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Abstract.   In the present paper we determine all general almost symplectic N-linear connections in 
the bundle of accelerations, we study the group of transformations of these connections and its 
invariants. 

 
 
1.  Introduction 
 
The differential geometry of higher order Lagrange spaces is introduced and studied by 
Miron and Atanasiu in [6] – [9]. 
 The various applications of the Lagrange geometry of order k in physics and 
mechanics are considerable [2], [12]. 
 The study of higher order Lagrange spaces is grounded on the k-osculator bundle 
notion.  The bundle space of accelerations correspond in this study to 2=k  [1], [5]. 
 In the present paper we define the notion of general almost symplectic N-linear 
connection (Section 2), the structure of the set of all general almost symplectic N-linear 
connections is discussed (Section 3), and the group of their transformations preserving a 
nonlinear connection gives us the various important invariants (Section 4). 
 As to the terminology and notations we use those from [10], which are essentially 
based on Matsumoto’s book [4]. 
 
 
2. The notion of general almost symplectic N-linear connection in the 

bundle of accelerations 
 
Let M  be a real abledifferenti-∞C  manifold of dimension )2( nnn ′=  and 

),,( 2 MMOsc π  its 2-osculator bundle, or the bundle of accelerations.  The local 

coordinates on the local space MOscE 2=  are denoted by .),,( )2()1( iii yyx   If  N  is a 
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nonlinear connection on E with the coefficients jNjN ii

)2()1(
, , then let 
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,,)( i
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i
jk CCLND  be an N-linear connection D on E. 

 
Definition 2.1. A d-tensor field ),,( )2()1( yyxaij  of type (0,2) on E is called an almost 
symplectic d-structure on E, if it is alternate and nondegenerate: 

 
 ( ) ( ))2()1()2()1( ,,,, yyxayyxa jiij −=  (2.1) 

 ( ) .0,0,0),,(det )2()1()2()1( ≠∀≠∀≠ yyyyxaij  (2.2) 
 

 Given an almost symplectic d-structure ,ija  we associate Obata’s operators: 
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where )( ija  is the inverse matrix of )( ija : 
 

  ,k
i

jk
ij aa δ=  (2.4) 

 
ija   is also alternate.  Obata’s operators have the same properties as the ones associated 

with a Finsler space [10]. 
 

Definition 2.2. An N-linear connection 
⎟
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jk CCLND is called a general 

almost symplectic N-linear connection, if we have: 
 

 ,)2,1(,,

                         )(  

      )(
| === α

α

α
ijkkijijkkij QaKa  (2.5) 

 
where ,)2,1(,,

      )(
=α

α
ijkijk QK  are a priori given d-tensor fields of the type ,)3,0(  

skewsymmetric in the two first indices: 
 
 .)2,1(,,

        )(     )(
=−=−= α

αα
jikijkjikijk QQKK  (2.6) 

 
Remark. For )2,1(,0,0

      )(
== α

α
ijkijk QK  we obtain the classical case [11], [12]. 
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3. The set of general almost symplectic N-linear connections in the bundle 
of accelerations 

 

Let  )2,1(,,)(
)(
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where )2,1(,,

)(
=α
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i
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i
jk DB   are components of the difference d-tensor fields of  

)(NDΓ  from )(ND
o

Γ  [4]. 
 In order that  )(NDΓ  is general almost symplectic, that is (2.5) holds for ,)(NDΓ  it 

is necessary and sufficient that )2,1(,,
)(

=α
α

i
jk

i
jk DB  are satisfy: 
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which is equivalent to: 
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where 
o

|   and )2,1(,|

)(

=α

α
o

 denote the h- and -αν covariant derivatives ,)2,1( =α  

with respect to .)(ND
o

Γ  
 
 Thus, we have: 
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Proposition 3.1. Let  )(ND
o

Γ  be a fixed N-linear connection on E.  Then the set of all 
general almost symplectic N-linear connections, ,)(NDΓ  is given by (3.1), where 

)2,1(,,
)(

=α
α

i
jk

i
jk DB  are arbitrary d-tensor fields satisfying (3.3). 

 Especially, if  )(ND
o

Γ  is general almost symplectic, then (3.3)  becomes: 
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 From Theorem 5.4.3 [13], however, the system (3.3) has solutions in 
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jk DB   Substituting in (3.1) from the general solution we have: 

Theorem 3.1.  [14]   Let )(ND
o

Γ  be a fixed N-linear connection.  The set of all general 
almost symplectic N-linear connections, ,)(NDΓ  is given by: 
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where  )2,1(,,
)(

=α
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i
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jk YX  are arbitrary tensor fields, and ,|,|
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-αν covariant derivatives ,)2,1( =α with respect to .)(ND
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 As the particular case )2,1(,0

)(
=== α

α

i
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i
jk YX  in Theorem 3.1 we have: 

 

Theorem 3.2.  Let )2,1(,,)(
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where 
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 If we take an almost symplectic N-linear connection as )(ND
o

Γ  in Theorem 3.2, then 
(3.6) becomes: 
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 If we take a general almost symplectic N-linear connection (e.g. )(
~

NDΓ ) as )(ND
o

Γ  
in Theorem 3.1, we have: 
 
Theorem 3.3. The set of all general almost symplectic N-linear connections 
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where )2,1(,,

)(
=α
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jk YX  are arbitrary tensor fields on E. 
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4. The group of transformations of the general almost symplectic N-linear 
connections in the bundle of accelerations 

 
Let us consider the transformations )(

~
)( NDND Γ→Γ  of general almost symplectic            

N-linear connections, which preserve the nonlinear connection N.   
 Owing to Theorem 3.3 they are given by: 
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where )2,1(,,

)(
=α

α

i
jk

i
jk YX are arbitrary given tensor fields. 

 Evidently we have: 
 
Theorem 4.1. The set of all transformations (4.1) and the mapping product from an 
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where }{LijkS  denotes the cyclic summation:  ,}{ kijjkiijkijkijk AAAA ++=S and  
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Proposition 4.1. Between the invariants in Theorem 4.2 there exist the following 
relations: 
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