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Abstract.  In this paper we shall prove common fixed point theorems for four mappings in complete 
metric space.  Our theorems generalize results of Banach [1], Kannan [5], Fisher [4] and             
Chatterjee [2]. 

 
 

1. Definitions 
 
Definition 1.  A sequence }{ nx  in a metric space ),( dX  is said to be convergent to a 
point x in X if 

 
0),(lim =

∞→
xxd nn

    for all x in  X. 

 
Then x is called the limit of the sequence }{ nx  in X. 
 
Definition 2.  A sequence }{ nx  in a metric space ),( dX  is said to be Cauchy sequence 
if 

 
0),(lim

,
=

∞→
nmnm

xxd   for all x in  X. 

 
Then x is called the limit of the sequence }{ nx  in X. 

 
Definition 3.  A metric space ),( dX  is said to be complete if every Cauchy sequence in 
X is convergent. 
 
Definition 4.  [3]  Let A and S be mappings from a metric space ),( dX  into itself.  Then 
A and S are said to be compatible of type (A) if 
 

0),(lim =
∞→

nnn
SSxASxd

 



S. Sharma and P.C. Patidar 18

and 
 

0),(lim =
∞→

nnn
AAxSAxd  

 
whenever  }{ nx  is a sequence in X such that 

 
zAxSx nnnn

==
∞→∞→

limlim   for some Xz ε . 

 
The object of this paper is to prove following theorems: 
 
Theorem 1.  Let A, B, S  and T be four mappings of complete metric space X into itself 
satisfying: 

 

 ),(),([
),(),(

),(),(
),( 21 BxSxdTxAxd

TxBydAxTxd
TySxdByTyd

ByAxd ++⎥
⎦

⎤
⎢
⎣

⎡
+

≤ αα          (1.1) 

   [ ]),(),(),(]),( 3 TyBydTxSydBxTxdSyAyd ++++ α  

 [ ],),(),(4 ByTxdTySxd ++ α  

 )()( XTXA ⊂   and ,)()( XSXB ⊂                              (1.2) 

 the pairs A, S  and  B, T are compatible of type  (A),  (1.3) 

 one of A, B, S and T, is continuous,  (1.4) 
   

for all yx,  in X, where 0≥iα  and  .1222 4321 <+++ αααα   Then A, B, S  and  T  
have a unique common fixed point in X. 
 

Proof.  Let 0x  be an arbitrary point of  X.  We define 
 

,, 222212 nnnn yTxyAx == ++  

L,2,1,, 1212122 === +++ nySxyBx nnnn  
 

By putting  nxx 2=  and  12 += nxy  in (1.1), we write 
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 ),([
),(),(
),(),(

),( 222
21222

1221212
1122 nn

nnnn

nnnn
nn TxAxd

TxBxdAxTxd
TxSxdBxTxd

BxAxd αα +⎥
⎦

⎤
⎢
⎣

⎡
+

≤
+

+++
+  

 ),([]),(),( 223121222 nnnnnn BxTxdSxAxdBxSxd α+++ ++

 ]),(),( 1212212 +++ ++ nnnn TxBxdTxSxd  

 ]),(),([ 1221224 ++ ++ nnnn BxTxdTxSxdα  
 

 ),([
),(),(
),(),(

2122
222122

1222212
1 nn

nnnn

nnnn yyd
yydyyd

yydyyd
+

++

+++ +⎥
⎦

⎤
⎢
⎣

⎡
+

= αα  

 ),([]),(),( 12231222122 ++++ +++ nnnnnn yydyydyyd α  

 ]),(),( 1222212 +++ ++ nnnn yydyyd  

 [ ]),(),( 2221224 ++ ++ nnnn yydyydα  
 

),()(),()222(),( 221243212243212212 +++++ ++++++≤ nnnnnn yydyydyyd ααααααα
 

),(
)1(

)222(
),( 122

432

4321
2212 +++ −−−

+++
≤ nnnn yydyyd

ααα
αααα

 

 
Putting ,)1(

)222(
432

4321
ααα

αααα
−−−
+++=h we find ,1<h  since  .1222 4321 <+++ αααα   Hence 

 
),(),( 1222212 +++ ≤ nnnn yydhyyd . 

 
Similarly by putting  12 −= nxx   and  nxy 2=   in  (1.1), we have 
 

),([
),(),(

),(),(
),( 12122

1221212

21222
1212 −−

−−−

−
− +⎥

⎦

⎤
⎢
⎣

⎡
+

≤ nn
nnnn

nnnn
nn TxAxd

TxBxdAxTxd
TxSxdBxTxd

BxAxd αα  

 ),([)],(),( 12123221212 −−−− +++ nnnnnn BxTxdSxAxdBxSxd α  

 )],(),( 22122 nnnn TxBxdTxSxd ++ −  

 [ ]),(),( 2122124 nnnn BxTxdTxSxd −− ++ α  
 

 ),([
),(),(

),(),(
1222

1212212

212122
1 −

−+−

−+ +⎥
⎦

⎤
⎢
⎣

⎡
+

= nn
nnnn

nnnn yyd
yydyyd
yydyyd

αα  

 ),([]),(),( 2123212212 nnnnnn yydyydyyd −+− +++ α  

 ]),(),( 212122 nnnn yydyyd +− ++  

 [ ]),(),( 12122124 +−− ++ nnnn yydyydα  
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 ),()222(),( 2124321122 nnnn yydyyd −+ +++≤ αααα  

 ),()( 122432 ++++ nn yydααα  

                             ),(
)1(

)222(
212

432

4321
nn yyd −−−−

+++
≤

ααα
αααα

 

 

 ,),(),( 212122 nnnn yydhyyd −+ ≤  as  
)1(

)222(

432

4321

ααα
αααα

+−−
+++

=h . 

 

We find  ,1<h   since   .1)222( 4321 <+++ αααα   Proceeding in this way, we have 
 

),(),( 10
12

122 yydhyyd n
nn

−
+ ≤  

 
By routine calculations the following inequaities hold for  nk >  
 

∑
=

+−++ ≤
k

i
ininknn yydyyd

1
1 ),(),(  

        ∑
=

−+≤
k

i

in yydh
1

10
1 ),(  

          0),(
1 10 →
−

≤ yyd
h

h n
  as  ∞→n  

 

Here .1<h    Hence }{ ny  is a Cauchy sequence and by completeness of X we see that  
}{ ny  is converges to a point z in X.  Since }{ ny  is a Cauchy sequence and taking 

,∞→n  we write 
 

zTxAx nn →= +122   and  zSxBx nn →= ++ 2212  
 

Now, suppose A is continuous.  Since A and S are compatible mappings of type (A), then 
 

nAAx2     and   AzSAx n →2   as   .∞→n  
 
Now putting  nAxx 2=   and  12 += nxy  in  (1.1), we write 
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 ⎥
⎦

⎤
⎢
⎣

⎡
+

≤
+++

+++
+ ),(),(

),(),(
),(

1212212

1221212
1122

nnnn

nnnn
nn TTxBxdAAxTTxd

TxSAxdBxTxd
BxAAxd α  

 ),(),([ 1221222 ++ ++ nnnn BTxSAxdTTxAAxdα  

 ),([],( 121231212 ++++ ++ nnnn BTxTTxdSxAxd α  

 ]),(),( 12121212 ++++ ++ nnnn TxBxdTTxSxd  

 ]),(),([ 12121224 +++ ++ nnnn BxTTdTxSAxdα  
 
Taking the limit ,∞→n  we write 
 

),(),( 2 zAzdzAzd α≤  
 

giving a contradiction as  .1222 4321 <+++ αααα  
 
Therefore  zAz = . 

 
 Similarly by putting  nSxx 2=   and   12 += nxy   in   (1.1), we write 
 

 ⎥
⎦

⎤
⎢
⎣

⎡
+

≤
−+−

+++
+ ),(),(

),(),(
),(

1212212

1221212
1122

nnnn

nnnn
nn TBxBxdASxTBxd

TxSSxdBxTxd
BxASxd α  

 ),(),([ 1221222 −− ++ nnnn BBxSSxdTBxASxdα  

 ),([)],( 121231212 −−++ ++ nnnn BBxTBxdSxAxd α  

 )],(),( 12121212 ++−+ ++ nnnn TxBxdTBxSxd  

 )],(),([ 12121224 +−+ ++ nnnn BxTBxdTxSSxdα  
 

Taking the limit  ,∞→n  we write 
  

),()(),( 42 zSzdzSzd αα +≤  
 
giving a contradiction as  ,1222 4321 <+++ αααα  therefore .zSz =  
 
Similarly .zTzBz ==   Thus   z  is a common fixed point of A, B, S  and  T. 
 
For uniqueness let  z  and  )( wzw ≠  be two fixed points in X such that 
 

zTzSzBzAz ====   and   ,wTwSwBwAw ====  
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then by  (1.1), we have 
 

),([
),(),(
),(),(

),( 21 TzAzd
TzBwdAzTzd

TwSzdBwTwd
BwAzd αα +⎥

⎦

⎤
⎢
⎣

⎡
+

≤  

 ),(),([)],(),( 3 TzSwdBzTzdSwAwdBzSzd ++++ α  

 ]),(),([)],( 4 BwTzdTwSzdTwBwd +++ α  
 
 ),,()2(),( 43 wzdwzd αα +≤  
             
which is a contradiction , since   .1222 4321 <+++ αααα   Hence  .wz =  
 
 This implies the uniqueness of common fixed point of A, B, S and  T. 
 
Theorem 2.  Let A, B, S  and T be four mappings of complete metric space X into itself 
and satisfying  (1.2), (1.3), (1.4) and 
 

 ),(),([
),(

),(),(
),( 22

2

1 ByTydAxTxd
yASxd

SxTydyBTxd
ByAxd ++

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
≤ αα        (1.1) 

 )],(),(),([)],( 3 BxTydSxTydByTxdSxAxd ++++ α  

 )].,(),([4 BxTxdTyTxd ++ α  
 

Theorem 2 can be proved in the similar manner as Theorem 1. 
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