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Abstract.  For any linear operator on a Banach space, the continuity and boundedness are 
equivalent.  It fails for a nonlinear operator, in particular, for a superposition operator.  In this paper, 
we present sufficient and necessary conditions in terms of an inequality for the continuity of a 
superposition operator on the function space )(0 φW . 
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1. Introduction 
 
Let N and R denote the set of all positive integers and the real numbers respectively.            
If ,:),( RRN →×tkg  then a superposition operator gP  from a sequence space of real 

numbers X  into another one is defined by: 
 

,)},({})({ kkg xkgxP =  

 
for every .}{ Xxk ∈   Under the assumption that ),( ⋅kg  is continuous on R for every k, 
Chew and Lee [1] have characterized ,1,: 1 ∞<≤→ pllP pg  and .: 10 lcPg →   

Meanwhile Paredes [2] has characterized 1)(: lwP og →Φ  where )(Φow  is the 

sequence version of the function space )(0 φW  defined below.  The sufficient and 
necessary condition for the continuity of gP  on the sequence spaces have also been 

given in [1] and [2].  The purpose of this paper is to generalize these results to a function 
space.  

Let ),[ ∞am  denote the collection of all measurable real-valued functions on .),[ ∞a  
For each  ),[ ∞∈ ax  and ,),[ ∞∈ af m  the function xf  is defined as follows : 
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It is clear that for every ,),[ ∞∈ ax we have  ,),[ ∞∈ af x m  whenever  .),[ ∞∈ af m  
 
 In this paper we always assume that .),[ ∞⊂ aX m  
 Let X  be a linear space of functions on ),[ ∞a  over real numbers R.  A non-negative 
function  ),0[: ∞→⋅ X  is called an F-norm if for every Xgf ∈,  we have: 

 (i) ,00 =⇔= ff  

 (ii) ,ff =−  

 (iii) ,gfgf +≤+  

 (iv) If R⊂}{ na  is any sequence which converges to a and }{ )(nf  is any sequence 

in  X such that ,0|||| )( →− ff n  for some  ,Xf ∈  then .0|||| )( →− affa n
n  

 
As usual, 0=f  means 0)( =xf  almost everywhere in ),[ ∞a .  Furthermore, )||||,( ⋅X    
i.e. a linear space equiped with an F-norm is called an F-normed Space.  It is easy to 
prove that a function ),0[: ∞→× XXd  given by ||||),( gfgfd −=  is a metric on X. 
If an F-normed Space X is complete then it is called a Frèchet Space or an F-Space in 
short. 

A space X is called an FK-Space if it is an F-space and the canonical mapping 
,: R→Xpx   

 
Xfxffpx ∈= ,)()(  

 
is continuous for every ,),[ ∞∈ ax  in the sense that if 0|||| )( →− ff n then 

)()()( xfxf n →  as .∞→n  
An F-space X  is called an AK-Space if X contains Eχ  and xf  for any set 

),[ ∞⊂ aE  of finite measure,  Xf ∈  and  ,),[ ∞∈ ax  and  .0||||lim =−
∞→

ff xx
 

An F-normed space X  is said to be solid if for every Xf ∈  and ),[ ∞∈ amg  such 
that if  |)(||)(| xfxg ≤   for almost all ,),[ ∞∈ ax  then .Xg ∈   

A real-valued function ),0[: ∞→Rφ  is called a φ-function if it is continuous, 
even, increasing on ,),0[ ∞  and  ,)( ∞→tφ  as  .∞→t   We shall always assume that 
the φ-function φ satisfies the ,condition-2Δ  i.e. there exists a real number 0>M  such 
that:  )()2( tMt φφ ≤  for every 0≥t  (see [5]). 

 



Superposition Operators on )(0 φW  

 

37 

Further, fix a real number 0>a  and we define the space: 
 

{ },0)(lim;),[)(0 =∞∈=
∞→

fafW ss
ρφ m  

 
where sρ  is given by : 

( ) .),[,)(1)( ∞∈= ∫ asdxxf
s

f
s

as φρ  

 
We can show that sρ  is a modular on ,)(0 φW  i.e. it is even, increasing on the set 
{ }),[ona.e0;),[ ∞≥∞∈ afaf m  and satisfies the following conditions: 
 
 (i) ),[ona.e00)( ∞=⇔= affsρ , 

 (ii) )()(}),max{( gfgf sss ρρρ +≤ , for every )(, 0 φWgf ∈ .  
 

If we define the function ρ  on the space by:  
 

,)},[,)({sup)( ∞∈= asff sρρ  
 

we can also prove that ρ is a modular on the space.  Supama and Soeparna [3] observed 
that )(0 φW  is a solid FK- and AK-space with respect to: 
 

⎭
⎬
⎫

⎩
⎨
⎧

≤⎟
⎠
⎞

⎜
⎝
⎛>= ε
ε

ρε ff ;0inf ,   .)(0 φWf ∈  

 
Let X be a function space.  A functional R→XF :  is said to be continuous at 

Xf ∈  if for every 0>ε  there exists 0>δ  such that : 
 

ε<− )()( hFfF , 
 

whenever δ<− |||| hf .  Further, F is said to be continuous on X if it is continuous at 
every Xf ∈ .  

Two functions Xgf ∈,  are said to be orthogonal or disjoint, written by ,gf ⊥  
if 0)()( =⋅ xgxf  for almost all ),[ ∞∈ ax .  The functional R→XF :  is said to be 
orthogonally additive if for every ,, Xgf ∈  

 
,)()()( gFfFgfF +=+  

 
whenever gf ⊥ .  Then, Supama and Soeparna (see ]4[],3[ ) characterized the 
following: 
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Theorem 1.1.  The functional R→)(: 0 φWF  is continuous and orthogonally additive 
if and only if there exists RR →×∞),[:),( atxg  satisfying that ),.( tg  is measurable 
for every 0)0,(, =∈ xgt R  and  ),( ⋅xg  is continuous on R  for every ),[ ∞∈ ax  such 
that: 

 

dxxfxgfF
a∫
∞

= ))(,()(  

 
exists for every  .)(0 φWf ∈  
 
 
2. Some lemmas 
 
The main results of the research are Theorem 3.1.  The following lemmas are required 
for proving those theorems. 

 
Lemma 2.1.  Let .)(0 φWf ∈   Then for every 0>β  there exists 0>α  such that 

,)( βρ ≤f  whenever  .|||| α≤f  
 
Proof.  Let )(0 φWf ∈  and 0>β  be given.  There exists N∈0n  such that 

02n≤β . So, we have: 
 

( )
⎭
⎬
⎫

⎩
⎨
⎧= ∫

≥

s

aas
dxxf

s
f )(1sup)( φρ  

 
⎪⎭
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⎞
⎜
⎜
⎝

⎛
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s
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s
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)(21sup
β
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 ,)(11sup
⎭
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⎩
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⎧
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⎛
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≥

s
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n dxxf
s

M o

β
φ   for some 0>M  

 ⎟⎟
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⎞
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⎝

⎛
=

β
ρ fM on  

 
If we choose 0>α  such that βα <  and βα <onM  then the assertion follows.  
 
Lemma 2.2.  Let )(0 φWf ∈ .  Then for every real numbers 0, >γα  there exists 

0>β  such that  ,|||| α≤f  whenever  .)( βγρ ≤f  
 
Proof.  Let ,0, >γα  then there exists N∈0n  such that .21 onγα ≤   Since φ  satisfies 
the condition-2Δ  then for every ),[ ∞∈ as  we have: 
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dxxf
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f s
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s
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dxxf

s
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          ( )fM s
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It implies  ( ) .)( fM onf γρ α ≤   If we choose 
onM

αβ ≤  then ( ) ,αρ α ≤f  as .)( βγρ ≤f  

So,  ,|||| α≤f  whenever .)( βγρ ≤f   This completes the proof.  
 
 We remark that the above two lemmas remain valid with )(0 φW  replaced by a 
modulared space X (see [5]).  We presented only the case when )(0 φWX =  as it is the 
form required later. 
 
Lemma 2.3.  Let X be an FK- and AK-space.  Suppose RR →×∞),[:),( atxg  
satisfies the following conditions:  ),.( tg  is measurable for every ,R∈t  0)0,( =xg  
and ),( ⋅xg  is continuous on R  for every .),[ ∞∈ ax   If there exist real numbers ,α  

0>β  such that ∫ ≤
s

a
dxxf

s
βφ ))((1  implies ∫ ≤

s

a
dxxfxg α))(,(  for each Xf ∈  

and ),[ ∞∈ as  then for every ),[ ∞∈ as  there is a non-negative function ,],[1 saLh ∈  

depending on s, with α≤∫ dxxh
s

a
)(  such that for every  ,],[ sax ∈  

 
),(2)(),( 11 tsxhtxg φαβ −−+≤  

 
whenever βφ ≤s

t)( . 
 
Proof.  Let  ),[ ∞∈ as  and  R∈t  be given.  We define the function k on 

R×],[ sa �and the function h on ],[ sa  as follows :��

 

⎪⎩

⎪
⎨
⎧ ≥−

=
−−−−

 otherwise0

),(2|),(|when )(2|),(|
),(

1111 tstxgtstxg
txk

φαβφαβ

 

   ))(,()();,(sup)( xuxk
s
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⎬
⎫

⎩
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⎧ ≤= βφ . 
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Note that both functions k and h depend on s.  Since φ is continuous and has an inverse, 
)(xh above is uniquely determined.  It is clear that 0)( ≥xh  for every .],[ sax ∈         

Since, ),( ⋅xg  and φ  are both continuous on R  then ),( ⋅xk  is continuous on R  for 

every .],[ sax ∈   Further, { }βφ ≤s
tt )(;  is closed and bounded, in view of the 

continuity of φ . Hence, we have )(xh  is finite for ],[ sax ∈ .  Next we prove 
.],[1 saLh ∈  

 
For each ,),[ ∞∈ as  we can decompose  as follows: 
 

( ) ( ) ( ) ( )∫∫∫∫ +++=
nAAA

s

a
dxxudxxudxxudxxu )()()()(

21
φφφφ "  

 

where  nAAA ,,, 21 "  are measurable subsets of ],[ sa  with ∪
n

i
i saA

1
,],[

=
=  the           

Lebesgue measure 0)( =∩ ji AAμ  for every ,,,2,1,, njiji "=≠  and 

,))((1
2 ∫ ≤≤

iA
dxxu

s
βφβ 1,,3,2,1 −= ni "  and ∫ ≤≤

nA
dxxu

s
βφ ))((10 .  So, we 

have: 
 

∫ ∫=
s

a

s

a
dxxuxkdxxh ))(,()(  

 ∫∫ −−−≤
s

a

s

a
dxxusdxxuxg ))((2))(,( 11 φαβ  

             ∑ ∫∑ ∫
==

−−−=
n

i
A

n

i
A

dxxusdxxuxg
i 11

11

1
))((2))(,( φαβ  

 ( ) αβαβα =−−≤ −− 2)1(2 11 nsn . 
 

Thus, ],[1 saLh ∈  and α≤∫ dxxh
s

a
)( . 

From the definitions of h and ,),( txk  we have )(),( xhtxk ≤  for every ,],[ sax ∈  

whenever .)( βφ ≤s
t   So, by the definition of  ),( txk we have: 

 
),(2)(),( 11 tsxhtxg φαβ −−+≤  

 
whenever .)( βφ ≤s

t   This completes the proof. 
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3.  Main result 
 
Let X be a function space and .),[:),( RR →×∞atxg  We define a superposition 
operator gP  on X as follows: 
 

,))(,())(( xfxgxfPg =  
 

for every Xf ∈  and ),[ ∞∈ ax .  It is clear that the conditions of X required in            
Lemma 2.3 are all satisfied by the space )(0 φW  (see [3]).  Hence, we can prove the 
following theorem. 

 
Theorem 3.1.  Let RR →×∞),[:),( atxg  be given such that ),.( tg  is measurable 
for every t,  0)0,( =xg  and ),( ⋅xg  is continuous on R  for every .),[ ∞∈ ax  The 
operator ),[)(: 10 ∞→ aLWPg φ  if and only if there exist 0, >βα  and for every 

),[ ∞∈ as  there exists non-negative function ,],[1 saLh ∈  depending on s, with 

∫ ≤
s

a
dxxh α)(  such that for every ],[ sax ∈ ,  

 
)(2)(),( 11 tsxhtxg φαβ −−+≤ , 

 
whenever βφ ≤s

t)( . 
 
Proof.   
(⇐):  Let ,)(φoWf ∈  then there exists a real number aM >  such that for every 

:Ms ≥   
 

∫ <
s

a
dxxf

s
βφ ))((1 . 

 
It follows that: 
 

,32))((2)())(,( 111 αβαβαφαβ =+≤+≤ −−− ∫∫∫
s

a

s

a

s

a
dxxfsdxxhdxxfxg  

 

for every .Ms ≥  Hence, ∫
∞

a
xfxg ))(,(  exist.  

 (⇒):  By Theorem 1.1, the functional  R→)(: φoWF  given by:  
 

∫
∞

=
a

dxxfxgfF ))(,()( ,  )(φoWf ∈  
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is continuous and orthogonally additive.  So, there exists 0>η  such that for each 

,)(φoWf ∈   
 

,1))(,( <∫
∞

a
dxxfxg  

 
whenever .|||| η<f  Also, by Lemma 2.2 there exists 0>β  such that η<|||| f  as 

βρ ≤)( f .  Thus, for βρ ≤)( f  we have: 
 

.1))(,( <∫
∞

a
dxxfxg  

 
It means that for every  ,),[ ∞∈ as  

 

1))(,( <∫
s

a
dxxfxg , 

whenever  
 

βφ ≤∫ dxxf
s

s

a
))((1 . 

 
By choosing  

 

{ }∫∫ ≤=
s

a

s

a s dxxfdxxfxg βφα ))((;))(,(sup 1  

 
then we have: 
 

,))(,( α≤∫
s

a
dxxfxg  

 

whenever βφ ≤∫
s

a
dxxf

s
))((1 . By Lemma 2.3 there exists a non-negatif function             

,],[1 saLh ∈  depending on s, with α≤∫ dxxh
s

a
)(  such that for every ,],[ sax ∈  

 
,)(2)(),( 11 tsxhtxg φαβ −−+≤  

 
whenever βφ ≤s

t)( .   This completes the proof.  
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