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Abstract. In the case of differential field an algebraic analogue of the field of
all invariant differential rational functions of surfaces relative to gauge trans-
formations and different subgroups of affine motion group is introduced. In
the case of finite subgroup of affine group it is proved that its field of invari-
ant rational functions generates the above field of invariant differential rational
functions as a some differential field.
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1. Introduction

The following is one of the main problems in differential geometry. Let n,m be
any natural numbers and H be a subgroup of affine group GL(n + m, R) oc R**™,
G = Diff(B) be the group of diffeomorphisms of the open unit ball B C R"™, and
u: B — R™™ be a surface, where u is considered to be infinitely smooth.

A function f2(u(t)) of u(t) = (u1(t), ..., Unrm(t)) and its finite number of deriva-
tives relative to (%, e % is said to be invariant (more exactly, (G, H)-invariant)
if the equality

F2(u(t)) = F(u(t(s))h + ho)
is valid for any t(s) € G, (h,ho) € H and s € B, where §; = B%i‘

Description of all such invariant functions is one of the main problems in equiva-
lence problem of surfaces relative to motion group H of the vector space R*™™ and
gauge transformations G. As such a problem it was an object of boundless number
of investigations. Differential geometry of any motion group H had to deal with this
problem.

The above differential operators 8%1, . % and 8%1, . % are related in the
following way
9 _ i 0s;(t) 9
8ti - 8ti 0s; ’
j=1 J

Received: April 17, 2000; Revised: March 30, 2004.



56 B. Ural

where s(t) = (s1(t),...,sn(t)) is the inverse of t(s) € G, i.e., § = g~10, where g is

the matrix with the elements g;; = a‘g't(_t) at i,j = 1,n. 9(d) is the column vector
with the ”coordinates” %’ . % (respectively 6%1’ e afn ).

Let t run B and F = C*°(B) be the differential ring of infinitely smooth functions

relative to differential operators (%, e %. Every infinitely smooth surface v : B —
R™™ can be considered as an element of differential module (F"*™;0y,...,0,)
where 0; = Biti acts on elements of F"™™ coordinate-wisely. If elements of this

module are considered as row vectors the above transformations look like u =
(U1, -\ Untm) — uh + hg, O — g~10 where g;; = d?ft(f) at 7,7 = 1,n, s(t) € G,
(h, ho) € H.

Here is a natural algebraization of the above situation by the use of differential
algebra. The used in this paper notations and results of differential algebra can be
found, for example, in [2].

Let (F;04,...,0,) be a differential field, K = {a € F : 9;a = 0 at i = 1,n} be
its constant field, H be any subgroup of GL(n + m, K) oc K*™™ 3 stand for the
column-vector of commuting system of differential operators 04, ..., 0, and

GLa(n, F)={g€ GL(n,F) : 8;9;1 = 0j9i for i,j,k =1,n}.

It can be checked that components of § = ¢g~'0 for every g € GL?(n, F) also
commute with each other. Let x1,...,Z,4m be differential algebraic indeterminates
over K, x = (x1,...,%n4m) and K?2(z) be the ring of all d-rational functions in z
over K, where abbreviation “0-” means “(01,. .., 0, )-differential.”

Definition 1.1. An element f9(x) € K%(x) is said to be (GL?(n, F), H)-invariant
(GL?(n, F)-invariant; H-invariant) if the equality

f-‘fla<xh +ho) = fO(x) (Tespectively f'fla(@ = fO{a); fO{xh + ho) = f6<x>>

is valid for any g € GL?(n, F), (h,ho) € H.

Let KO (z)(GL?(nF).H) (|0 (\GL (nF) - [0 (0\H ) stand for all (GL?(n, F), H)-
invariant (respectively GL?(n, F)-invariant, H-invariant) d-rational functions in x
over K.

Description of the field K‘9<:L'>(GL3(”7F)’H) can be considered as an algebraic ana-
logue of the above geometric problem. The case of paths (curves) for different
groups H was an object of many investigations. They are summed up in [1, 4]. A
description of above field in the hypersurface affine case is given in [3]. In this paper
we investigate the case when H is finite. We will show that in this case the field
K 8<x>(GL6(”’F )-H) can be generated by ordinary H invariant rational functions as a
some differential field.

Usually (GL?(n, F), H)-equivalence can be reduced to H-equivalence [3]. There-
fore first we investigate H-invariant differential rational functions then come back
to (GL?(n, F), H)-invariant case.

2. H-invariant differential rational functions

Let K(z) (K (2)) stand for the field of all (respect. H-invariant) rational functions
in x over K. It is clear that K(x)f C K2{z)H. So far as (K%(x);0,,...,0,) is
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a O-field we are interested in if K (z)f generates K2(z)f as a O-field over K. As
to the field K (z)” it is an important object in invariant theory and it is studied
relatively well for different groups H.

It is well known that extension K?(x) C K9(z) is a differential algebraic exten-
sion [1] i.e.

Diff . tr. deg K (z)? /K = n +m.

Therefore if tr.deg K (2)7 /K < n+m, then K(z) is not able to generate K9 (x)
as a O-field. In other words the condition tr.deg K (z) /K = n + m is a necessary
condition for K (z) to generate K () as a d-field. One of the main aims of this
paper is to prove that this condition is sufficient as well. Moreover, we will show
that it happens if and only if H is a finite group. Let us prove the following key
lemma which in its turn relies on Artins Theorem [5].

Lemma 2.1. Let (D;01,...,0,) be any differential field, H be any finite group of
automorphisms of (D;01,...,0,). If L C D such a H-invariant subfield generating
D as a O-field then LY also generates D™ as such a differential field.

Proof. We will prove this Lemma by induction on n and therefore let us consider
first the case n = 1. Due to Artins Theorem, the field L is a finite Galois extension
of L¥ and q = |L : L¥| < |H|. Let « be a primitive element of L over L i.e.

L=Lingn(l,a,...,08 Y=L 1oL +... 4 o7 1L1.
Consider the following tower of sets
L=DycDyC...CDC...,

where Dy, = Ling,. (1,«,...,a? 1) and Ly, = (Lg,0, L7, ... 0F L) — the subfield

of D generated by elements of the form ag, d1a1,...,0%a;, where a; € L¥, i =0, k.

The above tower of sets is a tower of fields because « is algebraic over L7 . It is not

difficult to see that 01Dy C Dy41 for any whole number k. Indeed, the inclusion

01Ly C Ly is evident and if p[t] stands for minimal polynomial of a over L then
Iplal oplal

01 _
9 O+ p?a] =0 and 9t # 0,

where p?1[t] stands for the polynomial obtained from p[t] by replacing all its coeffi-
cients by their 0;-derivatives. Therefore p?t[a] € D; and the above equality implies
O1a € Dy. Hence 01Dy, C Dyy1 and 3f+1L C Dy41. Therefore due to the condition
of the Lemma

D = U2 Dy = U2 Ling, (1,a,...,a971).
But the equality
U o Ling, (1,a,...,097 1Y) = Linpmy (1, a, . . ., a?™h)

is evident, where (L¥) stands for 9;-differential subfield of D generated by L.
The equality D = Linzny(1, ;.. ., a1y implies | D : (L7)| < ¢. But due to Artins
Theorem |D : D¥| = |H| > q. These two last inequalities show that D = (L).
Now let us consider case n > 2. Let 'L stand for (0a,...,0,)-subfield of D
generated by L. The field 'L generates D¥ as a 0;-field. Therefore on the one
hand, as we already have shown above, the field 'L generates D as a 9;-field on
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the other hand by induction we can assume that L7 generates 'L as (0s,...,0,)-
field (because L generates 'L as (Oa, . .., 0p)-field). Therefore we can conclude that
L generates D as (01, ..., 0,)-field. This is the proof of the Lemma. O

Proposition 2.1. Let D be any field and H be its any group of automorphisms.
Then the inequality |D : D¥| < oo is true if and only if H is finite.

Proof. If |D : DH| < oo is given and ey, ..., e, is any linear basis of D over D
then every element h € H is uniquely determined by the set {he;}, 1. But for
every fixed ¢ the set {he;}necp is a finite set so far as for every h € H element he;
should be a root of the minimal polynomial of e; over DY, which has only finite
number of roots. Therefore H can not have infinitely many elements i.e. H has to
be finite. If H is finite then |D : DH\ < oo due to Artin’s Theorem. O

Now we are able to prove our main results.

Theorem 2.1. Let (F;01,...,0,) be any differential field and K = {a € F :
d;a = 0 ati = 1,n} be its constant field, | be any natural number, x1,...,z; be
differential algebraic indeterminates over K, x = (x1,...,x;), H be any subgroup of
GL(I,K) o< K'. Then K(z)7 generates K%(x)® as a 0-field if and only if H is a
finite group.
Proof. The field L = K(z) generates K(z) as a 0-field. Therefore if H is finite
then due to the above Lemma K (z)" generates K?(x) as such a differential field.
Vise versa, let K (z) generate K?(z)f as a 0-field. But as we have mentioned
already K9(x) C K?(z) is O-algebraic extension i.e.

Diff . tr. deg . K% (z)? /K =1.
So far as K (x)H generates K?(x)H as a 0-field we can conclude that
tr.deg . K (2)" /K =1 =tr.deg.K(z)/K,

which means that K(z)# C K(x) is an algebraic extension. On the other hand K (z)
is finitely generated over K and therefore |K(z) : K(z)f| < co. Now finiteness of
H is a consequence of the Proposition 2.1. O

3. (GL?(n,F), H)-invariant differential rational functions

Let us come back to the case when the “gauge transformations” are also allowed. We
consider any differential field (F';9y,...,0,) and any finite subgroup H of GL(n +
m, K) oc K"™. In this case K‘9<a:>GL8(”7F)’H) has not to be invariant relative to
differential operators 01, ...,0, i.e (Ka(x>(GLa(”’F)’H), O1,...,0p) is not a differen-
tial field in common case. If charF = 0 and the differential operators 9y, ..., 0, are
linear independent over F' we are able to prove the following Theorem.

Theorem 3.1. There are such differential operators
6t K2(x) — K%(x)

where i = 1,n, that (Ka<;lg>(GLé’(n,F)Jq)7 81,...,0,) is a differential field and as such
a differential field it is generated by K(z)¥.
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Proof. We know that tr.deg. K ()7 /K = n+m. Let fi(x),..., fu(z) be any system
of elements of K (z)¥ which is algebraic independent over K. Consider the following
”column vector” & consisting of differential operators &; : K°(x) — K°(z), i = 1,n,
given by § = ¢?(z)710, where

0 43 B
622y = Ofi(x),.... 00 ) =| . 2

Oufi(x) Onfo(®) o Onfalx)

It is easy to check that
Af1(x) O fa2(x)) Ofn(z))
Oury Oz Outngm ) (D ‘flx)) ol ‘fr» - afa"”(ic»
Oaxy  Ogwy -+ Dopim 17:” 2;6 T "Tz
¢8<l‘>: 3:2 3:2 3:2
On®1 OnTa -+ On%pim gii(i)n) gﬁ(ﬁ? . 7?91;182)

which shows that matrix ¢?(z) is not singular so far as charK’ = 0 and the system

fi(x),..., fu(x) is algebraic independent over K. Moreover operators di,...,0,
commute with each other because matrix ¢?(x) belongs to GL? (n, K9{(x)).
Of course operators 01, . ..,0, "depend” on x and 01, ...,0,. The main property

of these operators is that they are invariant relative to our transformations
r=(21,...,Tpim) — ch+hg,d— g~ 10,
where (h, hg) € H and g € GL?(n, F), which is an easy consequence of the identity

¢ (zh + ho) = g 6%(x).

Therefore (Ka<x>(GLa(”’F)’H); 01,...,0n) is a differential field.
The following relations are evident:

K8<x>(GL6(n,F),H) _ K8<$>GL6(n,F) mK8<x>H _ (K8<x>GL6(n,F)>H

Moreover Ka<x>GL6("’F) is generated by z1,...,Zp4m over K as a d-field, that
is, Ké’(x)GLa("’F) = K°%(z) — the field of all é-rational functions in z1,...,Znim
over K. Indeed the inclusion K8<x>GL6(”’F) O K%(x) is evident and if f9(x) €
K6<x>GLB("7F), that is,
1 %) = ()

is valid for any g € GL?(n,F) then according to [3] under above assumptions
this equality remains be true even at g = ¢?(x). In other words the equality
fo{z) = f2(z) is true, which means that f9(z) € K°(x). Hence the inclusion
K9(2)GL?(nF) « K9(z) is also valid. So we have equality K9 (z)GL°(F) = K0 (z).
But K (z) generates K°(z) as a d-field and H is a finite group and therefore due to
the above Lemma K (x) generates K°(x)¥ = Ka(x)(GLs(”’F)’H) as a d-field. This
is the proof of Theorem 3.1. O
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