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 Abstact.  We prove a general metrical result, which contains as a special case a discrepancy estimate, 
related to the uniform distribution of expressions of the form ∞

=++ 1)(,),(,1,,1 )( nikniikini xx λλ L  

))(1;,,1( ikjdi ≤≤= L  for Lebesgue almost all points in dXXX ××= L1  with 

],[],[ ),(),(,1,1 iikiikiii babaX ××= L  where for each pair ij,  there exist 0, >ijc  such that 

.,,,)1(,, ijnijnij c≥−+ λλ  

 
 

1. Introduction 
 
For a positive integer d, fixed throughout this paper, let [d] denote the set of the first d 
natural numbers and let Z+  denote the set of natural numbers.  To each i in [d] we associate 
a natural number k(i) and a collection of k(i) intervals 

 
],[,,],[ ),(),(,1,1 iikiikii baba L  

 
such that ∞≤<≤−∞ jiji ba  and .)]([ ikj∈    For ,}{x  we denotes the fractional part of 

x.  To each interval ],[ ,, ijij ba  we associate a sequence of continuously differentiable real 

functions ∞
=1,,, ))(( nijnij xg  defined for all n such that: 

 (i) for each pair nm,  with nm ≠  the functions )()( ,,,,,, ijnijijmij xgxg ′−′  are 

monotone on ;],[ ,, ijij ba   and 

(ii) for each pair ij,  there exist 0, >ijc  such that 
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.)()(],[
inf,

inf
,,,,,,,,,, ijijmijijnijijijij

cxgxgbax
nm

nm ≥′−′∈
≠

+∈ Z
 

 
Now to each ][di∈  we associate the sequence of functions 

 

∑
=

=
)(

1
,,,),(,1, )(),,(

ik

j
ijnijiikini xgxxg L  

 
Then for ,Xx∈  where X denotes the Cartesian product dXX ××L1  with 
 

,],[],[ ),(),(,1,1 iikiikiii babaX ××= L              ])[( di∈  
we set 
 

{ } { }( )),,(,,),,()( ),(,1,1),1(,1,1,1 ddkdndknn xxgxxgxg LLL=        )( +∈ Zn  
 
In this paper we are interested in distribution of the sequence  ∞

=1))(( nn xg  on d)1,0[  for 
almost all  x with respect to d-dimensional Lebesgue measure on X. 
For a finite set of d-tuples  Nyy ,,1 L  in d)1,0[ ,  let 
 

,)(1)1,0[),,(
1

sup

1 ∑
=

−⊆=
N

i
iR

d
N Ry

N
RyyD χL  

 
that is the d-dimensional  discrepancy of Nyy ,,1 L  [7].  Here the supremum is taken over 

all d-dimensional rectangles R, contained in d)1,0[  such that 
 

,1 dJJR ××= L  
 
where for each ,][di∈  iJ   is a set interval of  ,)1,0[ closed on the left and open on the 

right.  For a set B
dB χ,)1,0[⊆  denotes its characteristic function and  B  denotes its 

Lebesgue measure, assuming that is defined.  In the case 1=d  this reduces to the one 
dimensional notion of discrepancy defined earlier.  If for ,Xx∈  we choose  ,)(xgy jj =  
then set 
 

),,1(),,( nyMyMDxNMD +== L   );( 0
+

≥ ∈∈ ZZ NM  
 

),,( 1 NMM yyD ++ L  
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and let 
.),,0(),( xNDxND =  

 
Here +Z ,  denotes the non-negative integers.  Now we prove the following theorem 
 
Theorem 2.1.   Suppose X, ∞

=1))(( nn xg and )(),( +∈ ZNxND  are defined as above.  Then 
given 0>ε  
 

))(log(),( 2
3

2
1 ε++−= dNNoxND  a.e. 

 
A proof of this result in the case 1=d  and 1)( =ik appears in [1] though by a different 
method.  This is the culmination of work going back to [6] and [5].  If we set kik =)(   

),,1( di L=  and ijnijijnij xxg ,,,,,, )( λ=  where 
 

.,,,1,, ijnijnij c≥−+ λλ  

 
Then Theorem 2.1 covers the case 
 

,)( xxg nn Λ=   
 
where nΛ is the matrix kd ×  matrix )( ,, nijλ   
 
 
Proof of Theorem 2.1. 
 
The proof of Theorem 2.1 needs a number of lemmas some of which we now state. The 
first is due to I.S. Gál and J.F. Koksma [4]. 
 
Lemma 2.2.  For each M and ,),( +∈ ZNMN  let ),,( xNMF  denote a Lebesgue 
measurable function on X.   Suppose for all integers ],0[ NL∈  that 
 

.),,().,(),,( xLNLMFxLMFxNMF −++≤  
 

Suppose further for each 2
1>θ  and  0≥φ that we have 

 
).)((),,( φθ NMNOxNMF +=  
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Then given 0>ε  
 

))(log(),,0( 2
1 εφθ ++= NNoxNF  a.e. 

 

For real valued functions f, we use f  to denote 2
1

)( 2 dxfX∫ .  Lemma 2.2 reduces the 

proof of Theorem 2.1 to proving 2L  estimates for .),,( xNMD   To provide these we use 
the next lemma due in the case 1=d  to P. Erdös and P. Turan [2] and to J.F. Koksma [5] 
for general d.  Henceforth, for real x, let )(xe  denote  .2 ixe π  
 
 Lemma 2.3.   For d

dhhh Z∈= ),,( 1 L  (d-tuple of integers), let 
 

),1max()(
1
∏
=

=
d

i
ihhr  

 
and let 
 

.1
max)( ihdihM ≤≤=  

 
There exists a constant 0>C  such that given  ,)1,0[,,1

d
Nyy ∈L  then for any positive 

integer L, 
 

,),(
)(

1),,(
1

         
)(0

1

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

><+≤ ∑∑
=

∈
≤<

N

n
n

h
LhM

N yhe
hrL

NCyyDN

dZ

L  

 
where  >< , denotes the standard inner product on ℜd . 
 
To use Lemma 2.2 to deduce Theorem 2.1 we need an estimate in terms of M and N for the 

2L  norm of .),,( xNMD  
Let 
 

.))(,(),,(
1

><= ∑
+

+=
xghxNMS n

NM

Mn
h  
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Then, using the 2L  triangle inequality 
 

.),,(
)(

1),,(

      
)(0 ⎟

⎟
⎟
⎟

⎠

⎞

⎜
⎜
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⎜

⎝

⎛

+≤ ∑
∈

≤<
xNMS

hrL
NCxNMDN h

h
LhM
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So we need to estimate .),,( xNMSh   Now 
 

( ) dxxgxghexNMS
X

NM

Mn

NM

Mm
mnh ∫ ∑ ∑ ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
>−<=

+

+=

+

+=1 1

2 )()(,),,(  

 

    ( ) .)()(,
1 1

dxxgxghe
NM

Mn

NM

Mm
X mn∑ ∑ ∫

+

+=

+

+=

>−<=  

 
From the definitions of   ∞

=1))((,, nn xghX  and dx we see that 
 

( ) .)))()((()()(,
1

)(

1
,,,,,,,

,

,
C C

d

i

ik

j

b

a ijijmijijnijiX mn
ij

ij

dxxgxghedxxgxghe
= =

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=>−< ∫∫  

 
Let 

 

)()(inf
,,,,,,,,,, ijnijijmijijijnm xgxgXxd ′−′∈=  

 
for nm ≠ and let 

 

⎩
⎨
⎧ ==

=            otherwise
0or    if         1

,,,
*

,,,,
ijnmi

i
hijnm dh

hnm
d                             (1) 

 
Thus 
 

,1),,(
1 1 1

)(

1
*

,,,,
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+
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+= = =
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⎞
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j hijnm
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d
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because 
 

∫∫ ′−′

−
=− ij

ij

ji

ji

b

a mijnij

mijniji

i

b

a mijniji ygyg
ygyghed

ih
dyygyghe ,

,

,

, ))()((
))))()((((

2
1)))()(((

,,,,

,,,,
,,,, π

 

 
the right hand side of which by the second mean value theorem is 
 

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
≤

*
,,,, hijnmd

C  

 
Using the arithmetic-geometric mean inequality 
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1

)(

1
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and hence there exists 0>C  such that 
 

.1),,(
1 1 1

)(

1
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Also 
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1

)(

1 ,,,,11
*

,,,,1
∑ ∑ ∑∑ ∑
= = +≤<≤+

+

+=

+

+=
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+≤

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛ d

i

ik

j hijnmNMmnMi

NM

Mn hijnm

NM

Mm dh
N

d
 

 
Because of the conditions (i) and (ii) on the functions )()( ,,,, xgxg nijmij ′−′  we can              

find a permutation Nππ ,,1 L  of the integers NMM ++ ,,1 L  such that 
)()( ,,,, xgxg

ba ijij ππ ′≤′  if and only if  .ba ≤   This means that if ab >  then 
 

∑
−

=

−≥′−′=′−′
+

1

,,,)(,,,,,, ).())(()()(
1

b
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ijijxijijij abcxggxgxg
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Thus 
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and as 
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log1
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we know that 
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In consequence 
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so estimating ),,( xNMDN  reduces to estimating 

 

(i) ∑
∈
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Z       
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We estimate (i) and (ii) by arguing as follows.  Let ).,1(max)( 1 i
d
i hhr =Π=′   Then by 

considerations of symmetry 
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Let   ),,1(2 ][ Nkd

k L=  denote the collection of subsets of [d] contain exactly k elements.  
Now note that 
 

∑ ∑ ∑ ∑∑
= ∈

=
==

∈
≤< ⎟⎟

⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

=
′

≥

d

k

L

ii
ii

L

ii
h

LhM d
k

k
k k

hhhr 1 2
},,{
1,,1

}0{\
)(0 ][

1
1 1

1
)(

1

τ
τ L

L L
L

d
0Z

 

 
and that 
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showing 
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Now 
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combining these estimates we obtain 
 

,)(log),,( 2
1

dNNxNMDN ≤  
 

which in view of Lemma 2.2 proves Theorem 2.1. 
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