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Abstract. In this paper, the concepts of /-regular, /-normal and completely /-normal spaces have
been presented utilizing the 7-open notion. Moreover, [ — T, -spaces, i = 3, 4, 5 are also given.

The similarities and dissimilarities between them and some other known corresponding types are
discussed. Also, some of their characterizations and several of fundamental properties have been
established.

1. Introduction

Recently, the topic of an ideal in topological spaces was comprehensively treated by
general topologists, and many of their interesting properties were obtained. /-openness is
one of these properties, which was introduced in 1991 by Jankovic and Hamlett [7] via
the local function concept due to Viadyanathaswamy [15]. In 1992, Abd EI-Monsef et al.
[3] gave and studied both of /-closed sets and /-continuity. Moreover, many results via
ideals which studied in [3,7] are generalized in [4]. While, in 1995, Dontchev [5] defined
each of I-Hausdorff spaces and I-irresolute functions and several of their properties are
also offered. Therefore, we devoted this paper to present both classes of J-regularity and
I-normality. The relationships between them and some types, which were defined before
are investigated. Also, we studied some equivalent definitions of each class. Moreover
several of their properties and both of images and inverse images of these new spaces via
some types of continuous functions have been discussed.

2. Preliminaries

Throughout this paper, (X,z) and (Y,o) denote topological spaces on which no

separation properties are assumed unless explicitly stated. A nonempty collection
I < P(X) is called an ideal if it is closed under the heredity and finite additivity

properties. The notation (X, z,/) means a topological space (X,t) with an ideal 7 on X.
For any xeX,r(x)z{UgX:Uer and er}. If Ac X, t—cl(4) and 7—int(A)
are the closure and the interior of 4 with respect to z, respectively. For a space (X, z,1)
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and Ac X, A"(I)={xeX: An Uel, foreach U e(x)} denotes the local function
of 4 with respect to 7 and ¢ [15]. Also, A< X is I-open [7], semi-open [11], preopen
[10], and p-open [1], if Act—int(4™ (1)), A< t—cl(z—int(A4)), 4 < t—int(zr —cl(A))
and 4 c t—cl(r—int(r —cl(A))), respectively. The class of all 7-open (resp. semi-open,
preopen, p-open) in (X,t) will be denoted by IO0(X,z) (resp. SO(X,z7), PO(X,7),
BO(X,7)). While, IO(X,x)={W < X: W eIO(X,7), xeW}, and 7 mean the class
of all a-sets [12], given by ¢ =SO(X,7) n PO(X,7). In (X,7),A< X is Sopen
[16] if it is arbitrary union of regular-open sets. (X,z,1) is I-Hausdorff [5] if for every
distinct x, ye X', there exists W., W, eIO(X,r) such that xeW,, yeW, and
W.NW,=a. While, (X,z) is s-regular [9], p-regular [14] and fregular [2], if for
each x e X and each closed set F not containing x, the two disjoint sets which are
containing F and x are semi-open, preopen and g-open, respectively. But, (X,7)is
supra-normal denoted by s -normal [11], if for each disjoint closed sets F,F, there
exists disjoint supra-open sets W;, W, having W, c F;, i=1,2. Mashhour ef al. [11]

defined the classes of pre-normal space “denoted by p-normal” and S-normal space, also
they showed that these types of spaces are considered as special cases of s -normal.

A function f:(X,7,1)— (Y,0,J) is I-irresolute [5], if f1(W) e I0(X,z) for each
W eJO(, o).

3. On I-regular spaces

Definition 3.1. A4 space (X,r,I) is I-regular if for each closed set F < X and each
xe X\F, there are disjoint H, W € IO(X, 1) suchthat F < X andxeW .

The implications between this new class of spaces with some corresponding types are
given nextly.

/ I-regular space —— = p-regular space [14]

regular space
\ s-regular space [9] ————  Sregular space [2]

Remark 3.2.

(i)  The reverse between [-regularity and p-regularity is not true in general, as
Example (3.3) shows. While the others studied in [2, 9,14].

(i)  The independence between regular and I-regular spaces is illustrated throughout
Examples (3.3) and (3.4).

(iif)  I-regularity and p-regularity of (X, z,<) are equivalent, for /0(X, 7, J) = PO(X,7).
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Example 3.3. If X ={a,b,c},t={X,,{a},{b,c} and I ={D{b},{c},{b,c}}. One
can deduce that a space (X, z, ) isregular and therefore p-regular but it is not /-regular.

Example 3.4. Let X ={a,b,c,d} with = ={X,3,{b,c}} and [={J,{d}}. Then
(X, t,I) is I-regular but not regular.

Definition 3.5. In a space (X,t,1), the I-closure of any A< X is the smallest I-closed
set containing A and denoted by [ — cl(A).

The next result is an immediate consequence of an ideal closure operator.

Proposition 3.6. For (X,t,1) and AcC X, xel-cl(A)iff AW = & for each
WelO(X,x).

Proposition 3.7. The following properties are hold, for any (X,z,1).
(@) I—cl(4)cI—-cl(B), whenever A C B.

® U 1-c4,) I—cl(UAa],while A, e P(X), aeV.
aeV aev

Theorem 3.8. For a space (X,t,1), the following are equivalent:

(@ (X,t,1) is I-regular.

(b)  Each member of t(x) contains the I-closure of member of 10(X, x) .

(¢) Foreach Ac X and each U €t such that A N U = QD there is W € IO(X, 1)
having AN W # & and I—cl(W)c U .

(d) Forany & # A < X and each closed set F of X with A N F =, then there
are disjoint H, W € IO(X,7) suchthat A " H # & and F < W .

Proof.
(H)—(ii): Let U € z(x), then X\U is closed not containing x. So, by (i) there are

disjoint H, W elO(X,t) such that xe H and X\Uc< W . Hence
xeHclI - cl(H)cU.

(ii)—>(iii):  Assume AeP(X) having AnU=< for some Uez, so letting
xedAnU. By (i) there is WelO(X, 1) such  that
xeWcl — (W) < U. Also, one can deduce that 4 N W = Q.

(iii)>(iv): Consider AnF = for a closed set F and for any &= A< X. This
means that X\Fer having 4 n (X\F) = &. By (iii) there is
H € I0(X, 7) such that 4 n H# < and [ — c/(H) < X\F. Putting
W=X\I — cl(H), then F c W e IO(X,1).

(iv) > (i):  Itis follows by taking 4 ={x}.
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Definition 3.9. A4 space (X,7,1) is called 1 —T; ifit is I-regular and T, - space.
Theorem 3.10. Each I —T; space is I-Hausdorff.

Proof. Let (X,7,1) be I -T; and distinct x;, x, € X. Then each {x;}, i=1,2 is
closed and x; € X \{x;} for 7, j=1,2and i= ;. By [-regularity of (X,z,I) there
exist disjoint /[-open sets H, W such that x; e{x;} < H and x; e W where
i,je{l,2} and i# j. Thisshowsthat (X,z,7) is /-Hausdorff.

The reverse of Theorem (3.10) is not true in general, as shown in the following example.

Example 3.11. Let X ={a,b,c,d} with the topology t ={X, &, {a, b}} and
I ={,{d}} one can deduce that a space (X, z,I) is [-Hausdorff but not 7 —T5.

4. On I-normal spaces

Definition 4.1. 4 space (X,t,I) is I-normal if for each disjoint closed sets Fy, F, of
X, there exist disjoint I-open sets Wy, W, such that F, ¢ W;, i=12.

1
The connection between I-normality with some others are given as follows,

o

Normality - 5 s*-normality [11]

I-normality

while the converses need not be hold in general as the next examples show.

Example 4.2.

(i) If X ={a,b,c,d, e} topologized by 7z ={X,3,{a,d} {a,c,d},{a,b,d},{a,b,c,d},
{a,c.d,é}}. Then (X,7) iss"-normal but not normal. While, if we take 7 = {@}, it
is clear that (X, z, I) is I-normal.

(if) For any X consisting of two distinct elements with a discrete topology D and
I=P(X). Clearly (X, D) isnormal and therefore s*-normal but it is not /-normal.
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Theorem 4.3. For a space (X,z,1), the following statements are equivalent.

(i) (X,7,1) is I-normal.

(i)  For each disjoint closed sets F,,F,, there exists H €lO(X,t) such that
F, c H and I —cl(H) is disjoint of F,.

(iii)  For any closed set F < X and any U €t containing F, there is H € IO(X, 1)
suchthat F <« H c I — cl(H) c U.

Proof.

(i)—)J(fii): Let F;, F, be nonempty disjoint closed in an /-normal space (X, z,7). Then
there are H, W elIO(X,7) suchthat , cH, F,c Wand HNW=J.
Thus X\W < X \F,, thisimplies [ —c/(X\W)=X\W < X\F, butH and its
I-closure are in X \W . Therefore, I —cl/(H) < X\F, hence the result.

(it)—>(iii): Assume F is closed and U et such that F < U, then X \U is closed and
disjoint of F. By (ii), there is H elIO(X,tr) having F c H and
I —cl(H) n(X\U) =. This gives [ —cl(H)c U and so
FcHclI-cH)cU.

(iii)—>(i): Consider any two nonempty closed disjoint sets F;, F, of X, then
Fic X\F, e r. Applying (iii), there exists H eIO(X,r) such that
FFcHcI - clH) c X\F,. Therefore F, c X\I — cl(H) e I0(X, 1)
and H is disjoint of X\ — cI(H) . This completes the proof.

Theorem 4.4. If (X,7,I) is I —T;, then it is /-normal.

Proof. Let F,, F, be disjoint closed sets, and for every xe F; c X\F, ez, there
exists H, € IO(X,7). Since UH, € I0(X,7)[7] and by (ii) of Proposition (3.7), we
get i =u{d}c VH, c Ul -cl(H,)) c I-cl(VUH,) < X\F,. Hence (X,z,1)
is -normal.

Example 4.5. Let X ={a,b,c,d} with a topology 7= {X,J,{a},{b},{a,b}} and
I ={S3,{c}}. Then (X,z,I) isI-normal but not [ —T5.

Definition 4.6.  An I-normal space which is T; is I-T,.
Theorem4.7. Each I -T, is [ -T;.

Proof. Let (X,7,I) be I-T,, Fc X beclosed and x¢ F . Clearly {x} is also
closed and disjoint of F.  [-normality of (X, t,7) gives disjoint H, W € IO(X, 1)
having x e{x} c H and F < W . Hence the result.
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Definition 4.8. 4 space (X,t,I) is completely I-normal if for any two separated
subsets A, B of X, there are disjoint H, W € I0O(X,t) such that Ac H and BCW.

While a completely I-normal space, which is a T, - space is an I - T5- space.

Theorem 4.9. Every completely I-normal space is I-normal.

Proof. This is obviously by the fact that each pair of closed disjoint sets is separated.

5. Properties of I-regularity and I-normality

Note that if 7 and J are ideals on X with 7 — J, then forany A< X, 4 (J) < 4" (1) [6].
This fact is useful to present the following result.

Proposition 5.1. If I and J are ideals on X having I < J. Then (X,t,I) is I-regular
(I-normal) if (X,z,J) is J-regular (J-normal).

Proof. Itis follows by the fact that /0(X,t,J) < I0(X,z,I) when [ c J.

Lemmab5.2.[7] In (X,7,1) if Uer, then UnA"(I) € (UNA)"(I), forany Ac X.

However, any subspace of I-regular (I-normal) spaces is I-regular (I-normal). To show
this fact, we first state the next result.

Proposition 5.3. For a space (X,7,1), if Uetr and W e IO(X,7). Then
UnWclIOoU,zy,) [5]

Proof. Since UnW cr—intU) nr-int(4d () cr-intUn A1)
cr-int(UnN 4)° () {see Lemma (5.2)}. Moreover, 7 — int(U n W) (I)
c ry—int(Un 4)°(I,) for z;, < z. Thus U n W isI-openin U.

Theorem 5.4. Every open subspace of I-regular (resp. I-normal, completely I-normal) is
I-regular (resp. I-normal, completely I-normal).

Proof. Let (X,t,I) be I-regularand Y e z. To show that (Y, zy, Iy) is I-regular, let
K < Y beclosed and y € Y\K. This shows that, there exists closed F < X with
K =Y n F. [regularity of (X,z,7) means that there are disjoint H, W €10(X, 1)
having F < X and y € W. Above proposition illustratesthat Y n H, Y n W are
Iy -open sets which are containing K and y, respectively. Hence the result. While, the
other cases are similar to /-regularity.
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Corollary 5.5. Any open subspace of I —T;- space, i =3,4,5 is I1-T,,i=3,4,5.

1

Corollary 5.6. Each regular-open and each &-open subspace of an I-regular, I-normal,
completely I-normal and 1 -T;- space, i =3, 4,5 is also.

Lemmab5.7. Forany space (X,t,I), we have

(@) I0(X,7) c PO(X,7) < BO(X,7) [3]

(b) If Ae SO(X,7) and Be PO(X,7), then A N B € PO(4,7,) [13].
(c) If Aet® and Be PO(X,1), then A N B € BO(4,74) [1].

Theorem 5.8.
(i) If (X,7,I) is I-regular and AeSO(X,7) (resp. Aet), then a subspace

(4,74,1,) is p-regular (resp. [f-regular).

(ii)  Any semi-open (resp. a-set) subspace of I-normal is p-normal (resp. [f-normal)
Proof. This is immediately by Lemma (5.7).

For any function, one can observe that the image of any ideal is also ideal.

Theorem 5.9. For a bijective continuous f:(X,7,1) - (Y,o, f(I)). If fﬁl is
I-irresolute and (X,t,1) is I-regular, (I-normal and completely I-normal) then
(Y,o, () is also.

Proof. LetK beclosedin Yand yeY\K . By hypothesis F = £ *(K) is closed in X
not containing x= 7 *(y). I-regularity of (X,7,I) gives there are disjoint
H, WelO(X,7) with Fc H and xeW. But f(H) and f(W)are [-open sets in ¥

containing K and y, respectively which complete the proof. While the proofs of the other
cases are similar.

Theorem 5.10. The inverse image of I-regular, (I-normal and completely I-normal)
space under a closed I-irresolute bijection is I-regular, (I-normal and completely
I-normal) space.

Proof. Let f:(X,7,I)—> (Y,0, f(I)) be bijective closed /-irresolute and (Y,o, f(1))
is I-regular. To shows that (X,z,I) is I-regular, let F < X be closed and xe X\ F
and so, K= f(F) isclosed in Yand y = f(x) e Y\K. Hence, there exist disjoint
H, WelO(Y,o) having KcH and yeW. [irresoluteness of f means that
f7Y(H), f~1(W) are disjoint J-open sets in X containing F and x, respectively. Hence
the result. While, the other parts follow by the above technique.
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