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Abstract

In this note, we establish a distortion theorem for locally biholomorphic Bloch mappings f sat-
n+41

isfying ||f]|o = 1 and det f'(0) = a € (0, 1], where || f]jo = sup{(1 — |2|?) 2% |det f'(z)|" : z € B"}.
This result extends the result of Bonk, Minda and Yanagihara of one complex variable to higher
dimensions. Moreover, a lower estimate for the radius of the largest univalent ball in the image of
f centered at f(0) is given.
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1. INTRODUCTION

In 1988, Bonk in [1] established the well-known Bonk Distortion Theorem for Bloch functions
in the unit disk D in C which inspired further work in one and several complex variables. In one
complex variable, Bonk et al. in [2] and [3] studied the general distortion theorems for locally
univalent Bloch functions and Bloch functions, respectively. In several complex variables, Liu in
[4] investigated the properties of Bloch functions defined in the unit ball in C™ and generalized the
Bonk Distortion Theorem to higher dimensions. Moreover, Liu gave the following Bonk Distortion
Theorem for locally biholomorphic Bloch functions with values in C”.

Theorem [4] Suppose f € H(B"), ||fllo =1 and det f'(0) = 1. If det f'(z) # 0 for all z € B™,
then

—(n+1)lz|

[det f(2)] = (1= |2))"" exp{ -
— |z

}
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for all z € B™. Moreover, the above inequality is best possible.

By making use of the above distortion theorem, Liu obtained estimates of Bloch constants for
various subfamilies of locally biholomorphic mappings defined in the unit ball B™ of C™ which
generalized a result of Liu and Minda in [5] to higher dimensions. FitzGerald and Gong in [6]
extended the above distortion theorem to the first type of the classical domains in the sense of Hua.
Later, Gong and Yan in [7] and Gong in [8] established the distortion theorems for holomorphic
mappings and locally biholomorphic mappings on irreducible bounded symmetric domains using Lie
algebra’s method, respectively. For detailed information of distortion theorems and Bloch constants
the reader may consult the book of Gong, Yu and Zheng in [9].

In this article, we will establish a distortion theorem for locally biholomorphic Bloch mappings
on the unit ball B™ which is a generalization of the above Theorem [4]. While the distortion
theorem for holomorphic Bloch mappings on the unit ball B” is obtained by us in [10], the general
results for a«—Bloch mappings are due to Chen, Ponnusamy and Wang in [11]. As a special case
of the unit disk, the distortion theorem reduces to that of Bonk, Minda and Yanagihara in [2].
As an application, we give a lower estimate for the radius of the largest univalent ball for various
subfamilies of Bloch mappings defined in B™. In the proof we use a type of subordination lemma for
horodisk in the unit disk . This subordination lemma enables us to obtain our distortion theorem
from a unified perspective. In particular, some hyperbolic geometric properties play an important

role to obtain the subordination lemma.

2. PRELIMINARIES

We will first make use of the following notation and give some definitions in this paper.
Let D be the unit disk in the complex plane C. Denote by C™ as the n-dimensional complex

Hilbert space with the inner product and the norm given by

n
< zyw >= szu_}j , 2zl =(< 2,2 >)%,
j=1
where z, w € C". Let B™ be the open unit ball in C", i.e. B® = {z € C" : |z| < 1}. The unit
sphere of C" is denoted by 0B"™ = {z € C" : |2| = 1}. Denote by B"(x,r) as the ball of radius r
with the center x. Let H(B") be the set of all holomorphic mappings from B" to C™. Denote by
Hioe(B™) as the set of all locally biholomorphic mappings from B" to C", that is, f € Hj,.(B")
means f € H(B") and det f'(z) # 0 for all z € B™. Throughout the paper, we will write a point

z € C™ as a column vector in the following n x 1 matrix form

<1
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For a holomorphic mapping f € H(B"), we also write f as the n x 1 matrix form

fi
f2
fn
where all of the f; are holomorphic functions from B™ to C. The derivative of the mapping f € H(B")

at a point a € B" is the complex Jacobian matrix of f given by

o= (3

Then f’(a) is a linear mapping from C™ to C™. Denote by ||f/(a)|| as the norm of complex Jacobian

matrix f/(a). Let Aut(B") denote the group of holomorphic automorphisms of B".
Definition 1 [4] A holomorphic mapping f € H(B") is called a Bloch mapping if the family

Fr={g:9(2) = f(p(2)) = f(¢(0)), » € Aut(B")}

is a normal family. The Bloch semi-norm of the Bloch mapping f(z) is defined as
d(fo "
191 = sun| 222 0 < € urtn) .

Denote by S(K) as the set of Bloch mappings f with ||f||g < K, where 1 < K < co.
Definition 2 [4] Suppose f € H(B"™). We define the prenorm || f||p of f given by

1 nt1 1 n
1£llo = sup{| det g'(0)| = g € Fy} = sup{(L — |2[*) = | det f'(2)|= : = € B"}.

It is easy to show that || f]|o is invariant under the group of holomorphic automorphisms Aut(B").

Definition 3 [12] If G C C is a domain including the origin and f and g are two holomorphic
functions on G, then f is subordinate to g if there is a holomorphic function ¢ : G — G such that
©(0) =0 and f = go . We write f < g to denote this subordination relation.

Given a holomorphic mapping f € H(B"), we denote by 7(a, f) as the radius of the biggest
univalent ball of f centered at f(a)(a univalent ball B"(f(a),r) C f(B") means that f maps
biholomorphically an open subset of B™ containing the point a onto this ball).

Next we recall some basic facts about hyperbolic geometry on a hyperbolic domain €2 in the
complex plane C, that is , C\ 2 contains at least two points. For an arbitrary hyperbolic domain €2,
we have the hyperbolic metric Aq(z)|dz| with the Gaussian curvature —4. The hyperbolic metric

on the unit disk D is
|dz|

1— |z

Ap(z)|dz| =

The density A\q(z)|dz| of the hyperbolic metric on a hyperbolic domain 2 is determined from

Aa(f () (2)] = Ap(2),



where f : D —  is a conformal mapping. We denote the hyperbolic distance on by dg. For
A, B € Q, the hyperbolic distance between them is determined by

do(A B) = inf/)\g(w)|dw|,
i

where the infimum is taken over all paths v in  joining A and B. For example, the hyperbolic

distance dp(a,u) between the points a and w in D is obtained in the following way:

1 L+ |{= a—u
dp(a,u) = 10 { — ‘ZL|} = arctanh(| T au\).

l—au

For r > 0, let A(1,7) be a horodisk in D, that is,

|1 — 2|? 1 r
A(l,r)={z€eD: —— <r} = De(+—, ——
(L) =A{z 1—1z2 } e(l—f-r’l—i-r)’
where De(1+ T4y ) is a euclidean disk with a center ﬁ and radius ﬁ And A(1,r) is a circle

internally tangent to the unit circle at 1. Note that f(z) = 1 w2t 1 +T is a conformal map of D

onto De(:1- Hence, the hyperbolic metric on A(1,7) = De(+, 72 is

147> 1+r> 1472 1+r

1ol
)\A(I,T)(w)‘dw‘ = ( r )21i ‘w 1
1+4r

In this paper, we always assume r > 1 for the horodisk A(1,r).

3. SOME LEMMAS

We present the following lemmas to establish the distortion theorem.
Lemma 1 Suppose f € H(D), f(0) =a € R and f(A(1,7r)) C {w:Rew < s}. Then

(1) f(2) = Go(2) = b= +b+a on A(L,7), where b = T(S a) > 0.
(2) Re f( ) > Go(x) = 21”” T +afor 0 <z <1 with equahty holds for some z if and only if f = Gj.
(3) Re f(z) < Go(—=x) = f_bfl +afor0<ax< ? with equality holds for some z if and only if
= Go
Proof. (1) Note that Go(0) = a = f(0), and
2> — 1
Re Go(z) = b|1 P +b+a.

We set I'(r) = 0A(1,r) ={z € D: ‘11:2‘2 =7}
Then )
Re Go(T(r)) =—=+b+a=s.
r

Hence Go(A(1,7)) = {w : Rew < s}. We define ¢(2) = Gy 'of(2). Then ¢ € H(A(1,7), A(1,7)).
It implies f < Gp on A(1,r).



(2) Let 0, C A(1,7) be the hyperbolic circle (relative to hyperbolic geometry on A(1,r))with
center 0 which passes through z. Then 4, is symmetric about the real axis. By making use of
f < Gpon A(1,r), we have f maps the circle 0, into the closed disk bounded by the circle G (d).
Since Gy is decreasing on d, [ R and symmetric about R, the point of Gp(d,) with the smallest
real part is Go(z).

Hence for all « € (0,1), we have

2bx

Re f(x) > min{Re Go(z) : z € 0, } = Go(x) = r—1

+ a.

Moreover, the equality holds for some z if and only if f = Gj.

(3) The proof is similar to that of the inequality in part (2). For 0 < x < :;—i, let 6_, C A(1,r)
be the hyperbolic circle (relative to hyperbolic geometry on A(1,7))with center 0 which passes
through —z. From f < Gy on A(1,r), we have f maps the circle §_, into the closed disk bounded
by the circle Go(d—5). Since Gy is decreasing on J_, [ R and symmetric about R, the point of

Go(0_5) with the biggest real part is Go(—=), that is,

-2 2
Re f(x) <min{Re Gy(2) : z € _,} = Go(—x) = — ﬁml +a= . ixl + a.

Moreover, the equality holds for some x if and only if f = Gj.
Lemma 2 [4] Suppose that A = (a;j) is an n x n complex matriz . If ||A|| > 0, then for any
unit vector & € OB™, the following inequality holds:

| det A

Ag| > oAl
ALl =

Lemma 3 [4] If f is a Bloch mapping on the unit ball B"™, then we have
/15

1—|z*

1 ()1l <

4. MAIN THEOREMS AND PROOFS

First of all, we need to introduce the function m(«) to present the main results.
We define f(t) = e_nTHt(l + t)nT+1 Then f is decreasing on [0,4+00) and f(0) = 1, f(+o0) = 0.
Denote by m as the inverse function of f : (0,1] — [0,+00). Then for any a € (0,1], there is

the unique number m(«a) such that

It is clear that m(1) = 0.
Now we present the following distortion theorem:.
Theorem 1 If f € Hj,.(B"), ||f|lo =1, det f/(0) = « € (0, 1], then
1)
—(n+ 17|

[det f'(2)] > exp{(1+ m(e) =~

}

[0
(1 —[z))m+!



—(n+1) n
for any z € B™, where m(«a) is the real root of an equation e o f1+ t)# = « in the interval
[0, +00).

@) 1
exp{(1 + m(a)) T LI,

det f’ <
[det f'(2)] < T

o
(14 [z))m+!

for|z| < 2:_”77(10(‘21) Moreover, the inequalities (1) and (2) are sharp.
Proof. (1) The case o = 1 is due to Liu [4, Theorem 7]. So we will only discuss the case
aec(0,1).

Fix € € OB™, we define

g(u) = (1 —w)™* det f'(uf).

Since
ntl 1 .
1fllo = sup{(1 — |2[>) 2= | det f'(2)|= : 2 € B}.
From Definition 2 and || f|lo = 1, we have
(1—[2%)% | det f'(2)|= < 1.

Hence

11— uf? ot

1 — Juf?

Note that f € Hj,.(B"), then g € H(D) and g(u) # 0 for all u € D.

Setting h(u) = log g(u), where the branch of logarithm is chosen such that h(0) = log g(0) = log «

lg(uw)] < 1 —ul" | det f'(ug)| < (

is real. We then have | |2
n—+1 1—wu
Re () = log |g(u)] < "5~ log {—' 1.

—(n+1) n
Note that m(«) is the unique root of an equation e 5 H1+ t)%1 = « in the interval [0, +00),
ie. “llog(l 4+ m(a)) — “lm(a) =loga.
If u e A(1,1+ m(«)), then we have

n—+1

A1, 14+ m(a))) C{w:Rew < 5

log(1 + m(a))}.

In view of Lemma 1(1), we have h < Gg on A(1,1+ m(«)), where

Go(’u,) = szi +b+10ga7
b=- ;7(7;()&) (= ; " log(1+ m(a)) — loga) = "1 (1 4 m(a)).

For any 0 < z < 1, by Lemma 1(2), we have
n+1

Re h(x) > (14 m(a))% +loga

=mn+1)1+ m(a))% + log a.



Hence
loglg(z)] > (n+1)(1 + m(a))% +log a.

It means that

l9(@)| > aexp{(n+1)(1 +m(a) —}.

If z € B", we take x = |z| and & = |Z‘
From g(x) = (1 — z)" "' det f/(x£), we obtain

—(n+1)|

/ —~ z|
|det f'(2)| > WGXP{G + m(a)) 11— I

2)Ifo<z< 2+r(n()c)¥), by Lemma 1 (3), we have

Re h(z) < Go(~z) = (n+ 1)(1 + m(oz))%_i_l +loga.

For any z € B" and |z| < (O(‘)) we take z = [z] and £ = 7.
Note that g(z) = (1 — )”+1 det f'(x€), we similarly have

(n+1)z

det f'(2)] < ———— exp{(1 |
et £(2)] < - or exp{(1 4 m(a) B,
Finally, we shall testify the inequalities (1) and (2) are sharp.
In fact, we can take f € Hj,.(B™) satisfying
o g exp{(1 4 m(a) == Yt
f(z) = 22
Zn
Then det f'(0) = . Hence We Wlll only show that ||f|lo = 1.
For any z € B", note that e~ =5 m(o‘)(l +m(a)) "3 = a, we have
ni1 2 1—]2]2 =2 2z
(= 1) det P 7 = TP expl (14 mla)) L))
|1 — Zl| 1-— Z1
1— |z 2
< 2 m(a) exp(-m{a))] exp{~(1 + m(a)) ;)
1—|af? — |zl
e(l +m(a)) ——5 exp1—(1 + m(«
(1-+ ) 2 expf~(1 + mla)) =20

<1



The last inequality is obtained by the inequality
rel 7T <1

for any x > 0 with equality only for x = 1.
From the definition of || f|jo = sup(l — ]2\2)%“ det f'(z )\% z € B"}, we have ||f]|o < 1.

On the other hand, we take z = (21,0, ...,0) € B™ such that ‘1 ‘Z” 1+ m(a). Then we obtain

(1—1z?)" 2 |detf (z)] = 1. Thus |[f|]o = 1. It yields that the inequalities (1) and (2) are sharp.

Remark. As a special case of the unit disk D), Theorem 1 reduces to Theorem 3 in [2].

By making use of the above distortion theorem, we can establish a lower estimate for the radius

of the largest univalent ball in the image of f centered at f(0).

Theorem 2 If f € B(K)(\Hioe(B™), ||fllo = 1 and det f'(0) = a € (0,1], then the largest

univalent ball of f centered at f(0) satisfies the following inequalities:

L —¢2)n-t —(n+ 1)t aK1™"
0 > oK1 - 1 —}dt >
(0. > 0k [ (1 mla) = >
where m(«) is the real root of an equation 67(7?1)]5(1 +1t) 2 = « in the interval [0, +00).

Proof. By det f/(0) = a € (0,1], there is a small ball centered at the origin such that the
mapping f is biholomorphic on the small ball. If the ball in the range expands, then the preimage
arrives at a point of the unit sphere dB™ or a point at which det f/(2) = 0. Otherwise, we can
enlarge the ball in range f(B") according to the estimate of det f’(2) in Theorem 1. In terms of the
estimate of | det f/(2)| in Theorem 1, we can suppose |det f’(z)| is non-zero. Let T' C f(B™) be a
straight line interval which starts at the point f(0) and goes as far as it can with its preimage not
running through the boundary of B" or det f’(z) = 0. Note that r(0, f) is the largest nonnegative
number r such that there exists a domain V' C B", and f maps V biholomorphically onto a ball
centered at f(0) with radius r. Then

af dz
r(0, f) > dw :/ dw| = dz
0.0 fLau] = [l = [ |32 0=
where v = f~1(T).
Lemma 2 implies
of dz | det f/(z )]
N x> [T B g
v 10z |dz| v gzl




From Theorem 1 (1) and Lemma 3 we obtain the right-hand side of the preceding inequality satisfies

1 _ 2\n—1 —(n
7“(0, f) > CVKl_n/O ((11_2))n+lexp{(1 + m(a))(lj_tl)t}dt

1 n—1 —(n

Z aK1”/0 (1(1+_t)t)26><p{(1 +m(a))(1jtl)t}dt
' —(n

> aKl—n/O (1_175)26Xp{(1 +m(04))(1j—tl)t}dt

. aK!—"

 (n+1)(1+m()

Therefore,
0.9z s [ L may U D 0K
) Z o (I—t)ntl p 1=+ Z I DA L m@)

The proof of Theorem 2 is complete.
Remark. (1) When n =1, B" is the unit disk . Theorem 2 implies

o 1 _

002 505 m) ~ 2

which coincides with Corollary 3 in [2].
(2) When a = 1, then m(a) = 0. Theorem 2 reduces to the lower bound for the locally biholomor-
phic Bloch constant obtained by Liu in [4, Theorem 8§]:

(1 — ¢! —(n+ 1)t K=
> gl-n (7 _ et > )
r(0,f) > K / T S e

0

(3) Finally, we would like to point out that all of the analogous results for locally biholomorphic
Bloch mappings defined in the unit polydisc can also be obtained.
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