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Abstract. In this paper, we study the uniqueness of meromorphic functions and prove the following
result:  Let n>3 be a positive integer, S={z:2" - " o1= 0}, and let f and g be two
nonconstant meromorphic functions whose poles are of multiplicities at least 2. If
E(0, f) = E(0,9), E(S, f) = E(S,9) ,and E(oo, f)=E(x,g),then f(z) = g(z) . This
result also answer a question of Gross [4] and improve some results of Fang and Xu [1], Yi [14] and

Yi [15].
1. Introduction

In this paper, by a meromorphic function we always mean a function which is
meromorphic in the whole complex plane. Let f(z) be a nonconstant meromorphic

function. We use the following standard notations of value distribution theory,

T(r, f), m(r, f), N(r, f), N(r, f), N(r,1/f), -

(see Hayman [6], Yang [12]). We denote by S(r, f) any function satisfying

S(r, f) = off(r, 1)},

as r —» + oo, possibly outside of a set E with finite measure. In this paper, E may be
different at different places.
Let S be a set of complex numbers. Set

ES,f) = U{z:f(2) —a=0},

ae$S

where the zeros point with multiple m is counted m times in the set.
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Let N, (r —1) be the counting function which only includes multiple zeros of

' f-a
— 1
+ N, .
() el 75

N, T, ! = W r, L
f-a f -
In 1977, Gross [4] posed the following question.
Question A. Can one find two finite sets S; and S, such that any two nonconstant entire
functions f and g satisfying E(S;, f) = E(S;,g) for i =1, 2 must be idential? And if
such two sets exist, it would be interesting to know how large the two sets would have to
be.
Yi [14] proved such two sets exist.

f(z)—a and

Theorem B. Let n > 5 be a positive integer, S; ={c} and S, ={z:z" = 1} such that

c2" %1, and let f and g be two nonconstant entire functions. If E(S;, f) = E(5;,9)

for i=1,2, then f(z)=g(2).

Fang and Xu [1], Yi [15] completely solved Question A. They proved the following
theorem:

Theorem C. Let n > 3 be a positive integer, S, ={0} and S, ={z:z" -z"* -1=0},

and let f and g be two nonconstant entire functions. If E(S;, f)=E(S;,9)
for i=1,2, then f(z)=g(2).

They give examples to show that if both S; and S, have at most two elements, then
E(S;, f)=E(S;,9) for i=12 cannotimply f(z) = g(z).

In this note, we extend and improve Theorem C as follows.

Theorem 1. Let n > 3 be a positive integer, S, ={0} and S, ={z:z" -z"* -1 = 0},

andlet f and g be two nonconstant meromorphic functions whose poles are of
multiplicities at least 2. If E(ex, f) = E(x,g) and E(S;, f) = E(S;,9) fori =12,
then f(z)=9(z).

Remark. The condition that the poles of f(z) and g(z) are of multiplicities at least 2
can not be removed in Theorem 1.



A Unicity Theorem for Meromorphic Functions 33

e? +e? 4 ... 4 et D2 1+e? +...+e(022

Let f(z) =
1+e’ +e? +...+e

andlet S, = {0}, S, = {z: z" — 2" — 1 = 0}. Obviously, E(w, f) = E(x, g) and

E(S;, f) = E(S;,9) for i=12, but f(z)not=g(z).

Corollary 2. Let n> 3, k be two positive integers, S; ={0} and

S, ={z: 2" - 2" —1=0}, and let f and g be two nonconstant meromorphic
functions. If E(x, f)=E(w,9) , E(S;, %) = E(S;, g®) for i=12, then

f () = g¥(z).

2. Some lemmas

In order to prove Theorem 1, we need the following lemmas.
Lemmal. ([10]) Let a;,a,,---,a, be finite complex numbers, a, =0, and let f be

a nonconstant meromorphic function. Then
T(ra,f" +a, f" + -+ a,f) = nT(r, f) + S(r, f).

Lemma2. ([17]) Let f and g be two nonconstant meromorphic functions.
If E(Lf) = EQQg), E(o, f) = E(0,9g), and

o N(r, f) + N{r,i} + N(r,g) + Nz(r,;j

lim <
r—m T(r,f) + T(r,9)

reE

N |-

then either f(z) = g(z) or f(2)g(z2)= 1.

3. Proof of Theorem 1
By Theorem C, we only prove the case that E(x, f) = E(w,g) # 0.

Firstly, we prove that

fn _ fn—l = gn _ gn—l (31)
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Set
H@ - P ==D1F [ng-(0-Dlg' (32)
F(F-D(f" =" -1  g(g-1(g"-g"" -1
Next we consider two cases.
Casel. H(z) =0, thatis
[nf —(-0]f"  _  [ng—(n-D]g (33)
F(F-D(f"—f"* -1 g(g-D(g"-g"*-1)
then by solving (3.3) we get
n_gn-l n_yn-1_
ffn_ffnllzcggn_ggnll (34)

By (3.4) and E(wx, f) = E(w,g) # @, we deduce that ¢ = 1. Hence in this case we
obtain (3.1).

Case 2. H(z)not = 0. Let z; € E(ex, ), then by the poles of f and g are of
multiplicities at least 2, E(w0, f) = E(w, g), (3.2), and simple computing we get z, is a
zero H(z) with multiplicity at least 2n — 1. Thus we get by E(S;, f) = E(S;,9)
(i=12), E(o, f) = E(,g), that

N(r, f) = N(r, g) <

N[r,ij <L N@H) £ S ) + S(rg)
2n-1

2n-1 H

1 [ 1 = 1
Zn_l(N{r, f—lJ + N(rmn + S(r, f) + S(r,9) (3.5)

< T(r,f) + T(r,9)
2n -1

Now we consider two subcases.

IA

+ S(r, ) + S(r,9).

Case2.1. E(O,f) = E(0,g) = @. Set

B (fn_fn—l_l)- (gn_gn—l_l)-
- fn_gnl_q h gn_gn—l_l

(3.6)
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Next we divide two subcases.
Case 2.1.1. ¢(z) = 0. By solving this, we deduce that

fn _ fn—l_lzc(gn _ gn—l —l),

where C is a nonzero constant. Since E(0, f) = E(0,g) = @, we can easily obtain
¢ = 1. Hence, we obtain (3.1).

Case 2.1.2. ¢(z)not = 0. Since E(0, f) = E(0,9) # @, we deduce from (3.6) that

CRE

T(r,p) + O@1) < N(r,p) + S(r,f) < S(r, f).

— 1 = 1 -] 1 - 1
N(r,—]cn _f”‘lJ = N(r,T] + N(r, f—l] < N[r,—f —lj + S(r, f)  (3.7)
and

— 1 — 1 — 1 — 1
Nelr,——— | < N|lr,— Nelr,——| < Ng|r—— S(r, f). (3.8
(2( f”_fnlj ( f]+ (2( f—l] (2( f—lJ+ (r,f). (3.8)

Therefore,

= By 1
N(r, £" = ") + Nz(r,m]

=2
VR
=
|
N——
1l

IA

<N(r, f) + N[r,ﬁj + S(r, f) < N(r, f) + T(r, f) + S(r, f)

< an_l (T(r,f) + T(r,9)) + T(r,f) + S(r, f) + S(r,9). (3.9




36 H.L. Qiu and M.L. Fang

Likewise, we have

- _ 1
N(r,g" - g"") + Nz[r:n—gn_lJ

< an_l-(l'(r, f) + T(r,g9)) + T(r,g) + S(r, f) + S(r,9) (3.10)

By Lemma 1, we have

T(r, f" =" =nT(r, £)+S(r, f), T(r,g"—g" ) =nT(r,g)+5(r,g), (3.11)

Set F=f"—f"! and G=g"-g"*. Thenby (3.9)-(3.11) and n > 3, we have

- N(r,F) + Nz(r,ij + N(r,G) + Nz[r,éj
rm T(r,F) + T(r,G)

reE

1
= 3.12
<5 (3.12)

Since f(z) and g(z) satisfy E(S,, f)=E(S,,9) and E(, f) = E(,g), we deduce
that E(L, F) = E(1,G) and E(x,F) = E(,G). Thus by Lemma 2 we get that either
F=Gor FG =1.

If FG = (f"—f"1)(g"-g"™") =1, then by E(oo, f)=E(0,g), we deduce that

f # 0,1, 0. Thus f isaconstant, acontradiction. Hence we prove F =G, thatis (3.1)
holds.

Case2.2. E(, f)=E(0,g)=0@. Then

- - 1 — —( 1
N(r,f”_fﬂ ) + NZ(I’,WJ < N(r, f) + Nz(l’,ﬁj

— 1
< N(r, f) + N[r,aj + S(r, )
< N(r, f) + T(r, f) + S(r, f)

Hence, we get (3.9), (3.10) and (3.12). Next using the similar argument to
Case 2.1.2, we obtain (3.1).
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Now we prove f(z) = g(z). Suppose on the contrary that f(2)not = g(z).

Set f/g=h, thenby f" —f" ' =g" g™, we deduce that

1+ h+-+h"?
g = . 3.13
1+h+- A" G13)

By E(0,f)=E(0,g) and E(w, f)=E(x,g) we get h(z)ze“(z), where a(z) is an
entire function. If @ is not a constant, then by the Nevanlinna second fundamental
theorem, for any a e C, a # 0, we have N(r, ~hi—a) = T(r,h) +.S(r,h) and
N (r, ;1-) = S(r,h). Hence the zeros of h—a are almost simple. By (3.13), the poles
of g(z) are of almost simple, a contradiction. Thus « is a constant, that is & is a
constant. Hence by (3.13), g is a constant, a contradiction. Therefore, we prove that

f(z) = g(z). The proof of the theorem is complete.
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