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Abstract.   In this paper we give criteria for the existence of a common fixed point of a pair of 
mappings in 2-metric spaces and establish common fixed and coincidence point theorems for certain 
classes of contractive type mappings.  The results presented here generalize, improve and unify a 
number of fixed point theorems given by Cho [1], Imdad et al. [5], Khan and Fisher [11],          
Kubiak [14], Murthy et al. [17], Rhoades [25], Singh et al. [34]and others. 

 
 
1.  Introduction 
 
Gähler [4] introduced the concept of 2-metric spaces. A 2-metric space is a set X  with a 
function →×× XXXd  : [ )∞,0  satisfying the following conditions: 
  

(G1)  for two distinct points ,, Xyx ∈  there exists a point Xz ∈  such that 
,0),,( ≠zyxd  

(G2)  0),,( =zyxd  if at least two of zyx ,,  are equal,  
(G3)  ,),,(),,(),,( xzydyzxdzyxd ==  
(G4)  ),,(),,(),,(),,( zyudzuxduyxdzyxd ++≤  for all .,,, Xuzyx ∈  

    
 It has been shown by Gähler [4] that a 2-metric d is a continuous function of any one 
of its three arguments but it need not be continuous in two arguments. If it is continuous 
in two arguments, then it is continuous in all three arguments.  A 2-metric d which is 
continuous in all of its arguments will be called continuous.  

Iséki [7], for the first time, established a fixed point theorem in 2-metric spaces. 
Since then a quite number of authors ([1]-[3], [5]-[36]) have extended and generalized the 
result of Iséki and various other results involving contractive and expansive type 
mappings.  Especially, Murthy et al. [17] introduced the concepts of compatible 
mappings and compatible mappings of type (A) in 2-metric spaces, derived some 
relations between these mappings and proved common fixed point theorems for 
compatible mappings of type (A) in 2-metric spaces.  
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   On the other hand, Cho [1], Constantin [2], Khan and Fisher[11] and Kubiak [14] 
established some necessary and sufficient conditions which guarantee the existence of a 
common fixed point for a pair of continuous mappings in 2-metric spaces. 
   In this paper we establish criteria for the existence of a common fixed point of a 
pair of mappings in 2-metric spaces and establish common fixed and coincidence point 
theorems for certain classes of contractive type mappings. The results presented here 
generalize, improve and unify the corresponding results of Cho [1], Imdad et al. [5], 
Khan and Fisher [11], Kubiak [14], Murthy et al. [17], Rhoades [25], Singh et al. [34] 
and others. 
 
 
2.  Preliminaries 
  
Throughout this paper, N andω denote the sets of positive and nonnegative integers, 
respectively.  Let ),0[ ∞=+R  and  
 

( ){ } ,(a2) and (a1) conditions satisfies    :  : 5
1

++ →= RRϕϕΦ  

( ){ } ,(a3) and (a1) conditions satisfies   :  : 11
2

++ →= RRϕϕΦ

  
where conditions (a1), (a2) and (a3) are as follows: 
 
    (a1)  ϕ  is upper semicontinuous, nondecreasing in each coordinate variable, 
    (a2)   { } ,0   allfor   )2,0,,,(,)0,2,,,(),,,0,0,(max)( ><= ttttttttttttttb ϕϕϕ  
 (a3) { ,),0,0,0,0,0,,,0,0,(,)0,2,0,2,0,,2,0,,,(max)( ttttttttttttc ϕϕ=  

             
} .0 allfor   )0,0,2,0,2,,0,2,,,( >< tttttttttϕ

 
 
Lemma 2.1.  [37]  For every ttct <> )( ,0  if and only if ,0)( =

∞→
tclim n

n
 where nc  

denotes the n-times composition of .c  
 
Definition 2.1.   A sequence Nnnx ∈}{  in a 2-metric space ),( dX  is said to be 
convergent to a point Xx ∈  if 0),,( =

∞→
axxdlim nn

 for all .Xa ∈   The point x  is 

called the limit of the sequence Nnnx ∈}{ in .X  
 
Definition 2.2.  A sequence Nnnx ∈}{  in a 2-metric space ),( dX  is said to be a Cauchy 
sequence if 0),,(

,
=

∞→
axxdlim nmnm

for all .Xa ∈  

 
Definition 2.3.  A 2-metric space ),( dX  is said to be complete if every Cauchy sequence 
in X  is convergent.  
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 Note that, in a 2-metric space ,),( dX  a convergent sequence need not be a Cauchy 
sequence, but every convergent sequence is a Cauchy sequence when the 2-metric d  is 
continuous on X  ([19]). 
 
Definition 2.4.   Let f  and g  be mappings from a 2-metric spaces ),( dX  into itself.           
f  and g  are said to be compatible if  

 

( ) 0,, =
∞→

agfxfgxdlim nnn  
 

for all ,Xa ∈  whenever Xx Nnn ⊂∈}{  such that tgxlimfxlim nnnn
==

∞→∞→
 for some 

t X∈ ; f  and g  are said to be compatible of type (A) if  
 

( ) ( ) 0,,,, ==
∞→∞→

affxgfxdlimaggxfgxdlim nnnnnn  
 

for all ,Xa ∈  whenever Xx Nnn ⊂∈}{  such that tgxlimfxlim nnnn
==

∞→∞→
 for some 

.Xt ∈  
 
Definition 2.5.   A mapping f from a 2-metric space ),( dX  into itself is said to be 
continuous at Xx ∈  if for every sequence Xx Nnn ⊂∈}{  such that 

0),,( =
∞→

axxdlim nn  
for all ,Xa ∈ .0),,( =

∞→
afxfxdlim nn   

f  is called continuous on 

X   if it is so at all points of .X  
 
Lemma 2.2.  [1] Let f  and g  be compatible mappings of type (A) from a 2-metric 
spaces ),( dX  into itself.  If gtft = for some ,Xt ∈  then .fftgftggtfgt ===  
 
Lemma 2.3. [1] Let f  and g  be compatible mappings of type (A) from a 2-metric 
spaces ),( dX  into itself.  If f  is continuous at some Xt ∈  and if 

,tgxlimfximl nnnn
==

∞→∞→
 then  .ftgfxlim nn

=
∞→  

 
Lemma 2.4. [1] Let f  and g  be compatible mappings from a 2-metric spaces 

),( dX  into itself. If f  and g  are continuous, then they are compatible of type (A). 
 
 
3.  Characterizations of common fixed points  
   
Our main results are as follows: 
 
Theorem 3.1.    Let ),( dX  be a complete 2-metric space with d continuous on X  
and let h  and t  be two mappings from X  into itself.  Then the following conditions are 
equivalent: 
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  (1)  h  and t have a common fixed point; 
  
 (2) there exist   )( :  ,)1,0( XtXfr →∈ and )( :  XhXg →  such that  
 
   (b1)   the pairs  , hf and tg,  are compatible of type (A), 
   (b2)   one of  ,, hgf and t is continuous, 
   (b3)  ( ) ( ) ( ) ( ){ ,,,,,,,,,,, agytydafxhxdatyhxdmaxragyfxd ≤

 
         

( ) ( )[ ]}afxtydagyhxd ,,,,2
1 +  for all ;,, Xayx ∈  

 
(3) there exist  )( : ,1 XtXf →∈Φϕ and )( :  XhXg →  satisfying conditions (b1), 

(b2) and (b4): 
 
   (b4)  ( ) ( ) ( ) ( ) ( ) ( )( )afxtydagyhxdagytydafxhxdatyhxdagyfxd ,,,,,,,,,,,,,,,, ϕ≤  

           for all x y a X, , ;∈  
 

(4) there exist )( : ,2 XtXf →∈Φϕ  and )( :  XhXg →  satisfying conditions (b1), 
(b2) and (b5): 

 
   ( ) ( ) ( ) ( )( ,,,,,,,,,, 22 afxhxdatyhxdatyhxdagyfxd ϕ≤            
                                      ( ) ( ) ,,,,, agytydatyhxd  

       

(b5)

                                       

( ) ( ) ( ) ( )
( ) ( )
( ) ( ) ( ) ( )
( ) ( )
( ) ( ) ( ) ( ))afxtydagyhxdafxtydagytyd

agyhxdagytyd
afxtydafxhxdagyhxdafxhxd

agytydafxhxd
afxtydatyhxdagyhxdatyhxd

,,,,,,,,,
,,,,,

,,,,,,,,,,
,,,,,

,,,,, ,,,,,

 

   for all x y a X, , ;∈  
 
Proof.  (1)⇒ (2) and (4).  Let z  be a common fixed point of h  and t.  Define 

)( : XtXf → and )( :  XhXg →  by fx gx z= =  for all x X∈ .  Then (b1) and (b2) 
hold.  For each ,  and  )1,0( 2Φϕ ∈∈r (b3) and (b5) also hold.  
 

 )3()2( ⇒  Take ( ) ( ){ }yxwvuryxwvu += 2
1,,,max,,,,ϕ  for all u v w x y R, , , , .∈ +

 
Then 1Φϕ ∈  and (b3) implies (b4). 

 )1()3( ⇒  By using the method of Cho [1], we can similarly show that (3)        
implies (1). 

 )1()4( ⇒  Let 0x  be an arbitrary point in .X  Since )()( XtXf ⊂  and 
,)()( XhXg ⊂ there exist sequences  }{ ω∈nnx and ω∈nny }{  in X  satisfying 

1222122122   , ++++ ==== nnnnnn gxhxyfxtxy  for all .ω∈n  Define 
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( )ayydad nnn ,,)( 1+=  for all Xa ∈  and .ω∈n  We claim that for any ω∈kji ,,  
 

( ) .0,, =kji yyyd                                               (3.1) 
 

Suppose that .0)( 222 >+nn yd  Using (b5), we have 
 
  ( ) ( )( ,,,,, 21222

2
21222

2
nnnnnn ytxhxdygxfxd ++++ ≤ ϕ  

                      ( ) ( ) ,,,,, 2222221222 nnnnnn yfxhxdytxhxd ++++  

                                                              

( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )) ,,,,,

,,,,,
,,,,,
,,,,,
,,,,,

,,,,,
,,,,,
,,,,,

,,,,,

2221221222

2221221212

2122221212

2221222222

2122222222

2121222222

2221221222

2122221222

2121221222

nnnnnn

nnnnnn

nnnnnn

nnnnnn

nnnnnn

nnnnnn

nnnnnn

nnnnnn

nnnnnn

yfxtxdygxhxd
yfxtxdygxtxd
ygxhxdygxtxd
yfxtxdyfxhxd
ygxhxdyfxhxd

ygxtxdyfxhxd
yfxtxdytxhxd
ygxhxdytxhxd

ygxtxdytxhxd

++++

++++

++++

++++

++++

++++

++++

++++

++++

 
which implies that  

 
( ) ( ) ( )( ) ( ) ,0,0,0,0,0,0,0,0,0,0,0 22

2
222

2
222

2
2 +++ <≤≤ nnnnnn ydydcyd ϕ  

 
which is a contradiction. Hence .0)( 222 =+nn yd  Similarly, we have .0)( 3212 =++ nn yd  
Consequently, 0)( 2 =+nn yd for all .ω∈n  Note that  
 

( ) ( ) ( ) ( ) ( ) ( ).,, 1122 adadadadydayyd nnnnnnnn ++++ +=++≤         (3.2) 
 

By (b5) and (3.2) we have  
 



Z. Liu et al. 

 

72

                         

( ) ( )
( )(
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( ))  ,,,,            

,,,,,            
,,,,,            
,,,,,            
,,,,,            
 ,,,,,            

,,,,,            
,,,,,            

,,,,,            
,,,,,            

,,,

,,

22121222

22121212

12221212

22122222

12222222

12122222

22121222

12221222

12121222

22221222

1222
2

1222
22

12

afxtxdagxhxd
afxtxdagxtxd
agxhxdagxtxd
afxtxdafxhxd
agxhxdafxhxd

agxtxdafxhxd
afxtxdatxhxd
agxhxdatxhxd

agxtxdatxhxd
afxhxdatxhxd

atxhxd

agxfxdad

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nn

nnn

++++

++++

++++

++++

++++

++++

++++

++++

++++

++++

++

+++

≤

=

ϕ

  

                                            

(
[ ]
[ ]

( ) [ ] ) .0,)()(             
,0,)()()(             

,0,)(,)()()(,0             

,)(,)()(,)(

1222

12212

2
121222

2
2122

2
2

adadad
adadad

adadadad

adadadad

nnn

nnn

nnnn

nnnn

+

++

++

+

+

+

+

= ϕ

   

                                            

 
Suppose that .)()( 212 adad nn >+  Then  
 

( ,)(2,0),(,)(,)()( 2
12

2
12

2
12

2
12

2
12 adadadadad nnnnn +++++ ≤ ϕ  

                                            
)0,)(2,0,)(2,0,)( 2

12
2

12
2

12 adadad nnn +++

 

     
( ) ,)()( 2

12
2

12 adadc nn ++ <≤

  
which is a contradiction.  Hence )(12 ad n + )(2 ad n≤  and so .))(()( 2

2
2

12 adcad nn ≤+  

Similarly, we have )()( 122 adad nn −≤  and .))(()( 2
12

2
2 adcad nn −≤  That is, for all 

Nn ∈  
( ).)()(    ),()( 22

11 adcadadad nnnn ≤≤ ++  
 

Hence for all Nn ∈  
 

( ) ( ) ( ).)()()()( 2
0

12
1

222
1 adcadcadcad n

nnn
+

−+ ≤≤≤≤ L              (3.3) 
 

It follows from (3.3) and Lemma 2.1 that  

0)(1 →+ adn   as  .∞→n                                       (3.4) 
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Let mn,  be in .ω  If ,mn ≥  then ;)()(0 mnmm ydyd ≥=  if ,mn <  then 
 

.0)()()(
)()()(

)()()()(

121

11

1111

=≤≤≤≤
++≤
++≤

+−−

+−

+−−−

nnmnmn

nnnnmn

nmnmmnmn

ydydyd
ydydyd

ydydydyd

L  
 

Thus, for any ω∈mn,  
.0)( =mn yd                                                     (3.5) 

 
For all ,,, ω∈kji  we may, without loss of generality, assume that .ji <  It follows 
from (3.5) that 
 

.0)(),,(
),,(),,(
),,()()(),,(

11

21

1

==≤

≤≤=

++≤

−−

++

+

kjkjj

kjikji

kjikijikji

ydyyyd
yyydyyyd
yyydydydyyyd

L

 
Therefore (3.1) holds. 
   In order to show that ω∈nny }{

 
is a Cauchy sequence, by (3.4), it is sufficient to 

show that ω∈nny }{ 2  is a Cauchy sequence. Suppose that ω∈nny }{ 2  is not a Cauchy 
sequence. Then there exist 0>ε  and Xa ∈  such that for each even integer ,2k       
there are even integers )(2 km  and )(2 kn  with kknkm 2)(2)(2 >>  and 

.),,( )(2)(2 ε≥ayyd knkm  
   For each even integer ,2k let )(2 km  be the least even integer exceeding )(2 kn  
satisfying the above inequality, so that 
 

( ) ,,, )(22)(2 ε≤− ayyd knkm    ( ) .,, )(2)(2 ε>ayyd knkm                       (3.6) 
 
 For each even integer 2k ,  by (3.1) and (3.6) we have 
 

        
( )ayyd knkm ,, )(2)(2<ε

 

       

( ) ( )
( )
( ) ( )

( )ayyd

ayydyyyd

yyyd

ayydayyd

kmkm

kmkmkmkmkm

kmknkm

kmkmknkm

,,   

,,,,

,,   

,,,,

)(21)(2

1)(22)(21)(2)(22)(2

2)(2)(2)(2

2)(2)(2)(22)(2

−

−−−−

−

−−

+

++≤

+

+≤

ε
 

              )()( 1)(22)(2 adad kmkm −− ++= ε  
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which implies that 
( ) .,,lim )(2)(2 ε=

∞→
ayyd knkmk

                                        (3.7) 

It follows from (3.7) that 
 

( ) ( )ayydayyd kmknkmkn ,,,,0 2)(2)(2)(2)(2 −−<  

          ( )ayyd kmkm ,, )(22)(2 −≤  

          .)()( 1)(22)(2 adad kmkm −− +≤  
 

In view of (3.5) and (3.7) we immediately obtain that  
 

( ) .,,lim 2)(2)(2 ε=−∞→
ayyd kmknk

                                          (3.8) 

Note that  
 

 
( ) ( ) ( ),)(,,,, )(21)(21)(2)(2)(21)(2)(2 knkmkmkmknkmkn ydadayydayyd −−− +≤−  

     
( ) ( ) ( ),)(,,,, )(2)(2)(2)(2)(2)(21)(2 kmknknkmknkmkn ydadayydayyd +≤−+  

    
( ) ( ) ( ).)(,,,, 1)(2)(2)(21)(2)(21)(21)(2 −−−+ +≤− kmknknkmknkmkn ydadayydayyd

 
 
It is easy to see that  
 

  
( ) ( )ayydayyd kmknkkmknk

,,lim,,lim )(21)(21)(2)(2 +∞→−∞→
=

 

        
( ) .,,lim 1)(21)(2 ε== −+∞→

ayyd kmknk
    (3.9) 

It follows from (b5) that 
 

 

( ) ( )
( )(
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( ),,,,,        

,,,,,        

,,,,,        

,,,,,        

,,,,,        

,,,,,        

,,,,,        

,,,

,,,,

)(21)(2)(2)(2

1)(2)(2)(2)(2

1)(21)(2)(2)(2

)(21)(21)(2)(2

1)(2)(21)(2)(2

1)(21)(21)(2)(2

)(2)(21)(2)(2

1)(2)(2
2

1)(2)(21)(2)(2

afxtxdafxhxd

agxhxdafxhxd

agxtxdafxhxd

afxtxdatxhxd

agxhxdatxhxd

agxtxdatxhxd

afxhxdatxhxd

atxhxd

agxfxdayyd

kmknkmkm

knkmkmkm

knknkmkm

kmknknkm

knkmknkm

knknknkm

kmkmknkm

knkm

knkmknkm

+

+

++

++

++

+++

+

+

++

≤

=

ϕ
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( ) ( )
( ) ( )
( ) ( ))afxtxdagxhxd

afxtxdagxtxd

agxhxdagxtxd

kmknknkm

kmknknkn

knkmknkn

,,,,

,,,,,

,,,,,

)(21)(21)(2)(2

)(21)(21)(21)(2

1)(2)(21)(21)(2

++

+++

+++

    

                       

( )( ( )
( )
( ) ( ),,,,,         

,)(,,         

,)(,,,,,

1)(21)(2)(21)(2

)(2)(21)(2

1)(2)(21)(2)(21)(2
2

ayydayyd

adayyd

adayydayyd

knkmknkm

knknkm

kmknkmknkm

+−−

−

−−−= ϕ

 

                                                  ( ) ( ),,,,, )(2)(2)(21)(2 ayydayyd kmkknkm −  

              
( )
( )

( ) ( ),,,

,,,)(

,,,)(

,)()(

1)(21)(2)(2

)(2)(21)(2

1)(21)(21)(2

)(21)(2

ayydad

ayydad

ayydad

adad

knkmkn

kmknkm

knkmkm

knkm

+−

−

+−−

−

 

                                                  
( ) ( )( ) ( )

( )),,,

,,,,,

)(2)(2

1)(21)(22)(2)(2

ayyd

ayydayydad

kmkn

knkmkmknkn +−
 

 
Letting ,∞→k  by (3.9), (3.7) and (3.5) we have 
 

( ) ( ) ,,0,0,0,0,0,,,0,0, 2222222 εεεεεεϕε <≤≤ c  
 

which is a contradiction.  Therefore ω∈nny }{ 2  is a Cauchy sequence in .X   It follows 
from completeness of ),( dX that ω∈nny }{  converges to a point Xu ∈ .  
   Now, suppose that t  is continuous.  Since g  and t  are compatible of type (A) and 

ω∈+ nngx }{ 12 and ω∈+ nntx }{ 12  converge to the point ,u  by Lemma 2.3 we get that 
tuttxgtx nn →++ 1212   ,  as .∞→n   In virtue of (b5), we have  

 
( ) ( ) ( )( ( )

( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( ))  .      

       
       
       
       
       
       
       
       

,,,,,,,,,,

212122

2121212

1221212

21222

12222

121222

212122

122122

1212122

22122122
2

122

,a,fxttxd,a,gtxhxd 
,,a,fxttxd,a,gtxttxd
,,a,gtxhxd,a,gtxttxd

,,a,fxttxd,a,fxhxd
,,a,gtxhxd,a,fxhxd

,,a,gtxttxd,a,fxhxd
,,a,fxttxd,a,ttxhxd
,,a,gtxhxd,a,ttxhxd

,,a,gtxttxd,a,ttxhxd
afxhxdattxhxdattxhxdagtxfxd

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nnnnnnnn

++

+++

+++

+

+

++

++

++

+++

+++ ≤ ϕ
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Letting n →∞,  we have  
 

( ) ( ) ( ) ( ) ( ))(
( )( ) ,,,

,,,0,0,0,0,0,,,,,,,0,0,,,,,
2

22222

atuudc
atuudatuudatuudatuudatuud

≤

≤ ϕ

 
 

which implies that u tu= . 
   It follows from (b5) that  
 

( ) ( )( ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )).,,,,                                 

,,,,,,,,,,                                 
,,,,,,,,,,                                 

,,,,,,,,,,                                 
,,,,,,,,,,                                 

,,,,,,,,,,

22

22

222222

2222

222

2222
2

2
2

afxtudaguhxd
afxtudagutudaguhxdagutud

afxtudafxhxdaguhxdafxhxd
agutudafxhxdafxtudatuhxd

aguhxdatuhxdagutudatuhxd
afxhxdatuhxdatuhxdagufxd

nn

nn

nnnnnn

nnnn

nnn

nnnnn ϕ≤

 

 
As ,∞→n  we have  
 

( ) ( )( )
( )( ).,,

,0,0,,,,0,0,0,0,0,0,0,0,,
2

22

aguudc
aguudaguud

≤

≤ ϕ

  
This gives that .guu =  It follows from )()( XhXg ⊂  that there exists Xv ∈  with 

.hvguu ==   From (b5) we get   
 

( ) ( )
( ) ( ) ( ) ( ) ( )(
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ))

( )( )
( )( ). ,,c

  0,0,0,,,0,0,0,0,0,0,0,=
 ,,,,,,,,,        
,,,,,,,,,,        
,,,,,,,,,,        

,,,,,,,,,,        
,,,,,,,,,,,,,

,,,,

2

2

2

22

aufvd
aufvd

afvtudaguhvdafvtudagutud
aguhvdagutudafvtudafvhvd
aguhvdafvhvdagutudafvhvd

afvtudatuhvdaguhvdatuhvd
agutudatuhvdafvhvdatuhvdatuhvd

agufvdaufvd

≤

≤

=

ϕ

ϕ
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Therefore fvu = .  Lemma 2.2 ensures that huhfvfhvfu === .  By (b5) we obtain 
again 
 

( ) ( )
( )( ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ))

( ) ( ) ( ) ( )( )
( )( ) .,,

,,,0,0,0,0,0,,,,,,0,0,,,
,,,,,,,,,            

,,,,,,,,,,            
,,,,,,,,,,            

,,,,,,,,,,            
,,,,,,,,,,,,,

,,,,

2

2222

2

22

aufudc
aufudaufudaufudaufud

afutudaguhudafutudagutud
aguhudagutudafutudafuhud
aguhudafuhudagutudafuhud

afutudatuhudaguhudatuhud
agutudatuhudafuhudatuhudatuhud

agufudaufud

≤

=

≤

=

ϕ

ϕ

 
 

Hence .fuu =   That is, u  is a common fixed point of hgf ,,  and .t   
  Suppose that f  is continuous.  Since f  and h  are compatible of type (A) and 

ω∈nnfx }{ 2 and ω∈nnhx }{ 2  converge to the point ,u  by Lemma 2.3 we get that 
fuffxfhx nn →22   ,  as .∞→n   From (b5) we have  

 
( ) ( )( ( ) ( )

( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )) .,,,,                                           

,,,,,                                           
,,,,,                                           

,,,,,                                           
,,,,,                                           
,,,,,                                           

,,,,,                                           
,,,,,                                           
,,,,,                                           

,,,,,,,,,,

212122

2121212

1221212

21222

12222

121222

212122

122122

1212122

22122122
2

122
2

affxtxdagxhfxd
affxtxdagxtxd
agxhfxdagxtxd

affxtxdaffxhfxd
agxhfxdaffxhfxd
agxtxdaffxhfxd

affxtxdatxhfxd
agxhfxdatxhfxd
agxtxdatxhfxd

affxhfxdatxhfxdatxhfxdagxffxd

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nnnn

nnnnnnnn

++

+++

+++

+

+

++

++

++

+++

+++ ≤ ϕ

 

Letting ,∞→n  we have 
 

( ) ( ) ( ) ( ) ( )( )
( )( ).,,

,,,0,0,0,0,0,,,,,,,0,0,,,,,
2

22222

aufudc
aufudaufudaufudaufudaufud

≤

≤ ϕ
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This gives that .fuu =   Note that .)()( XtXf ⊂  Thus there exists a point Xv ∈  with 
.tvu =   It follows from (b5) that  

 
( ) ( )( ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )).,,,,         

,,,,,,,,,,        
,,,,,,,,,,        

,,,,,,,,,,        
,,,,,,,,,,        

,,,,,,,,,,

22

22

222222

2222

222

2222
2

2
2

afxtvdagvhxd
afxtvdagvtvdagvhxdagvtvd

afxtvdafxhxdagvhxdafxhxd
agvtvdafxhxdafxtvdatvhxd

agvhxdatvhxdagvtvdatvhxd
afxhxdatvhxdatvhxdagvfxd

nn

nn

nnnnnn

nnnn

nnn

nnnnn ϕ≤

 
 

Taking ,∞→n  we get that  
 

( ) ( )( )
( )( ),,,

0,0,,,,0,0,0,0,0,0,0,0,,
2

22

agvudc
agvudagvud

≤

≤ ϕ

 
 
which implies that .futvgvu ===   It follows from Lemma 2.2 that 

.tutgvgtvgu ===   Using again (b5), we have 
 

( ) ( )( ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )) .,,,,            

,,,,,,,,,,            
,,,,,,,,,,            

,,,,,,,,,,            
,,,,,,,,,,            

,,,,,,,,,,

22

22

222222

2222

222

2222
2

2
2

afxtudaguhxd
afxtudagutudagvhxdagutud

afxtudafxhxdaguhxdafxhxd
agutudafxhxdafxtudatuhxd

aguhxdatuhxdagutudatuhxd
afxhxdatuhxdatuhxdagufxd

nn

nn

nnnnnn

nnnn

nnn

nnnnn ϕ≤

 
 

As n →∞, we have  
 

( ) ( ) ( ) ( ) ( )( )
( )( ),,,

,,,0,0,0,0,0,,,,,,,0,0,,,,,
2

22222

aguudc
aguudaguudaguudaguudaguud

≤

≤ ϕ

 
 

which means that .guu =   Since ,)()( XhXg ⊂ so there is Xw ∈  with .hwu =   It 
follows from (b5) that  
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( ) ( )( ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ))

( )( )
( )( ).,,

0,0,0,,,,0,0,0,0,0,0,0
,,,             

,,,,,,,,,             
,,,,,,,,,              

,,,,,,,,,              
,,,,,,,,,,              

,,,,,,,,,,

2

2

22

afwudc
afwud

fwtudaguhwd
fwtudagutudaguhwdagutud

fwtudafwhwdaguhwdafwhwd
agutudafwhwdfwtudatuhwd

aguhwdatuhwdagutudatuhwd
afwhwdatuhwdatuhwdagufwd

≤

=

≤

ϕ

ϕ

 
 
This gives that .fwu =   Therefore, .fwhw =  Lemma 2.2 ensures that 

.huhfwfhwfuu ====   That is, u  is a common fixed point of hgf ,,  and .t  
Similarly, we can complete the proof when g  or h  is continuous.  This completes the 
proof. 
 
Remark 3.1.    Theorem 3.1 generalizes, improves and unifies Theorem 2 of Khan and 
Fisher [11] and Theorem 1 of Kubiak [14].  The following example reveals that Theorem 
3.1 generalizes properly the results of Khan and Fisher [11] and Kubiak [14]. 
 
Example 3.1.   Let ++ ×= RRX  and d  be a 2-metric which expresses ),,( ayxd  as 
the area of the Euclidean triangle with vertices .),(,),(,),( 212121 aaayyyxxx ===   
Define mappings XXth → : ,  by  
 

( ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛== 0,

3
1,, 12121 xxxtxxh  for ( ) [ ) +×∈ Rxx 1,0, 21 ,  

( ) ( ) ( )0,1,, 2121 == xxtxxh  for ( ) [ ) .,1, 21
+×∞∈ Rxx  

 
Then ),( dX  is a complete 2-metric space with d continuous on X .  Since  
 

( ) ( ) 0
2
1lim,,0,1,0,11lim 221 ==⎟

⎠

⎞
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

∞→∞→
a

n
aa

n
d

nn  
 

and  

( ) ( ) ,
3
112

6
1lim,,0,1,0,11lim 2221 aa

n
aah

n
hd

nn
=⎟

⎠
⎞

⎜
⎝
⎛ +=⎟

⎠

⎞
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

∞→∞→
 

 
so h  and t do not continuous at .)0,1( X∈   Thus we can not invoke Theorem 2 of Khan 
and Fisher [11] and Theorem 1 of Kubiak [14] to prove that h  and t have a common 
fixed point in .X  
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   Let f  and g  be two mappings from X  into itself satisfying )0,0(== gxfx  for 
all x X∈ .   Note that  
 

( ) ( ) 0,,,, == agyfxdafyfxd  
 

for all .,, Xayx ∈   Hence f  is continuous and (b3), (b4) and (b5) hold.  Now we 
verify that f  and h  are compatible of type (A).  Let Xxxxaaa nnn ∈== ),(,),( 2121  
with .lim)0,0(lim nnnn

hxfx
∞→∞→

==
  

This means that  

( )( ) ,0
6
1lim,0,0,lim 21 ==

∞→∞→
axahxd nnnn  

which implies that  
 

( ) ( ) ,0
18
1lim,0,

9
1,0,0lim,,lim 211 ==⎟

⎠

⎞
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛=

∞→∞→∞→
axaxdahhxfhxd nnnnnnn  

and  
( ) ( ) ( )( ) .0,0,0,0,0lim,,lim ==

∞→∞→
adaffxhfxd

nnnn  
 

That is, f  and h  are compatible of type (A).  Using Theorem 3.1, we conclude that 
,, gf h  and t  have a common fixed point ( ) .0,0 X∈   Thus ( )0,0  is also a common 

fixed point of h  and t . 
 
Remark 3.2.   Note that ( )0,0  and ( )0,1  are common fixed points of h  and t.   This 
reveals that the common fixed points of h  and t  in Theorem 3.1 may not be unique. 
   Removing the assumption of continuity in Theorem 3.1, we have  
 
Theorem 3.2.    Let ),( dX  be a 2-metric space with d  continuous on X  and let h  and 
t  be two mappings from X  into itself.  Then (1) is equivalent to each of the following 
conditions (5), (6) and (7). 
 

(5) there exist XXgfr →∈  :  , ,)1,0( satisfying conditions (b1), (b3), (b6)        
and (b7): 

 

   (b6)   ,)()()()( XtXhXgXf IU ⊂  
   (b7)   )()( XtXh I  is a complete subspace of ;X  
   (6)   there exist XXgf →∈  :  , ,1Φϕ satisfying conditions (b1), (b4), (b6)        

and (b7); 
 (7) there exist   :  , ,2 XXgf →∈Φϕ satisfying conditions (b1), (b5), (b6)      

and (b7). 
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Proof.   As in the proof of Theorem 3.1, we conclude that (1) implies (7) and that (1),             
(5) and (6) are equivalent.  We now prove that (7) implies (1).  Let .0 Xx ∈                             
(b6) ensures that there exist two sequences Xx nn ⊂∈ω}{  and 

)()(}{ XtXhy nn I⊂∈ω   satisfying 1222122122   , ++++ ==== nnnnnn gxhxyfxtxy  
for all .ω∈n   Using the method of Theorem 3.1, we similarly conclude that  ω∈nny }{  
is a Cauchy sequence in .)()( XtXh I   Therefore ω∈nny }{  converges to a point 

)()( XtXhu I∈  by (b7).  Thus, there are two points Xyx ∈,  with .tyhxu ==   By 
(b5), we have 
 

 
( ) ( )( ( ) ( )

( ) ( ) ,,,,,                                           
,,,,,,,,,,

121212

1212
2

12
2

agxtxdatxhxd
afxhxdatxhxdatxhxdagxfxd

nnn

nnn

+++

+++ ≤ ϕ
                  

                                                  

( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( ))afxtxdagxhxd

afxtxdagxtxd
agxhxdagxtxd

afxtxdafxhxd
agxhxdafxhxd

agxtxdafxhxd
afxtxdatxhxd
agxhxdatxhxd

nn

nnn

nnn

n

n

nn

nn

nn

,,,,
,,,,,
,,,,,

,,,,,
,,,,,

,,,,,
,,,,,
,,,,,

1212

121212

121212

12

12

1212

1212

1212

++

+++

+++

+

+

++

++

++

 

 
Letting ,∞→n we have  
 

( ) ( )( ) ( )( ) ,,,0,0,0,,,,0,0,0,0,0,0,0,, 222 aufxdcaufxdaufxd ≤≤ ϕ
 

 
which implies that .hxfxu ==   It follows from Lemma 2.2 that .hufu =   Similarly, 
we conclude that .tugu =   In view of (b5), we get that  
 

( ) ( ) ( ) ( ) ( )( )
( )( ).,,

,,,0,0,0,0,0,,,,,,,0,0,,,,,
2

22222

agufudc
agufudagufudagufudagufudagufud

≤

≤ ϕ

 
This gives that .gufu =   By virtue of (b5) again, we obtain that  
 

  
( ) ( )( ( ) ( )

( ) ( ) ,,,,,                                 
,,,,,,,,,,

121212

1212
2

12
2

agxtxdatxhud
afuhudatxhudatxhudagxfud

nnn

nnn

+++

+++ ≤ ϕ
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( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )).,,,,

,,,,,
,,,,,

,,,,,
,,,,,

,,,,,
,,,,,
,,,,,

1212

121212

121212

12

12

1212

1212

1212

afutxdagxhud
afutxdagxtxd
agxhudagxtxd

afutxdafuhud
agxhudafuhud

agxtxdafuhud
afutxdatxhud
agxhudatxhud

nn

nnn

nnn

n

n

nn

nn

nn

++

+++

+++

+

+

++

++

++

 

 
Taking ,∞→n we have  
 

( ) ( ) ( ) ( ) ( )( ),,,,0,0,0,0,0,,,,,,,0,0,,,,, 22222 aufudaufudaufudaufudaufud ϕ≤  
 

which means that .fuu =   Consequently, .tuhugufuu ====   This completes the 
proof.  
 
 From the proofs of Theorems 3.1 and 3.2, we immediately obtain the following 
results: 
 
Theorem 3.3.   Let ),( dX  be a complete 2-metric space with d continuous on X and let  
f, g, h and t be mappings from X into itself satisfying conditions (b1), (b2).  If at least one 
of conditions (b3), (b4), (b5) holds, then f, g, h  and t have a unique common fixed point 
in X. 
 
Theorem 3.4.   Let ),( dX  be a 2-metric space with d continuous on X and let f g h, ,  
and t be mappings from X  into itself satisfying conditions (b1), (b6) and (b7). If at least 
one of conditions (b3), (b4), (b5) holds, then hgf ,,  and t have a unique common fixed 
point in .)()( XtXh I  
 
Theorem 3.5.   Let ),( dX be a 2-metric space with d continuous on X  and let f g h, ,  
and t be mappings from X  into itself satisfying conditions (b6) and (b7). If at least one 
of conditions (b3), (b4), (b5) holds, then  
 
   (i)  f  and h  have a coincidence point in X . 
   (ii)  g  and t have a coincidence point in X . 
 
Remark 3.3.   Theorem 4.1 of Cho [1] is obtained as a special case of Theorem 3.3 if 
(b4) holds.  On the other hand, Theorem 3.3 extends Theorem 3.3 of Imdad et al. [5], 
Theorem 4 of Rhoades [25], Theorem 1 of Singh et al. [34].  The following examples 
show the greater generality of Theorem 3.3 over the results of Imdad et al. [5], Rhoades 
[25], Singh et al. [34]. 
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Example 3.2.   Let thfdX ,,),,(  be as in Example 3.1.  Define ., hTSfA ===   
By Theorem 3.3 and the proof of Example 3.1, we conclude that TSA ,,  have a unique 
common fixed point .)0,0( X∈   But Theorem 3.3 of Imdad et al. [5] is not applicable 
since S  and T  are not continuous. 
 
Example 3.3.    Let ),( dX  be as in Example 3.1.  Define mappings XXgf → : ,  by  
 

( ) ( ) ( )0,2,, 12121 xxxgxxf ==  for all ( ) ., 21 Xxx ∈  
 

It is easy to see that f g,  do not satisfy the following inequality: 
 

( ) ( ) ( ){ ( ) ( ) ( )[ ]}afxydagyxdagyydafxxdayxdragyfxd ,,,,
2
1,,,,,,,,,max,, +≤

 
 

for any )1,0(∈r  and ,)1,1(=a .)0,1(,)0,2( Xyx ∈==   That is, Theorem 4 of 
Rhoades [25] is not applicable. 
    We next prove that f  is continuous on .X   Assume that ( ){ } Xxx Nnnn ⊆∈21 ,  and 

Xxx ∈),( 21  such that →),( 21 nn xx  ),( 21 xx  as .∞→n   Then for any ,),( 21 Xaa ∈  
we have  
 

( ) ( ) ( )( )

.0lim
2
1     

,,,,,lim

122112212121

212121

=−++−−=
∞→

∞→

xxxxaxaxxaax

aaxxxxd

nnnnn

nnn

              (3.10) 

 
Taking )0,0(),( 21 =aa  in (3.10), we infer that  

 
                                       ( ) .0lim 2221 =−

∞→
xxxx nnn

                                      (3.11) 

 
Taking 01 =a  and 02 ≠a  in (3.10), by (3.11) we have  

 
                                         ( ) .0lim 11 =−

∞→ nn
xx                                             (3.12) 

 
It follows from (3.12) that  

 
( ) ( ) ( )( ) ( ) ( ) ( )( )

.0lim

,,0,2,0,2lim,,,,,lim

112

2111212121

=−=

=

∞→

∞→∞→

nn

nnnnn

xxa

aaxxdaaxxfxxfd

 
 

for all .),( 21 Xaa ∈   Hence f  is continuous on .X  
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 Put )0,4(),(),( 12121 xxxtxxh ==  for all .),( 21 Xxx ∈  Then 
hXXfX =×= }0{  and ),()0,8(),( 21121 xxhfxxxfh ==  for all .),( 21 Xxx ∈   

Note that commuting mappings are compatible.  Lemma 2.4 ensures that f                    
and h  are compatible of type (A). Obviously, for any ( )1,2

1∈r  and all 
,),(,),(,),( 212121 Xaayyxx ∈  we have  

 
( ) ( ) ( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( )
( ) ( ) ( )( ) .,,,,,

,,0,4,0,4

,,0,2,0,2,,,,,

212121

2111

112

2111212121

aayytxxhd
aayxrd

yxa
aayxdaayygxxfd

=
≤

−=

=

  
Thus, by Theorem 3.3, we conclude that f g h t, , ,  have a unique common fixed point 

.)0,0( X∈   Therefore )0,0(  is also a common fixed point of f  and g.  
 
Example 3.4.   Let +⊂= RX }3,2,1{ .  Define +→×× RXXXd  : by 1),,( =zyxd  
for all Xzyx ∈,,  with ,yx ≠ xzzy ≠≠ ,  and 0),,( =zyxd  for other.  Then 

),( dX  is a compact 2-metric space and d is continuous.  Let TSth ,,,  be mappings 
from X  into itself satisfying  
 

,33,12,21 === hhh  and .htTS ===  
 

Then Theorem 1 of Singh, Tiwari and Gupta [34] is not applicable since  
 

( ) ( ) ( ) ( ) ( ) ( )[ ]
⎭
⎬
⎫

⎩
⎨
⎧ +≤ aTxSydaTySxdaTySydaTxSxdaTyTxdraSySxd ,,,,

2
1,,,,,,,,,max,,

 

does not hold for any )1,0(∈r  and .3,2,1 === ayx   Take 3== gxfx  for all 
.Xx ∈  It is easy to verify that f  is continuous on .X  Since hf ,  are commuting, so 

they are compatible of type (A) by Lemma 2.4.  Clearly,  
 

( ) ( ) ( ) ( ) ( ) ( )[ ]
⎭
⎬
⎫

⎩
⎨
⎧ +≤ afxtydagyhxdagytydafxhxdatyhxdragyfxd ,,,,

2
1,,,,,,,,,max,,

 
for any Xayx ∈,,  and ).1,0(∈r   It follows from Theorem 3.3 that thgf ,,,  have a 
unique common fixed point .3 X∈   Hence TS,  have a common fixed point .3 X∈  
 
Remark 3.4.   Theorems 4.1 and 3.1 of Murthy et al. [17] are special cases of our 
Theorems 3.4 and 3.5, respectively. 
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