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Abstract.   The multistate life tables have generated interest among researchers during the past two 
decades.  One of the main reasons for such interest is the wide range of applications addressing real 
life problems.  A simplified version of constructing multistate life tables is developed in this paper 
on the basis of a modified birth-death process approach.  This approach remains simple even if the 
number of intercommunicating states increases.  An estimation procedure is also discussed.  

 
 
1.  Introduction 
 
The origin of the multistate life table can be traced back to 1912 (Du Pasquier, 1912) in 
the context of disability insurance.  Fix and Neyman (1951) studied recovery, relapse, 
death, and loss of cancer patients using a discrete state continuous time Markov process. 
Sverdrup (1965) elaborated on the statistical estimation and test procedures for this 
approach.  Sheps and Perrin (1964) formulated family building as a Markov renewal 
process. In this approach, transition rates are specified by the duration in a particular 
state, whereas the transition rates are given by age of the individual.  Since then, Hoem 
(1971), Hoem and Fong (1976), Rogers (1973, 1976), Schoen and Nelson (1974), Schoen 
(1975), Rogers and Ledent (1976), Schoen and Land (1979), Schoen (1979, 1988), 
Krishnamoorthy (1979), Land and Schoen (1982) have contributed to the simplification 
of the theory and construction of multistate life tables with applications to various 
problems.  

In this paper, a new procedure is proposed for calculating multistate life tables that is 
applicable to cohorts followed over time and which also easily treats a large number of 
states.  The proposed approach is based on a birth and death process for each state, where 
birth is an entry from any one of the communicating states or a transient state.               
We then extend the method so that it is applicable to period data.  To do so, since the 
entry and exit rates from the state are equivalent to in- and out-migration rates, we 
propose an iterative procedure that enables us to avoid the trap of using net migration 
rates that depend on the distribution of individuals over the other states in the model.  
Finally, a method is described for adjusting the cohort tables for censoring and other 
types of exits from the study.  
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2.  Definitions 
 
For the multistate life table, we can consider a system of  r  non-absorbing states and an 
absorbing state,   By analogy with single decrement life table functions we 
define: 
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or, in matrix form 
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3.  Life tables as birth-death processes 
 
Chiang (1968, Ch.10) treated the single decrement life table as a pure death process and 
derived the probability distribution of the number of survivors at any time t.  This paper 
shows that the birth and death process approach can be extended to multistate life tables. 
The notations and definitions in Chiang (1980, Ch. 10) have been used in this paper. 
 
3.1. Multistate life tables 
 
We first consider r intercommunicating states and one absorbing (dead) state.  We focus 
on one particular intercommunicating state, say i, and let  denotes the radix of          

state i.  During any time (or age) interval,  may increase due to movements from 
other states to state i or decrease due to movements out of state i.  Therefore, the number 
of survivors in state i can be treated as a birth and death process where (i) the births are 
all the increments to that state from other states, and (ii) the deaths are all the decrements 
from that state due to movements to other states.  Although we will treat each state as a 
separate process, we recognize that they are linked through the rates of transition from 
one state to another.  
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and the overall force of decrement, or force of mortality from state i is 
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The force of increment from state j to state i is the force of decrement from state j                  
to state i; 
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It is, however, not directly analogous to a birth rate for these individuals, since its 
denominator is   The births should occur to the exposed population in state i, 

hence the denominator needs to be  instead of   To cope with this 

problem, we adjust the force of increment by using a multiplier, .           
Thus we obtain, 
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which can be defined as the force of increment to the  individuals during 
.   The combined force of increment to state i  is 

)(xli
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which can be used as the force of increment to, or the birth rate, in state i. 
 
3.2. A modified birth-death process 
 
We begin with a vector {  which has  individuals born into state j 

 and follow those in one state, i, through successive ages until all die or 
move permanently to other states.  Then Chiang’s results ((1980, Ch. 10) for the             
birth-death process hold for state i.  Letting the probability that there are n surviving 
individuals at age x be denoted by , we have the system of 
differential equations: 
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Letting the net change and the cumulative net change be 
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where 
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Before going on to the estimation procedures for this formulation of a multistate life 
table, it is useful to examine its relationship to the standard approach.  As shown in  
equation 3, for any interval  ,),( dxxx +
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where  is the vector of numbers in each state at time x and })({ xl )}({ xμ  is the  matrix 
of transition rates.  A similar expression can be obtained from the proposed approach.    
We have defined  
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then  
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This expression is the same as equation 3 because 
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3.3.  Estimation 
 
In order to develop an estimation procedure, we subdivide the interval  into short 
segments, e.g., .  Let  be the mid-value of the interval 
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If the ’s are known, then we can compute the expected number of survivors in state 
i at age  We will denote these estimates, based on a discrete 
approximation, by .  Islam and Jalil (1995) indicated the maximum likelihood 
estimates for the expected number of survivors in a particular state i. 
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 The number of person years lived in the ith state during the age interval ),( nxx +  
can be obtained by assuming the linearity of the survivorship function 
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Similarly, the total number of person years lived by individuals in state i beyond age x is 
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It should be noted that, if the radix for state i is zero and no one enters state i until age x, 
then instead of considering  we can estimate  on the basis of the entries into state i 
from other states.  The number of survivors beyond age x in state i can then be obtained 
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where for the age interval ,  is the life table transition rate from state j to 

state i,  is the corresponding observed rate,  is the life table person-years lived in 

state j, and  is the observed mid-year population in state j.   may be calculated 

from the observed number of moves from state j to state i in the interval 
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The expected number of survivors at age nx +  for given x, following equation (11), for  
state i is 
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We note that this approach avoids some of the problems of the standard multistate life 
table calculations that result from ignoring higher order terms in approximations and the 
singularity of the matrix of observed transition rates.  Because we are estimating the 
expected values in each state separately, the sum over all states may change slightly from 
one time period to the next.  Some checks showed that the deviations are minor. 
 
 
4.  Conclusion 
 
The estimation of transition probabilities from a set of longitudinal data, emerging from a 
large number of intercommunicating states, poses formidable difficulty in constructing 
multistate life tables.  It becomes increasingly difficult to estimate the number of 
survivors in each state at different times or ages for a large number of 
intercommunicating states. A simplification is proposed in this paper on the basis of a 
modified birth-death process approach.  It is evident that the estimation of the number of 
survivors remains very simple even with an increase in the number of states. 
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