZ\/HQj|LP(‘)(R’")> JA eI

Lr() (R™)

For I, letting 6 := (n + a + s)/n, by Lemma 2.5 and p_ € (n/(n + a + s),00), we find that

10
7
XQ } AiXQ
I2 S J J
Z”XQJHLP()R” ZHXQ;”LP()R” L)
L(’P(')(R") p(- n
oy L
P I
< ]XQJ AN Y
~ ” ~ ({ J}Jv{QJ}J)'
X@; lre (rmy
LIJ(-)(]R")
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From this, together with (2.13), (2.16) and (2.17), we deduce that

”ga,S(f)”LP(')(]R") S ”f”HP(')(]Rn)a
which completes the proof of Theorem 1.8. O

For s € Zy, a € (0,1] and € € (0,00), let C(q,e),s(y,t), with y € R™ and ¢ € (0,00), be the
family of functions ¢ € CS(R") such that, for all v € Z7, |y| < s and € R", |D"¢Y(z)| <
t—nh (1 4+ ly —x|/t)~" fR” x)xY dr =0 and, for all 1, 2 € R", v € Z7} and |v| = s,

(1+ v - ml) . (1+ v - x2|) ] .
t t
The proof of Theorem 1.10 needs the following Lemma 2.15, whose proof is trivial, the details
being omitted.

v v le — xQIOé
1D (@1) = D"Plae)| < — e

Lemma 2.15. Let s € Z,, a € (0,1], € € (0,00) and f be a measurable function satisfying (1.12).

(i) For any y € R™ and t € (0,00), it holds true that

Aos(Nyt) = sup V(@) f(z) de

d)ec(a,e),s(’y’t)

R

(ii) If t1, t2 € (0,00), t1 < to, y ER™ and ¢ € C(me),s(y,tl), then (%)"+S+O‘1/1 € C(a75),s(y,t2).

Proof of Theorem 1.10. If f € (L1,p(),s(R"))", 93 (a,6),s(f) € LPC)(R™) and f vanishes weakly at
infinity, then, by Lemma 2.8, we see that f € S’'(R™) and, by the fact that, for all x € R™,

IN(@) S 93a,s(N) (@) S 9X (00,5 () (@)
and Theorem 1.4, we further know that f € H?()(R") and

[l zre @ny S NG Lo @ny S 195 0,8 (Ollzee) @ny S 195, ae), s (Ol oo @ny-

This finishes the proof of the sufficiency of Theorem 1.10.

Next we prove the necessity of Theorem 1.10. Let f € HP()(R™). Then, as in the proof of
Theorem 1.8, we see that f € (£qp(.),s(R"))* and f vanishes weakly at infinity. For all 2 € R",
we have

(2.18) (93 (0,61, (F) (@)

n
e t ~ dy dt
- T Aae s at 2
/0 /|ym<t (t+|x—y|) SGERR gt
EES dy dt
N / /
Z 2k71t<|y—1‘<2kt tn+1
" dy dt
< Sion +Z2 S A (R IR
ly—z|<2kt

~ nekn o dydt
~ [S(ave).s(f +22 FAngk / / ‘ [Afare).s(F)(, 275 ))? s
—z|<t
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By Lemma 2.15, we find that, for all £ € N and (y,t) € Rﬁ“,

A5 (£)y,27) = sup o(x)f(2) da
YEC(a,e),s (¥,27Ft) "
< gk(ntsta) _ sup J(z)f(x) dr| = 2k(n+s+a)g(a,e)7s(f)(y7 t)v
PEC(a,e),s(y,t) /R

which, together with (2.18) and A € (34 2(s + «)/n, 00), implies that
55,1 (P @) D227 A2 E NS (£ @] ~ [Stoner.o () ()]
k=0

From this, together with Theorem 1.9, we deduce that g3 , L(f) € LPO(R™) and

193, 0,s (P eo @y S N9, a6y, (Do @ny S NS (ase).s (Ol ey @ny S N lare @ny),s
which completes the proof of Theorem 1.10. O

To prove Theorem 1.13, we first introduce the tent space with variable exponent. For all
measurable functions g on Ri“ and z € R", define

00 ayar)'”
Y
7) = / / 9. 0)2 2
{ 0 {yeR": |y—z|<t} tntl

Recall that a measurable function g is said to belong to the tent space T% (RT™) with p € (0, 00),
if |9l g ety = A9 | o gn) < 00
Let p(-) € P(R™) satisfy (1.1) and (1.2). In what follows, we denote by TQP(')(RT'l) the space

of all measurable functions g on R’/ such that A(g) € LPO)(R") and, for any g € Ty (')(R’}r“),
its quasi-norm is defined by

9150 g1y = 1A o> @y = mf{)\e (0, 00) : /< (gA)( )) dm<1}.

Let p € (1,00). A function a on R’ is called a (p(-),p)-atom if there exists a cube @ C R”
such that suppa C @ and Ha||TP(Rn+1 < |Q|1/p||XQ||Lp<> gny- Furthermore, if a is a (p(-), p)-atom

for all p € (1,00), we then call a a (p( ), 00)-atom.
For functions in the space T ) (Rﬁ“), we have the following atomic decomposition.

Theorem 2.16. Let p(-) € P(R™) satisfy (1.1) and (1.2). Then, for any f € Tf(')(]RT’l), there
exist {\;}; C C and a sequence {a;}; of (p(-),00)-atoms such that, for almost every (x,t) €
RT‘l, flz,t) = Zj Ajaj(z,t). Moreover, there exists a positive constant C such that, for all

fe Tf(')(err“), A ({N}5,{Q5};) < C||f||T§(.)(Ri+1), where

p(w)
(2.19)  A*({\}5,{Q;};) =1inf ¢ A € (0,00) : Z/ [M] dr <1

Lp( )(]R'L

and, for each j, Q; appears in the support of a;.
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Remark 2.17. Assume that p; € (0,1]. Then, by [32, Remark 4.4], we know that, for any
sequences {A;}; of nonnegative numbers and cubes {Q;};, >; A; < A*({\;}5,{Q;}))-

The proof of Theorem 2.16 is similar to that of [18, Theorem 3.2] (see also [22, Theorem 3.1]).
To this end, we need some known facts as follows (see, for example, [22, Theorem 3.1]).

Let F be a closed subset of R” and O := R"\F =: F¢. Assume that |O| < co. For any fixed
v € (0,1), z € R™ is said to have the global vy-density with respect to F if, for all ¢ € (0,00),
|B(x,t) N F|/|B(z,t)| > v. Denote by I the set of all such x and let O := (F;‘)C. Then

Oy ={r eR": M(xo)(z)>1-~}

is open, O C O and there exists a positive constant C',), depending on v, such that |03 < C(.[O|.
For any v € (0,00) and z € R™, let I', () := {(y,t) € R : |2 —y| < vt} be the cone of aperture
v with verter x € R™ and I'(z) := I';(x). Denote by R, F the union of all cones with vertices in
F, namely, R, F := U,crl,(2).

The following Lemma 2.18 is just [22, Lemma 3.1].

Lemma 2.18. Let v, n € (0,00). Then there exist positive constants v € (0,1) and C such
that, for any closed subset F of R™ whose complement has finite measure, and any nonnegative
measurable function H on erfl,

/ H(y, t)t" dydt < C’/ / H(y,t)dydt ; dz,
Ry (Fz) r|Jr,

where F denotes the set of points in R"™ with the global y-density with respect to F'.
Proof of Theorem 2.16. Assume that f € Tf(')(RT“l). For any k € Z, we let
Op:={z e R": A(f)(z) > 2"}

and Fj, := O%. Since f € TQZ’(‘)(RT&), for each k, Oy is an open set of R™ and |O| < co. Let
v € (0,1) be as in Lemma 2.18 with n = 1 = v. In what follows, we denote (F})3 and (Oy)3 simply
by Fj and Oj. By the proof of [18, Theorem 3.2], we know that supp f C (Ukezéi U E), where
E C R} satisfies that [, dydt — ),

For each k € Z, considering the Whitney decomposition of the open set of O;;, we obtain a set
I, of indices and a family {Qy ;} er, of closed cubes with disjoint interiors such that

(i) Ujer, Qr,; = O, and, if i # j, then @k’j N Q;” = ), where E denotes the interior of the set

(il) vnl(Qx,;) < dist(Qk, ;. (O};)E) < 4y/nl(Qy,;), where £(Qy, ;) denotes the side-length of Q. ;
and dist(Qx,;, (OZ)E) =inf{|lz —w|: z2€ Qy;, we (O};)B}

Now, for each j € Iy, let Ry ; be the cube with the same center as Qr ; and with the radius
11y/n/2-times £(Qy ;). Set

—

A j = Ry j N (Qk,; x (0,00)) N (O\Oj 1),

Q.5 = 27k||XRk,j ||Z;(*)(Rn)fXAk,j

—

and A := 2%||xr, || Lo¢)®n). Notice that (Qg; x (0,00)) N (6\;\0;“) C I/ik\J From this and

supp f C (Ukeza: U E), we deduce that f =3, ., >, A jak,; almost everywhere on R *.

JE€Ik
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oo)-atom support in Ek\]
(OZ-H)E = R1(F,:+1), by

Next we first show that, for each k € Z and j € Iy, ax; is a (p(-),
Let p € (1,00) and h € T (R'}) with ||hHTp/(Rn+1 < 1. Since Ay ; C
2 (Ry
Lemma 2.18 and the Holder inequality, we have

)

dy dt
(a3, )| = | [ s tixa, (. 0hu )
RYT!
dy dt
S o oh ) B s [ Al @An) @) ds
Fry1 JT(2) Frya

1/p
5 27k||XRk:,j HZPl(')(Rn) {~/(3R JAF [A(f)(x)]p dm} ||hHT2p/ (RTA)
k,j k+1

5 |Rk,j |1/pHXRk,j HZ;}(-)(Rn)v

= TQZ’/ (RH) (see [5]), where (T3 (R7))* denotes the dual space
Thus, ag; is a (p(-), p)-atom

which, together with (T4 (R’ +))*
of T3 (R'Y), implies that [|ak llpp ety < [ResVPIxrs 1700 gn)-

support in ﬁk\] up to a harmless constant for all p € (1,00) and hence a (p(-), c0)-atom up to a

harmless constant.
Finally, we prove that A*({)\;};,{Q;};) < ||f||T;<.)(R1+1). By the fact that xr, , < M(xp, )

for any r € (0,p_), we know that

A ({ A} {Ree s })

1 1
p— P
Ao P~ XR,
I - X @)
kez jely, X B llLee) (mn) kezZ jeIy
LrC)(R™) Lr() (R™)
- 1/p—
S X M, @] 7 ,
kEZ jEl},
Lp(-)(Rn)

which, together with Lemma 2.5 and the Whitney decomposition of Oj, implies that

A (s B D S RS (2

keZ jely,

"Xax J)

1/p—

-

Lp(‘)(]Rn)

D

kEZ

1p_
k p— ’
(2*xo;)

Lr() (R™)

From the fact that xo: < M(xp,) with 7 € (0,p-) and Lemma 2.5 again, we further deduce that

A ({ Ak} {Rie s })

keZ

1/p
k p— '
~ Z (2 Xok\0k+1)

kEZ

1/p— 1/p—
< {Z (M2, )" } < {Z <2k><ok)p-}

LPC) (R™) kezZ

~ HA(f)HLP(')(Rn)

Lr() (Rn)

which completes the proof of Theorem 2.16.

Lr() (R™)

~ ||f||T2’P(*)(Ri+l)a
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To prove Theorem 1.13, we also need following technical lemmas.

Lemma 2.19. Let @ := Q(z0,6) C R", ¢ € (n(1/p— — 1),00), p(-) € P(R™) satisfy (1.1) and
(1.2), and s € (n/p— —n — 1,00) N Zy. Then there exists a positive constant C' such that, for all
f S ﬁl,p(»),s(Rn);

5| f(x) — Pof ()] Ixellzro @)
< - a1~ mny.
/Rn e 1 o —agp 0 SO g Wl

To prove Lemma 2.19, we need the following Lemma 2.20 which was proved in [32, Lemma 6.5].

Lemma 2.20. Let p(-) € P(R™) and q € [1,00]. Assume that p(-) satisfies (1.1) and (1.2), and
s € (n/p— —n—1,00) NZ4. Then there exists a positive constant C such that, for all Q € Q,
JEZ and f € Ly py,s(R"),

1 . Y/ (1) @l Lro) @n
{2JQ| 250 |f(x)7PQf(‘T)|q dl‘} < CQJn P— T()||f‘|£q,p(-),s(Rn)7
J

where 27Q denotes the cube with the same center as Q but 29 times side-length of Q.

Proof of Lemma 2.19. For any k € Z, let Q. := 2*Q, namely, Q. has the same center with @ but
with 2% times side-length of ). Then we have

8| f(x) = P4 f ()]

g 07 + |z — x| o
o o¢|f(x) — P5f(x
([ )R,
Q ;=07 Qkr+1\Qk y + [z —

1 ’ S —n—ege s
S @/Q|f(x)—P5f(a:)|dx+kZ_o(2k5) n—eg /Q |f(x) = Py f(z)| da

k+1

IxXQl Lre) (mmy >, 2~ k(nte)

< 7||f\|s1,p<.),s(ﬂv)+zi/ [1f(z) = Py, f(2)]| +|P§, f(x) = PSf()]] da.
Q| — 1Rl Jo.
By Lemmas 2.7 and 2.20, we find that, for all x € Qx,

1
1Po, [ (x) = Pof(z)] = [P, (f = Pof) ()] < o /Qk [f(x) = PO f(x)| da

B(2— )HXQ”LP(') R™)
<M= Tﬁ\|f||cl,w<m

which, together with € € (n(1/p— — 1), 00), implies that

HXQHLP(')(]R") N 7k(5+nfi)HXQHLP(')(]R")
LS S0 M sy + 2T I

k=1
HXQHLP(')(]R")
~ |Q| ||f||£1‘p(.)vs(R")'
This finishes the proof of Lemma 2.19. O

Next we establish a John-Nirenberg inequality for functions in £y ;. s(R").
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Lemma 2.21. Let p(-) € P(R") satisfy (1.1) and (1.2), f € Ly p)s(R") with s € (n/p- —n —
1,00) NZ4. Assume that py € (0,1]. Then there exist positive constants c1 and ca, independent
of f, such that, for all cubes @ C R™ and X\ € (0,00),

s C Q A
e €Q: I£() — P3f(@)] > A} < crexp { - gy Q!
£l 2y ey e @ IXQI PO (7Y
Proof. Let f € L1 p),s(R™) and a cube Q@ C R™. Without loss of generality, we may assume that

11z, mlIXQll Lo gny = |Q]. Otherwise, we replace f by fIQ|/[Ifllz, ., .&»lIxallLre) @)l
Thus, to show the conclusion of Lemma 2.21, it suffices to show that

(2.20) Hz e Q: [f(x) = Pof(z)] > A} < crexp{—c2A} Q).
For any A € (0,00) and cube R C Q, let I\, R) := |[{z € R: |f(z) — Py f(z)| > A}| and
(2.21) F\Q) = I()\’R).
RCQ |R‘

Then it is easy to see that F(A, @) < 1. From Lemma 2.6, | f|z, .., .@"lxQllLro @) = [Q| and
p+ € (0,1], we deduce that there exist a positive constant ¢y such that, for any cube R C Q,

IXRILre) (my

& [ 170 = Pisa)de < 2

Applying the Calderén-Zygmund decomposition of | f — Py, f| at height ¢ € (co, 00) on the cube
R, there exists a family {Ry}r of cubes of R such that |f(z) — P;f(z)| < o for almost every
z € R\(UpRy), R NR; =0 if k # j and, for all k, 0 < ka_ |f(x) — P f(x)|dz/|Rg| < 2"0. From
this, we deduce that

e2) DRI Y [ 10 - PRl e < ] [ 156 - Pf)lds < IR

| fllzy .. @) < co

If X € (0,00), then, for almost every € R\(UrRk), |f(x) — P f(z)| <o < X and hence
(223) I\ R) <Y € Ri: |f(x)— Paf(x)| > A}
k
<D IA—nRe)+ > e € R : [P f(x) = Pif(@)] > n}| = T + 1,
k k
where n € (0, A) is determined later. For Iy, by (2.21) and (2.22), we have
(224) < Y FO - QIR < LFO -0, QIR
k
For I, by Lemma 2.7, we find that there exists a positive constant Cy such that, for any = € Ry,
Ph S () = PRI = P~ PRO@I < 2ty [ 11(@) — Pif)las < 2°Cro
Now, let o := 2¢p and n = 2"Cyo. Then, when A € (n,00), Io = 0, which, together with
(2.23) and (2.24), implies that I(A\, R) < F(A — n,Q)|R|/2 for all R C Q. Thus, it follows that

FNQ) <FA—n,Q)/2. If m € N satisfies mn < A < (m + 1)n, then

FONQ) < 5FA-m.Q) < < 2 FA—mn, Q).
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From F(A —mn,Q) < 1and m > \/n— 1, we deduce that
FAQ) <27™ < 211 = 2¢(—7los 2,

Therefore, when A € (1, 00), we conclude that (2.20) holds true with ¢; := 2 and ¢y := (log 2) /7.
On the other hand, when A € (0,7), (2.20) holds true trivially. This finishes the proof of Lemma
2.21. ]

By the Holder inequality and Lemma 2.21, we immediately obtain the following Corollary 2.22,
the details being omitted.

Corollary 2.22. Let p(-), s be as in Lemma 2.21 and r € (1,00). Then f € Ly p(.),s(R™) if and
only if f € Ly p0y,s(R™).

Now we prove Theorem 1.13.
Proof of Theorem 1.13. We first prove (i). Let b € £ ;) s(R"). For any Qo := Q(zo,r), write
(2.25) b= P3q,b+ (b— P3g,b)x2q, + (b — P3g,b)Xrm\(2Q) =: b1 + b2 + bs.

For by, since [p, ¢(z)x” dz = 0 for all v € Z', we see that, for all t € (0,00), ¢¢ * by = 0 and
hence

(2.26) /A (60 # b ()

2 dadt _o.
t

For by, by the fact that the boundedness of the square function g(f) on L?(R™) (see, for example,
[17, p. 356, Exercise 5.1.4]), we find that

dxdt dadt o
[ 100eba@PSE < [ loreba@P ST S allfageny ~ [ 1bla)  Pig, (o) da.
0 Ry 2Qo

which, together with Lemma 2.6 and Corollary 2.22, implies that

|Qo['/? {/ o dxdt 1/2
2.27) 0 gk b @)PEE S bl -
( ”XQ()”L:D(-)(]Rn) é\o t )| t | H 1,1)()”(R )
For b3, let € be as in Lemma 2.19. Then, for all (x,t) € @57 we have

|6¢ * ba(2)| 5/ r

E™\(2Q0) T =g PW ~ Pao, W)l dy
0

tE
& b(y) — Psq, ()| dy
/”\(QQo) (t+lwo—y|)"+f| () = Pog, (y)]

t° IXQoll o) &)
S B E bl e,
which implies that
/2
Qo 1 , dodt )
(2.28) |¢e * b3()|” —— 0 S blley @)
1XQo I Lrer mmy UIQol JG, t 10y (R")
From this, (2.25), (2.26) and (2.27), we deduce that
1 drdt '
DL [ ot S S e,
XQollLry @y UIQol Ja, t e
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which, together with the arbitrariness of Qg C R™, implies that du is a p(-)-Carleson measure on
Ry and [|dullpc) S [blle, 0. mn)-

Next, we prove (ii). To this end, let f € L& (R™). Then, by f € L*(R") with compact
support, b € L2 (R™) and the Plancherel formula, we conclude that

dxdt

(2.29) /RW G * f(2)de * b(z) ——

f(@)b(x) dz| ~

R™

Moreover, from f € HP()(R™) and Theorem 1.4, we deduce that ¢; * f € Tf(')(R’}rﬂ), which,
combined with Theorem 2.16, implies that there exist {A;}; C C and a sequence {a;}; of (p(-), o0)-

atoms with suppa; C @; such that ¢, x f(x) = Zj Ajaj(z,t) almost everywhere. By this, (2.29),
the Holder inequality and Remark 2.17, we find that

Zm/ (o) b)) 2

1/2 drdt 1/2
<Z|A{/ Mzt)} {/@\_'@*"(”'Qi}

1/2
1/2 dxdt
D e 91 {/A |¢t*b<x>|2ﬁ}

IxQ; Il Lo )(R™) y

f b(z) dx

< IIfHHm»(Rn)Hdullp(o S lldpllpey

which, together with [32, Theorem 7.5] and the fact that L3 (R") is dense in HP()(R™), implies

comp

that [[blz, ., .@") < lldplp) and hence completes the proof of Theorem 1.13. O
We conclude this section by giving the proof of Theorem 1.14.

Proof of Theorem 1.1/. From Theorem 1.13(ii) and the fact that, for all (z,t) € R}, ¢, #b(z)| <
g(a’e)’s(b)(x, t) with ¢ as in Theorem 1.13, we deduce that the conclusion of Theorem 1.14(ii) holds

true.
It therefore remains to prove (i). Let b € £y () s(R™). Then, for any cube Qo C R™, write
b= PQSQOb + (b - PQSQOb)X2Qo + (b - PQSQOb)XRn\(QQO) = b1 + b2 + bg.

For b, since fRn ¢(x)xY dr = 0 for ¢ € Cra,¢),s(R™) and v € Z7 with |y| < s, we see that, for
all t € (0,00), it holds true that ¢, * by = 0 and hence

(2.30) /A [Aa,0, (01) ()] dedt =0.

For by, from Lemmas 2.14 and 2.13, we deduce that

~ dxdt s
S o), S S alfageey ~ [ 1) = P bl o

0

which, together with Corollary 2.22, implies that

1Qo|'/? ~ dxdt
(2.31) — A|A<a,e>,s(bz)(x,t)\27 Sbllzy .o @n)-

HXQ(J”LP(’)(R") 0
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By an argument similar to that used in the proof of (2.28), we find that

|Qol'/? ~ g dxdt
Tl Uy, Mo @@ 0P f S 18le, .0
0 n 0

From this, combining (2.30) and (2.31), we conclude that dpy is a p(-)-Carleson measure on R’}
and [|dppllpy S 0l 2, ... (7)), Which completes the proof of Theorem 1.14. O
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