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Abstract.    The neutrix product of the distributions 
++ xnx lλ and rx −−

−
λ  is evaluated for 

L,2,1,0 ±±≠λ  and  L,2,1=r . 

 
 
In the following, we let N be the neutrix, see van der Corput [1], having domain 

},,,2,1{ LL nN =  and range the real numbers, with negligible functions finite linear 
sums of the functions 
 

Lll ,2,1,0:,1 =>− rnnnnn rr λλ  
  

and all functions which converge to zero in the normal sense as n tends to infinity.  
We now let )(xρ  be any infinitely differentiable function having the following 

properties: 
 

  (i) ,1for    0)( ≥= xxρ  

 (ii) ,0)( ≥xρ  

 (iii) ,)()( xx −= ρρ  

(iv) .1)(
1

1
=

−∫ dxxρ  

 
Putting )()( nxnxn ρδ = for ,,2,1 L=n  it follows that )}({ xnδ  is a regular sequence 
of infinitely differentiable functions converging to the Dirac delta-function  .)(xδ  
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 Now let D be the space of infinitely differentiable functions with compact support 
and let D′  be the space of distributions defined on D.  Then if f is an arbitrary 
distribution in  D′ ,  we define. 
 

( ) )(),()(*)( txtfxfxf nnn −== δδ  
  

for L,2,1=n .  It follows that }{ nf  is a regular sequence of infinitely differentiable 
functions converging to the distribution  f. 
 A first extension of the product of a distribution and an infinitely differentiable 
function is the following, see for example [2]. 
 
Definition 1. Let f and g be distributions in  D′  for which on the interval ),,( ba  f is 
the k-th derivative of a locally summable function F in ),( baLp  and )(kg  is a locally 

summable function in ),( baLq with  .1/1/1 =+ qp   Then the product  gffg =  of         
f and g is defined on the interval ),( ba  by 
 

[ ]∑
=

−−⎟
⎠
⎞⎜

⎝
⎛=

k

i

ikii Fgi
kfg

0

)()()1( . 

 
 The following definition for the non-commutative neutrix product of two 
distributions was given in [3] and generalizes Definition 1. 
 
Definition 2.  Let f and g be distributions in D′  and let  .* nn gg δ=  We say that 
the neutrix product gf ο  of  f and g exists and is equal to the distribution h on the 
interval ),( ba  if 

,,, φφ hfglimN nn
=−

∞→
 

 
for all functions φ  in D with support contained in the interval (a,b).  Note that if 
 

,,, φφ hfglim nn
=

∞→
 

 
we simply say that the product  gf ⋅   exists and equals h. 
 
 This definition of the neutrix product is in general non-commutative.  It is obvious 
that if the product gf ⋅  exists then the neutrix product gf ο exists and .gfgf ο=⋅  
Further, it was proved in [3] that if the product fg exists by Definition 1 then the product  

gf ο exists by Definition 2 and  .gffg ο=  
 The next two theorems were proved in [3]. 
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Theorem 1.  Let f and g be distributions and suppose that the neutrix products gf ο  
and  gf ′ο  exist on the interval .),( ba    Then the neutrix product  gf ο′  exists and 

 
( ) gfgfgf ′+′=′ οοο , 

 
on the interval (a,b). 
 
Theorem 2.  The neutrix product rxox −−

−+
λλ  exists and 

 

  )(
! 1) ( 2
)( cosec 1)( x

r
xox rr −−−
−+ −

−= δπλπλλ  (1) 

 
for L,2,1,0 ±±≠λ  and L,2,1=r  .  
 
 We now prove the following theorem: 
 
Theorem 3.  The neutrix product  rxoxnx −−

−++
λλ   l  exists and 

 

        [ ] )()1()()(2
! 1) ( 2
)( cosec  1)( xrc

r
xoxnx rr −−−
−++ ′−++

−
−= δΓλψρπλπλλ l     (2) 

 
for L,2,1,0 ±±≠λ  and L,2,1=r   where Γ denotes the Gamma function and 
 

( ) ( )
( )r

rr
+
+′

=+
λΓ
λΓλψ  

 
Proof.  We will first of all suppose that  .01 <<− λ   Then 1 and −−

−++
λλ xxnx l  are 

locally stumble functions and  
 

( )
( ) .  )(1 )1(1 −−−

−
−−

− +
+

= rr x
r

x λλ
λΓ
λΓ  

Thus 
 

( )
( ) dttxt

r
xxx r

n
n

xn
r

n
r  )()(1 )(*)( )1(1/1 −−−−−

−
−−

− −
+
+

== ∫ δ
λΓ
λΓδ λλλ   

 

for  L,2,1=r  and so 
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       ( )
( ) ( ) dxxxxnxr m

n
r−−

−++
∞

∞−∫+
+ λλ

λΓ
λΓ   

1
l  

∫ ∫ −−−+ −=
n n

x
r

n
m dxdttxtxnx

/1

0

/1 )1(1  )()(  δλλ l  

                                   ∫ ∫ −−+− −=
n t mr

n dtdxxtxnxt
/1

0 0
1)1(   )(   )( λλδ l  

                                   ∫ ∫ −−+− −=
n mr

n
m dtdtntt

/1

0

1

0
1)1(   )1()(  )( υυυυδ λλ l  

      ∫ −−++=
n r

n
m dtttntmB

1/

0
)1(  )(     ),1( δλλ l  

      ∫ −−+++
n r

n
m dtttmB

1/

0
)1(

0,1  ,)(   ),1( δλλ  (3) 

 
where the substitution tvx =  has been made, B denotes the Beta function and in general 
 

( ) ( )μλ
μλ

μλ ,,, BB qp

qp

qp ∂∂
∂=

+
 

 
  Making the substitution  .ynt =   We have 
 

 ∫ ∫ −−−− =
n rmmrr

n
m dyyy ndt tt

/1

0

1

0
)1(1)1( , )(  )( ρδ  (4) 

 

 ∫ ∫ −−−− −=
n rmmrr

n
m dyyyn n n dt ttnt

/1

0

1

0
)1(1)1(  )(  )(   ρδ ll   

                                              ∫ −−−+
1

0
)1(1  )(     dyyyny n rmmr ρl  (5) 

for  L,2,1,0=m . 
  In particular, when ,1−= rm  it is easily proved by induction that 
 

 ∫ −−= −−−1

0
1)1(1 ,)!1( )1(

2
1  )(  r dyyy rrr ρ  (6) 

 

 ( ) ,)(   1  
2
1 )!1( )1(   )(   

1

0
1)1(1∫ ⎥⎦

⎤
⎢⎣
⎡ +−−−= −−− ρφρ crrdyyyny rrr l  (7) 

 
for ,,2,1 L=r  where 
 

⎪⎩

⎪
⎨
⎧

=

== ∑
=

−

0,0

,2,1,)( 1

1

r

rir
r

i
Lφ  
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and 

∫=
1

0
.)(  )( dtttnc ρρ l  

 
 Further, putting 
 

{ } ,0)(sup
)(

)1( )1( >
+
+

−= − x
r

K r

x
ρ

λΓλ
λΓ  

 
we have 
 

duunnxun
r

x rr
nxn

r )()(
)(
)1() )1(111 1 −−−−+−−

− −
+
+

= ∫ ρ
λΓ
λΓ λλλ  

            ∫
+ −−+ −−≤

nx

nx
r dunxuKn

1 1)( λλλ  

            rKn += λ  
 

and so when  ,rm = we have 
 

( ) ∫∫ −−−−
−

∞

∞−
−−

−++ −≤≤
n r

n
rr

n
r nnKndxxxxnxdxxxxnx

/1

0
11 , )( lll λλλλλ  

 (8) 
 
 Now let ϕ  be an arbitrary function in D.  Then 
 

∑
−

=
+=

1

0

)()( ),(
!

)0(
!

)(
r

m

r
r

m
m

x
r
x

m
xx ξϕϕϕ  

 
where  10 << ξ  and so 
 

 dxxx x nx
m

xx,xnx
r

m

m
n

r
m

n
r ∑ ∫

−

=

∞

∞−
−−

−++
−−

−++ =
1

0

)(
)(

!
)0()()( λλλλ ϕϕ ll  

                                     .)()( 
!

1 )( dxxxxxnx
r

rr
n

r∫
∞

∞−
−−

−+++ ξϕλλ l  (9) 

 
Since 
 

{ } , )()(sup)()( 11)()( nnKnxdxxxxxnx r

x

rr
n

r ll −−∞

∞−
−−

−++ −≤∫ λϕξϕλλ  
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it follows from equations (3) to (9) that 
 

  )()(, 
)1(
)(lim xxxnxr N n

r
n

ϕ
λΓ
λΓ λλ −−

−++∞→ +
+

− l  

  [ ] )0()()1( ½),()1( )1(1 −− +−−+−= rr crrB ϕρφλλ  

 .)0(),()1(½ )1(
0,1

1 −− −+−+ rr rB ϕλλ  (10) 
 
Differentiating the identity 
 

)(
)()(),(

μλΓ
μΓλΓμλ

+
=B  

 
partially with respect to λ, it follows that 
 

 
[ ] 20,1 )!1(

)()()(
)!1(

)()(),(
−

′−+
−

−
−+′

=−+
r

rr
r

rrB ΓλΓλΓλΓλΓ
λλ  (11) 

 
and taking logs and differentiating the identity 
 

)1()1()1()( ++−+=+ λΓλλλΓ Lrr  
 

gives 

 .)1()(
)(
)()(

1

1

1∑
−

=

− ++−+=
+
+′

=+
r

i
ir

r
rr λψλ

λΓ
λΓλψ  (12) 

 
In particular, we have 
 

 ).1()1(
)!1(
)( ΓφΓ ′+−=

−
′

r
r

r  (13) 

 
 It now follows from equations (11) and (13) that 

 

      ⎥⎦
⎤

⎢⎣
⎡

−
′

−
+
+′

−
−+

=−+
+
+

)!1(
)(

)(
)(

)!1(
)()1(),(

)(
)1(

0,1 r
r

r
r

r
rB

r
Γ

λΓ
λΓλΓλΓ

λλ
λΓ
λΓ  

                             [ ].)1()1()(
)!1(

)( cosec Γφλψπλπ ′−−−+
−

−= rr
r

 (14) 
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Further, 
 

 
)!1(

)( cosec),(
)(
)1(

−
−=−+

+
+

r
rB

r
πλπλλ

λΓ
λΓ  (15) 

 
and equation (2) now follows from equations (10), (14) and (15) for the case 

.01 <<− λ   
 Now let us suppose that equation (2) holds when 1+−<<− kk λ  and ,,2,1 L=r   
where k is a positive integer.  This is true when .1=k   Thus if  ,1 kk −<<−− λ   it 
follows from our assumption that 
 

[ ] ),()1()1()(2
)!1(2

)( cosec  )1(11 xrc
r

xoxnx rr −−−−
−+

+
+ ′−+++

−
= δΓλψρπλπλλ l  

 
for  L,2,1=r .   It follows from Theorem 1 that 
 

  [ ] 2rr xoxnxrxoxxnx −−−
−+

+
+

−−−
−+++ +++++ λλλλλ λλ   )1(  )1( 11 ll  

    ( )[ ] )()1(1)(2
)!1(2

)(cosec )( xrc
r

rδΓλψρ
πλπ ′−+++

−
=  

    )(
!2

)( cosec )1( )(1 x
r

xoxnx rr δ
πλπ

λ λλ −+= −−−
−++ l  

   [ ] ).()1()2()(2
!2

)( cosec)1( )( xrc
r

r rδΓλψρ
πλπλ ′−+++

++
+  

 
Thus 
 

=+ −−−
−++

1 )1( rxoxnx λλλ l  

                     [ ] +′−+++
+

− )()1()2()(2
!2

 )( cosec)1( )( xrc
r

rδΓλψρ
πλπλ  

                            [ ] ),()2()1(
)!1(2

)( cosec )(1 xrrr
r

rδλψλψπλπ
++−+++

−
+ −  

        [ ] ),()1()1()(2
!2

)( cosec)1( )( xrc
r

rδΓλψρ
πλπλ ′−+++

+
−  

 
since, from equation (12), we have 
 

)1()1()2( 1 ++=++−++ − rrr λψλλψ  
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and so 
 

 
)1(

1)2()1(1
++

+=++−+++−
rr

rrr
λ
λλψλψ . 

 
Equation (2) now follows by induction for L,2,1,0 −−≠< λλ  and  L,3,2=r .  
      To cover the case ,1=r  we note the product  11 .  −−

−+
+

+
λλ xxnx l  exists by Definition 

1 and  
 
 0  11 =−−

−+
+

+
λλ .xxnx l  (16) 

 
for all λ . 
 Let us suppose that equation (2) holds when 1+−<<− kk λ  and  ,1=r  where k 
is a positive integer.  This is true when .1=k   Thus if  ,1 kk −<<−− λ  it follows 
from our assumption that 
 

[ ] ).()1()2()(2)( cosec ½  1 xcxo xnx 2 δΓλψρπλπλλ ′−++=−−
−+

+
+ l  

 
It follows from equation (16) and Theorem 1 that 
 
 ( )[ ] 0 )1( 1 211 =++++ −−

−+
+

+
−−

−+++
λλλλλ λλ xoxnxxoxxnx ll  

  )()( cosec½ )1( 1 xxoxnx δπλπλ λλ −+= −−
−++ l  

  [ ] )()1()2()(2 )( cosec1)(½ xc δΓλψρπλπλ ′−++++  

  1 )1( −−
−+++= λλλ xoxnx l  

  [ ] )()1()1()(2 )( cosec1)(½ xc δΓλψρπλπλ ′−++++  
 

Equation (2) now follows by induction for  L,2,1,0 −−≠< λλ  and  .1=r  
 Now let us suppose that equation (2) holds when  kk <<− λ1  and  ,,2,1 L=r  
where k is a positive integer.  This true when  .0=k   Then for an arbitrary function ϕ in 
D we have 

 
,)()(,)()(, 111 xxxnxxxxnx n

r
n

r ψφ λλλλ −−−
−++

−−−
−+

+
+ = ll  
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where )()( xxx ϕψ = is also in D.   It follows from our assumption with  kk <<− λ1  
that 
 
   )()(,  lim 1 xxxnxN n

r
n

ψλλ −−−
−++∞→

− l  

   [ ] )0()1()1()(2
!2

)(cosec)1( )(r
r

rc
r

ψΓλψρπλπ ′−+++
−

−=  

               [ ] )0()1()1()(2
!)1(2

)(cosec)1( )1( −′−+++
−

−
−= r

r
rc

r
ϕΓλψρ

πλπ
 

and so 
 )()(,  lim 11 xxxnxN n

r
n

ϕλλ −−−
−+

+
+∞→

− l  

                       [ ] )0()1()1()(2
!)1(2

)(cosec)1( )1( −′−+++
−

−
−= r

r
rc

r
ϕΓλψρπλπ  

 
Equation (2) now follows by induction for L,2,1,0 ≠> λλ  and ,,2,1 L=r  
completing the proof of the theorem. 
 
Corollary 3.1.  The neutrix product rxxnx −−

+−−
λλ o l  exists and 

 

[ ] )()1()()(2
!)1(2

)(cosec)1(o )1( xrc
r

xxnx r
r

r −−−
+−− ′−++

−
−

= δΓλψρ
πλπλλ l  (17) 

 
for ,2,1,0 ±±≠λ  and L,2,1=r . 
 
Proof. Equation  (17) follows on replacing  x  by  – x in equation  (2). 
 
Theorem  4.   The neutrix product −

−−
−+ xnxox r   lλλ  exists and 

 

[ ] )()1()1()(2
!)1(2

)(cosec  o )1( xrc
r

xnxx rr −
−

−−
−+ ′−+−−Ψ+

−
−

= δΓλρ
πλπλλ l  (18) 

 
for L,2,1,0 ±±≠λ  and L,2,1=r . 
 
Proof.  Differentiating equation (1) partially with respect to λ we get 
 

)(
!)1(2

)(cosec )(cot  o o   )1(
2

x
r

xnxxxxnx rrr −
−

−−
−+

−−
−++ −

=− δ
πλπλπλλλλ ll  
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and on using equation (2) it follows that 
 

[ ] ).()1()()(2 )(cot 
!)1(2

)(cosec  o )1( xrc
r

xnxx rr −
−

−−
−+ ′−+++

−
−= δΓλψρπλππλπλλ l

 (19) 
 

Taking logs and differentiating the identity 
 

)( cosec)()1()1()1()( 1 πλπλΓλΓλΓλΓ −=++−−−=+− − rrr  
 

gives 
 )(cot  )()1( πλπλψλψ −=+++−−− rr  (20) 
 
and equation (18) follows from equations (19) and (20). 
 
Corollary 4.1.  The neutrix product +

−−
+− xnxox r   lλλ  exists and 

 

[ ] )()1()1()(2
!)1(2

)(cosec)1(  o )1( xrc
r

xnxx r
r

r −
+

−−
+− ′−+−−+

−
−

= δΓλψρπλπλλ l  

 (21) 
 

for LL ,2,1,2,1,0 =±±≠ randλ . 
 
Proof.  Equation (21) follows on replacing x by – x in equation (18). 
 
 We finally note that if we replace λ by r−−λ  in equation (21), we get  
 

[ ] )()1()1()(2
!)1(2

)(cosec  o )1( xc
r

xnxx rr −
++

−−
− ′−++

−
−= δΓλψρπλπλλ l  . 

 
and we see that the product of the distributions rxxnx −−

−++
λλ   and  l  is commutative only 

when .1=r  
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