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Abstract.   In this paper, we define the sequence spaces  )(,)( cm
v

m
v  and  ,)(,)( Nmco

m
v

and give some topological properties, inclusion relations of these sequence spaces, compute their 
continuous and Köthe-Toeplitz duals.  The results of this paper, in a particular case, include the 
corresponding results of Kızmaz [5] , Çolak [1], [2], Et-Çolak [4], and Çolak et al. [3]. 

1. Introduction   

Let ,, c and
0

c be the linear  spaces of bounded, convergent, and null sequences             

)( kxx  with complex terms, respectively, normed by  

kk xx sup

where ,2,1Nk , the set of  positive integers. 
 Kızmaz [5] defined the sequence spaces 

xx :)()( kx ,
    cxc k xx :)()( ,

00 :)()( cxc k xx

where  ,)()( 1kkk xxxx  and showed that these are Banach spaces with norm 

x11 xx .

Then Çolak [1] defined the sequence space  XxxX kvkv :)()( x , where 
)()( 11 kkkkkv xvxvx  and X is any sequence space, and investigated some 

topological properties of this space. 
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 Recently Et and Çolak [4] generalized the above sequence spaces to the following 
sequence spaces. 

,}:)({)( xx m
k

m x

    }:)({)( cxc m
k

m xx ,

}:)({)( 00 cxc m
k

m xx

where ,Nm ,)()(),(),( 1
11

1
0

k
m

k
m

k
mm

kkk xxxxxx xxx    and

vk

m

v

v
k

m x
v
m

x
0

)1(

These are Banach spaces with norm  

xx m
m

i
ix

1
.

 It is trivial that ,)()(,)()(,)()( 111
00

mmmmmm cccc  and 

)()()(0
mmm cc  are satisfied and strict [4].  For convenience we denote 

these spaces ,)()(,)()( mmmm cc and ).()( 00
mm cc

 Throughout the paper we write  k for  
1k

and nlim  for  nlim .

Let )( kvv be any fixed sequence of nonzero complex numbers.  Now we define 

xx m
vk

m
v x :)()(

cxc m
vk

m
v xx :)()(                                            (1.1) 

00 :)()( cxc m
vk

m
v xx

where  

,Nm kvkkv xxv ,)(0 x k
m
vkkkk xxvxv ,)( 11 )( 1

11
k

m
vk

m
v xx ,

and so that 

ikik

m

i

i
k

m
v xv

i
m

x
0

)1(
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 It is trivial that  ,)(m
v )(cm

v and )( 0cm
v  are linear spaces.  If we take 

),1,1()( kv  and 1m in (1.1), then we obtain )(,)( c and )( 0c .   Also if we 
take 1m  and ),1,1()( kv in (1.1), then we obtain ,)(v )(cv  and  ),( 0cv

and ,)(m )(cm  and ,)( 0cm  respectively. 

2. Main results 

Theorem 2.1. The sequence spaces )(,)( cm
v

m
v  and )( 0cm

v  are Banach spaces 
normed by 

m

i

m
viiv vx

1
xx .                               (2.1) 

Proof. Omitted.  

Let X stand for  , c and 0c and let us define the operator 

)()(: XXD m
v

m
v

by  ,),,,,0,0( 21 mm xxDx  where  ),,,( 321 xxxx .   It is trivial that D is a 

bounded linear operator on  .)(Xm
v   Furthermore the set  

0),(:)()()( 21 m
m
vk

m
v

m
v xxxXxXDXD xx

is a subspace of  )(Xm
v  and   xx m

vv in )(XD m
v . )(XD m

v  and X are 

equivalent as topological space since  

XXD m
v

m
v )(:  , defined by  )( k

m
v

m
v xyx                       (2.2) 

is a linear homeomorphism [7]. 

 Let X  and  ])([ XD m
v  denote the continuous duals of X and )(XD m

v ,
respectively.  It can be shown that  

fffXXDT m
v

m
v

10 )(,])([:

is a linear isometry.  So  ])([ XD m
v  is equivalent to X   [7]. 
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Corollary 2.2.

(i)  )(cm
v  and )( 0cm

v  are closed subspaces of ,)(m
v

(ii) )(cm
v  and )( 0cm

v  are separable spaces,

(iii) ,)(m
v )(cm

v  and )( 0cm
v  are BK-spaces with the same norm as in (2.1),

(iv) ,)(m
v )(cm

v  and )( 0cm
v  are not sequence algebras. 

3. Dual spaces 

In this section we give Köthe-Toeplitz duals of ,)(m
v )(cm

v and ).( 0cm
v   Now we 

give the following lemmas. 

Lemma 3.1.  )(m
vx  if and only if  

(i)   k
m
vk xk 11sup .

(ii)  1
111 )1(sup k

m
vk

m
vk xkkx .

Proof.   Omitted.  

Lemma 3.2. kv
i

k xksup   implies  kk
i

k xvk )1(sup    for all  .Ni

Proof. Omitted.  

Lemma 3.3. k
im

v
i

k xksup   implies  k
im

v
i

k xk )1()1(sup   for all 

Nmi,   and  .1 mi

Proof. If kv x  is replaced with k
im

v x  in Lemma.3.2, the result is immediate. 

Lemma 3.4. k
m
vk xk 11sup   implies  kk

m
k xvksup .

Proof.   For 1i  in Lemma.3.3, we obtain k
m
vk xk 11sup  implies 

k
m
vk xk 22sup .   Again, for  2i  in Lemma 3.3, we obtain 

k
m
vk xk 22sup  implies  k

m
vk xk 33sup . Continuing this procedure, 

for ,1mi  we arrive kv
m

k xk )1(sup  implies  .sup kv
m

k xvk
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Lemma 3.5. )(m
vx  implies .sup kk

m
k xvk

Proof.   Proof follows from Lemma.3.1 and Lemma.3.4. 

Definition 3.6.  [6]  Let X be a sequence space and define

XxaaaX kkkk xallfor,:)( ,

then X  is called Köthe-Toeplitz dual of X.  If ,YX  then .XY   It is clear that 
.)( XXX   If XX  then X is called an -space.  In particular, an               

-space is a Köthe space or a perfect sequence space. 

Theorem 3.7. Let }||:)({ 1
1 kk

m
kk vakaaU  and 

,sup:)(2 kk
m

kk vakaaU  then

i)  10 ))(())(())(( Ucc m
v

m
v

m
v

ii)  20 ))(())(())(( Ucc m
v

m
v

m
v

Proof. Omitted. 

Corollary 3.8. )(,)( cm
v

m
v and )( o

m
v c  are not perfect.

Corollary 3.9. If we take ),1,1()( kv and  ,1m  in Theorem 3.7, then we obtain for 
X  or  c. 

(i ,:)())(( k
m

kk
m akaaX

(ii) ,sup:)())(( k
m

kk
m akaaX

(iii) .:)())(( 1
kkkkv vakaaX

Corollary 3.10. If we take  )( mkv  in Theorem 3.7, then we obtain

(i)  1))(())(())(( o
m
v

m
v

m
v cc ,

(ii)  ))(())(())(( o
m
v

m
v

m
v cc .
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4. Inclusions theorems 

In this section we give inclusion relation of these spaces.  Firstly, we note that )(Xm
v

and )(Xm  overlap but neither one contains the other, for cX ,  and .0c   For 

example, we choose,  )( mkx  and ,)(kv  then ,)(mx  but ,)(m
vx

conversely if we choose )( 1mkx  and )( 1kv  then ,)(mx  but  

.)(m
vx

Theorem 4.1.

(i) )()( 1 XX m
v

m
v  and the inclusion is strict, for cX ,  and  0c ,

(ii) )()()( 0
m
v

m
v

m
v cc  and the inclusion is strict. 

Proof .

(i) We give the proof for X only.  Let  ).(m
vx   Since

1111
1

kk
m

kk
m

kk
m

kk
m

kk
m vxvxvxvxvx

 we obtain ).(1m
vx   This inclusion is strict since the sequence )( mkx

belongs to ,)(1m
v  but does not belong to ,)(m

v where .)(kv

(ii)  Proof is trivial. 

Theorem 4.2. Let )( kuu  and )( kvv  be any fixed sequences of nonzero complex 
numbers, then 

(i) If ,sup 1
kk

m
k uvk  then ,)()( m

u
m
v

(ii) If ,)(1 kuvk kk
m  for some , then  ,)()( cc m

u
m
v

(iii) If ,)(01 kuvk kk
m  then .)()( 00 cc m

u
m
v

Proof.

(i) kk
m

k uvk 1sup  and assume that .)(m
vx   Since  



On Köthe-Toeplitz Duals of Generalized Difference Sequence Spaces 31

1

0

1 )(
1

)1())(()(
m

i
ikik

i
u

mm
u ux

i
m

xx

                           ikik
m

ikik
m

m

i
xvikuvik

i
m

)()(
1 1

1

0

                            111
1

1 )1()1( ikik
m

ikik
m xvikuvik

 we obtain  .)(m
ux    If we take  ),1,1(v and ),1,1(u  in Theorem 

4.2, then we have the corollaries, respectively. 

Corollary 4 3. 

(i) If ,sup k
m

k vk  then ,)()( m
v

m

(ii) If ,)(kvk k
m  for some ,   then  ,)()( cc m

v
m

(iii) If ,)(0 kvk k
m  then )()( 00 cc m

v
m .

Corollary 4 4.

(i) If ,sup 1
k

m
k vk  then ,)()( mm

v

(ii) If ,)(1 kvk k
m  for some ,  then ,)()( cc mm

v

(iii) If ,)(01 kvk k
m  then .)()( 00 cc mm

v

If we take  )( mkx  in [3], then we obtain the following sequence spaces. 

i)   ,}||sup:)({ k
m

kk vkvvv

ii)   ,}(||:)({ kvkvvv k
m

kc  for some } ,

iii) ,})(0||:)({0 kvkvvv k
m

k

i )     ,}||sup:)({ 11
k

m
kk vkvvv

ii )   ,)(||:)({ 11 kvkvvv k
m

kc  for some  ,}

iii )   })(0||:)({ 11 kvkvvv k
m

ko .

It is trivial that the sequence spaces  0and, vvv c are BK-spaces with the norm               

.||sup k
m

k vkv    The -duals of these sequence spaces are also readily obtained by 
[3] , where , and .
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Theorem 4.5.   Let X stand for 0and, vvv c , then  OXX 1 .

Proof.   We give the proof for vX only.  Let  1vvv  and 0kv  for all k,

then there are constants 0, 21 MM  such that  1|| Mvk k
m  and 2

1 || Mvk k
m  for 

all .Nk   This implies 21
2 MMk m for all k, a contradiction, since .1m

Theorem 4.6.   .)()( 0cc m
v

m
v

Proof.  Let .)(cm
vx  Then  x and 11

11
kk

m
kk

m vxvx

,)(k .),0(,11
11 kvxvx kkkk

m
kk

m   This implies that  

.
1

1
11

11
11

11
n

k
knn

mm nvxnvxn

This yields  0   and .)( 0cx m
v
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