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Abstract. In this paper, a new class of sets called regular w-closed (briefly

rw-closed) sets in topological spaces is introduced and studied. A subset A of a
topological space (X, τ) is called rw-closed if U contains closure of A whenever

U contains A and U is regular semiopen in (X, τ). This new class of sets lies

between the class of all w-closed sets and the class of all regular g-closed sets.
Some of their properties are investigated.
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1. Introduction

Regular open sets and strong regular open sets have been introduced and investi-
gated by Stone [32] and Tong [33] respectively. Levine [18,19], Biswas [5], Cameron
[6], Sundaram and Sheik John [31], Bhattacharyya and Lahiri [4], Nagaveni [25],
Pushpalatha [30], Gnanambal [15], Gnanambal and Balachandran [16], Palaniap-
pan and Rao [28], Maki, Devi and Balachandran [21], and Park and Park [29] in-
troduced and investigated semiopen sets, generalized closed sets, regular semiopen
sets, weakly closed sets, semi-generalized closed sets, weakly generalized closed sets,
strongly generalized closed sets, generalized pre-regular closed sets, regular general-
ized closed sets, generalized α-closed sets and α-generalized closed sets and mildly
generalized closed sets respectively. We introduce a new class of sets called regu-
lar w-closed sets (rw-closed sets) which is properly placed in between the class of
w-closed sets and the class of regular generalized closed sets.

Throughout this paper, space (X, τ) (or simply X) always means a topological
space on which no separation axioms are assumed unless explicitly stated. For a
subset A of a space X, cl(A), int(A) and Ac denote the closure of A, the interior of
A and the complement of A in X respectively.
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2. Preliminaries

Definition 2.1. A subset A of a topological space (X, τ) is called
(i) Regular open [32] if A = int(cl(A)) and regular closed [32] if A = cl(int(A)).
(ii) Pre-open [24] if A ⊆ int(cl(A)) and pre-closed [24] if cl(int(A)) ⊆ A.
(iii) Semiopen [18] if A ⊆ cl(int(A)) and semiclosed [7] if int(cl(A)) ⊆ A.
(iv) α-open [27] if A ⊆ int(cl(int(A))) and α-closed [23] if cl(int(cl(A))) ⊆ A.
(v) Semi-preopen [2] (= β-open [1]) if A ⊆ cl(int(cl(A))) and semi-preclosed

[2] (= β-closed [1]) if int(cl(int(A))) ⊆ A.
(vi) θ-closed [35] if A = clθ(A), where clθ(A) = {x ∈ X : cl(U) ∩ A 6= ∅, U ∈

τ and x ∈ U}.
(vii) δ-closed [35] if A = clδ(A) where clδ(A) = {x ∈ X : int(cl(U)) ∩ A 6= ∅, U ∈

τ and x ∈ U}.

The intersection of all semiclosed (resp. semiopen) subsets of (X, τ) containing
A is called the semi-closure (resp. semi-kernel) of A and is denoted by scl(A) (resp.
sker(A)). Also the intersection of all pre-closed (resp. semi-preclosed and α-closed)
subsets of (X, τ) containing A is called the pre-closure (resp. semi-pre-closure and
α-closure) of A and is denoted by pcl(A) (resp. spcl(A) and α-cl(A)).

Definition 2.2. [11] Let X be a topological space. The finite union of regular open
sets in X is said to be π-open. The complement of a π-open set is said to be π-closed.

Definition 2.3. [6] A subset A of a space (X, τ) is called regular semiopen if there
is a regular open set U such that U ⊂ A ⊂ cl(U). The family of all regular semiopen
sets of X is denoted by RSO(X).

Lemma 2.1. Every regular semiopen set in (X, τ) is semiopen but not conversely.

Proof. Follows from the definitions.

Lemma 2.2. [14] If A is regular semiopen in (X, τ), then X\A is also regular
semiopen.

Lemma 2.3. [14] In a space (X, τ), the regular closed sets, regular open sets and
clopen sets are regular semiopen.

Definition 2.4. [8] A subset A of a space (X, τ) is said to be semi-regular open if
it is both semiopen and semiclosed.

The family of all semi-regular open sets of X is denoted by SR(X). On other
hand, Maio and Noiri [8] defined a subset A of X to be semi-regular open if A =
sint(scl(A)). However, these three notions are equivalent, which is given in the
following theorem.

Theorem 2.1. [8] For a subset A of space X, the followings are equivalent:
(i) A ∈ SR(X)(= RSO(X)),
(ii) A = sint(scl(A)),
(iii) there exists a regular open set U of X such that U ⊂ A ⊂ cl(U).
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Definition 2.5. A subset of a topological space (X, τ) is called
(i) Generalized closed (briefly g-closed) [19] if cl(A) ⊆ U whenever A ⊆ U and

U is open in X.
(ii) Semi-generalized closed (briefly sg-closed) [4] if scl(A) ⊆ U whenever A ⊆ U

and U is semiopen in X.
(iii) Generalized semiclosed (briefly gs-closed) [3] if scl(A) ⊆ U whenever A ⊆ U

and U is open in X.
(iv) Generalized α-closed (briefly gα-closed) [21] if α-cl(A) ⊆ U whenever A ⊆ U

and U is α-open in X.
(v) α-generalized closed (briefly αg-closed) [22] if α-cl(A) ⊆ U whenever A ⊆ U

and U is open in X.
(vi) Generalized semi-preclosed (briefly gsp-closed) [9] if spcl(A) ⊆ U whenever

A ⊆ U and U is open in X.
(vii) Regular generalized closed (briefly rg-closed) [28] if cl(A) ⊆ U whenever

A ⊆ U and U is regular open in X.
(viii) Generalized preclosed (briefly gp-closed) [20] if pcl(A) ⊆ U whenever A ⊆ U

and U is open in X.
(ix) Generalized pre regular closed (briefly gpr-closed) [15] if pcl(A) ⊆ U when-

ever A ⊆ U and U is regular open in X.
(x) θ-generalized closed (briefly θ-g-closed) [12] if clθ(A) ⊆ U whenever A ⊆ U

and U is open in X.
(xi) δ-generalized closed (briefly δ-g-closed) [10] if clδ(A) ⊆ U whenever A ⊆ U

and U is open in X.
(xii) Weakly generalized closed (briefly wg-closed) [25] if cl(int(A)) ⊆ U whenever

A ⊆ U and U is open in X.
(xiii) Strongly generalized closed [31] (briefly g*-closed [34]) if cl(A) ⊆ U whenever

A ⊆ U and U is g-open in X.
(xiv) π-generalized closed (briefly πg-closed) [11] if cl(A) ⊆ U whenever A ⊆ U

and U is π-open in X.
(xv) Weakly closed (briefly w-closed) [30] if cl(A) ⊆ U whenever A ⊆ U and U is

semiopen in X.
(xvi) Mildly generalized closed (briefly mildly g-closed) [29] if cl(int(A)) ⊆ U

whenever A ⊆ U and U is g-open in X.
(xvii) Semi weakly generalized closed (briefly swg-closed) [25] if cl(int(A)) ⊆ U

whenever A ⊆ U and U is semiopen in X.
(xviii) Regular weakly generalized closed (briefly rwg-closed) [25] if cl(int(A)) ⊆ U

whenever A ⊆ U and U is regular open in X.
The complements of the above mentioned closed sets are their respective open sets.

3. Rw-closed sets in topological spaces

Definition 3.1. A subset A of a space (X, τ) is called regular w-closed (briefly rw-
closed) if cl(A) ⊂ U whenever A ⊂ U and U is regular semiopen in (X, τ). We
denote the set of all rw-closed sets in (X, τ) by RWC(X).

First we prove that the class of rw-closed sets properly lies between the class of
w-closed sets and the class of regular generalized closed sets.
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Theorem 3.1. Every w-closed set in X is rw-closed in X but not conversely.

Proof. The proof follows from the definitions and the fact that every regular semiopen
set is semiopen.

The converse of the above theorem need not be true as seen from the following
example.

Example 3.1. Let X = {a, b, c} be with the topology τ = {X, ∅, {a}, {b}, {a, b}}.
Then the set A = {a, b} is rw-closed, but not w-closed in X.

Theorem 3.2. Every rw-closed set is regular generalized closed in X, but not con-
versely.

Proof. The proof follows from the definitions and the fact that every regular open
set is regular semiopen.

The converse of the above theorem need not be true as seen from the following
example.

Example 3.2. Let X = {a, b, c, d} be with τ = {X, ∅, {a}, {b}, {a, b}, {a, b, c}}.
Then A = {c} is regular generalized closed but not rw-closed in X.

Corollary 3.1. Every closed set is rw-closed but not conversely.

Proof. Follows from Sundaram and Sheik John [31] and Theorem 3.1.

Corollary 3.2. Every regular closed set is rw-closed but not conversely.

Proof. Follows from Stone [32] and Corollary 3.1.

Corollary 3.3. Every θ-closed set is rw-closed but not conversely.

Proof. Follows from Velicko [35] and Corollary 3.1.

Corollary 3.4. Every δ-closed set is rw-closed but not conversely.

Proof. Follows from Velicko [35] and Corollary 3.1.

Corollary 3.5. Every rw-closed set is gpr-closed but not conversely.

Proof. Follows from Gnanambal [15] and Theorem 3.2.

Corollary 3.6. Every π-closed set is rw-closed but not conversely.

Proof. Follows from Dontchev and Noiri [11] and Corollary 3.1.

Theorem 3.3. Every rw-closed set is regular weakly generalized closed but not con-
versely.

Proof. The proof follows from the definitions and the fact that every regular open
set is regular semiopen.

The converse of the above theorem need not be true as seen from the following
example.

Example 3.3. Let X = {a, b, c, d} be with the topology τ = {X, ∅, {a}, {b}, {a, b},
{a, b, c}}. Then the set A = {b, c} is regular weekly generalized closed, but not
rw-closed in X.
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Remark 3.1. The following example shows that rw-closed sets are independent of
g*-closed sets, mildly g-closed sets, g-closed sets, wg-closed sets, semiclosed sets,
α-closed sets, gα-closed sets, αg-closed sets, sg-closed sets, gs-closed sets, gsp-closed
sets, β-closed sets, pre-closed sets, gp-closed sets, swg-closed sets, πg-closed sets,
θ-generalized closed sets and δ-generalized closed sets.

Example 3.4. Let X = {a, b, c, d} be with the topology τ = {X, ∅, {a}, {b}, {a, b},
{a, b, c}}. Then

(i) Closed sets in (X, τ) are X, ∅, {d}, {c, d}, {a, c, d}{b, c, d}.
(ii) Rw-closed sets in (X, τ) are X, ∅, {d}, {a, b}, {c, d}, {a, b, c, }, {a, b, d},

{a, c, d}, {b, c, d}.
(iii) g*-closed sets in (X, τ) are X, ∅, {d}, {c, d}, {a, d}, {b, d}, {a, b, d}, {a, c, d},

{b, c, d}.
(iv) Mildly g-closed sets in (X, τ) are X, ∅, {d}, {c, d}, {a, d}, {b, d}, {a, b, d},

{b, c, d}, {a, c, d}.
(v) g-closed sets in (X, τ) are X, ∅, {d}, {c, d}, {a, d}, {b, d}, {a, b, d}, {a, c, d},

{b, c, d}.
(vi) Wg-closed sets in (X, τ) are X, ∅, {c}, {d}, {c, d}, {a, d}, {b, d}, {a, c},

{a, b, d}, {a, c, d}, {b, c, d}.
(vii) Semiclosed sets in (X, τ) are X, ∅, {a}, {b}, {c}, {d}, {c, d}, {a, d}, {b, c},

{a, c}, {b, d}, {a, c, d}, {b, c, d}.
(viii) α-closed sets in (X, τ) are X, ∅, {c}, {d}, {c, d}, {a, c, d}, {b, c, d}.
(ix) gα-closed sets in (X, τ) are X, ∅, {c}, {d}, {c, d}, {b, c, d}, {a, c, d}.
(x) αg-closed sets in (X, τ) are X, ∅, {c}, {d}, {c, d}, {a, d}, {b, d}, {a, b, d},

{a, c, d}, {b, c, d}.
(xi) Sg-closed sets in (X, τ) are X, ∅, {a}, {b}, {c}, {d}, {c, d}, {b, c}, {a, d},

{b, d}, {a, c}, {a, c, d}, {b, c, d}.
(xii) Gs-closed sets in (X, τ) are X, ∅, {a}, {b}, {c}, {d}, {b, c}, {c, d}, {a, d},

{b, d}, {a, c}, {a, c, d}, {a, b, d}, {b, c, d}.
(xiii) Gsp-closed sets in (X, τ) are X, ∅, {c}, {d}, {b, c}, {c, d}, {a, d}, {a, c},

{a, b, d}, {a, c, d}, {b, c, d}.
(xiv) β-closed sets in (X, τ) are X, ∅, {a}, {b}, {c}, {d}, {c, d}, {a, d}, {b, c}, {a, c},

{b, d}, {b, c, d}, {a, c, d}.
(xv) Pre-closed sets in (X, τ) are X, ∅, {c}, {d}, {c, d}, {b, c, d}, {a, c, d}.
(xvi) Gp-closed sets in (X, τ) are X, ∅, {c}, {d}, {c, d}, {a, d}, {b, d}, {a, b, d}.
(xvii) Swg-closed sets in (X, τ) are X, ∅, {c}, {d}, {c, d}, {a, c, d}, {b, c, d}.
(xviii) πg-closed sets in (X, τ) are X, ∅, {c}, {d}, {a, c}, {b, c}, {c, d}, {a, d}, {b, d},

{a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}.
(xix) θ-generalized closed sets in (X, τ) are X, ∅, {d}, {c, d}, {a, d}, {b, d}, {a, b, d},

{a, c, d}, {b, c, d}.
(xx) δ-generalized closed sets in (X, τ) are X, ∅, {d}, {c, d}, {a, d}, {b, d}, {a, b, d},

{a, c, d}, {b, c, d}.

Remark 3.2. From the above discussion and known results we have the following
implications (Figure 1).
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Figure 1

Theorem 3.4. The union of two rw-closed subsets of X is also an rw-closed subset
of X.

Proof. Assume that A and B are rw-closed sets in X. Let U be regular semiopen
in X such that A ∪ B ⊂ U . Then A ⊆ U and B ⊆ U . Since A and B are rw-
closed, cl(A) ⊂ U and cl(B) ⊂ U . Hence cl(A ∪ B) = cl(A) ∪ cl(B) ⊂ U . That is
cl(A ∪B) ⊂ U . Therefore A ∪B is an rw-closed set in X.

Remark 3.3. The intersection of two rw-closed sets in X is generally not an rw-
closed set in X.

Example 3.5. Let X = {a, b, c, d} be with τ = {X, ∅, {a}, {b}, {a, b}, {a, b, c}}. If
A = {a, b} and B = {a, c, d}, then A and B are rw-closed sets in X, but A∩B = {a}
is not an rw-closed set in X.

Theorem 3.5. If a subset A of X is rw-closed in X, then cl(A)\A does not contain
any nonempty regular semiopen set in X.

Proof. Suppose that A is an rw-closed set in X. We prove the result by contradiction.
Let U be a regular semiopen set such that cl(A) \ A ⊃ U and U 6= ∅. Now U ⊂
cl(A) \ A,U ⊂ X \ A which implies A ⊂ X \ U . Since U is regular semiopen, by
Lemma 2.2, X \ U is also regular semiopen in X. Since A is an rw-closed set in X,
by definition, we have cl(A) ⊂ X \U . So U ⊂ X \ cl(A). Also U ⊂ cl(A). Therefore
U ⊂ (cl(A) ∩ (X \ cl(A))) = ∅. This shows that U = ∅ which is a contradiction.
Hence cl(A) \A does not contain any nonempty regular semiopen set in X.
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The converse of the above theorem need not be true as seen from the following
example.

Example 3.6. If cl(A) \ A contains no nonempty regular semiopen subset in X,
then A need not be rw-closed. Consider X = {a, b, c} with the topology τ =
{X, ∅, {a}, {b}, {a, b}} and A = {a}. Then cl(A) \ A = {a, c} \ {a} = {c} does
not contain any nonempty regular semiopen set, but A is not an rw-closed set in X.

Corollary 3.7. If a subset A of X is an rw-closed set in X, then cl(A)\A does not
contain any nonempty regular open set in X, but not conversely.

Proof. Follows from Theorem 3.5 and the fact that every regular open set is regular
semiopen.

Corollary 3.8. If a subset A of X is an rw-closed set in X, then cl(A)\A does not
contain any nonempty regular closed set in X, but not conversely.

Proof. Follows from Theorem 3.5 and the fact that every regular open set is regular
semiopen.

Theorem 3.6. For an element x ∈ X, the set X \ {x} is rw-closed or regular
semiopen.

Proof. Suppose X\{x} is not regular semiopen. Then X is the only regular semiopen
set containing X \{x}. This implies cl(X \{x}) ⊂ X. Hence X \{x} is an rw-closed
set in X.

Theorem 3.7. If A is regular open and rw-closed, then A is regular closed and
hence clopen.

Proof. Suppose A is regular open and rw-closed. As every regular open set is regular
semiopen and A ⊂ A, we have cl(A) ⊂ A. Also A ⊂ cl(A). Therefore cl(A) = A.
That means A is closed. Since A is regular open, A is open. Now cl(int(A)) =
cl(A) = A. Therefore A is regular closed and clopen.

Theorem 3.8. If A is an rw-closed subset of X such that A ⊂ B ⊂ cl(A), then B
is an rw-closed set in X.

Proof. Let A be an rw-closed set of X such that A ⊂ B ⊂ cl(A). Let U be a regular
semiopen set of X such that B ⊂ U . Then A ⊂ U . Since A is rw-closed, we have
cl(A) ⊂ U . Now cl(B) ⊂ cl(cl(A)) = cl(A) ⊂ U . Therefore B is an rw-closed set in
X.

Remark 3.4. The converse of Theorem 3.8 need not be true in general. Con-
sider the topological space (X, τ), where X = {a, b, c, d} be with the topology
τ = {X, ∅, {a}, {b}, {a, b}, {a, b, c}}. Let A = {d} and B = {c, d}. Then A and
B are rw-closed sets in (X, τ), but A ⊂ B is not subset in cl(A).

Theorem 3.9. Let A be rw-closed in (X, τ). Then A is closed if and only if cl(A)\A
is regular semiopen.

Proof. Suppose A is closed in X. Then cl(A) = A and so cl(A) \ A = ∅, which is
regular semiopen in X.
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Conversely, suppose cl(A) \A is regular semiopen in X. Since A is rw-closed, by
Theorem 3.8, cl(A) \ A does not contain any nonempty regular semiopen set in X.
Then cl(A) \A = ∅, hence A is closed in X.

Theorem 3.10. If A is regular open and rg-closed, then A is rw-closed in X.

Proof. Let A be regular open and rg-closed in X. We prove that A is an rw-closed
set in X. Let U be any regular semiopen set in X such that A ⊂ U . Since A is
regular open and rg-closed, we have cl(A) ⊂ A. Then cl(A) ⊂ A ⊂ U . Hence A is
rw-closed in X.

Theorem 3.11. If a subset A of a topological space X is both regular semiopen and
rw-closed, then it is closed.

Proof. Suppose a subset A of a topological space X is both regular semiopen and
rw-closed. Now A ⊂ A. Then cl(A) ⊂ A. Hence A is closed.

Corollary 3.9. Let A be regular semiopen and rw-closed in X. Suppose that F is
closed in X. Then A ∩ F is an rw-closed set in X.

Proof. Let A be regular semiopen and rw-closed in X and F be closed. By Theorem
3.11, A is closed. So A ∩ F is closed and hence A ∩ F is an rw-closed set in X.

The next two results are required in the sequel.

Theorem 3.12. [7] If A is open and S is semiopen in a topological space X, then
A ∩ S is semiopen in X.

Theorem 3.13. [18] Let A ⊂ Y ⊂ X, where X is a topological space and Y is
subspace of X. If A ∈ SO(X), then A ∈ SO(Y ).

Lemma 3.1. Let A ⊂ Y ⊂ X, where X is a topological space and Y is an open
subspace of X. If A ∈ RSO(X), then A ∈ RSO(Y ).

Proof. Suppose that A ⊂ Y ⊂ X, Y is an open subspace of X and A ∈ RSO(X).
We prove that A is regular semiopen in Y , i.e. A is both semiopen and semiclosed
in Y . Now we show that A is semiopen in Y . Since A ⊂ Y ⊂ X and A is semiopen
in X, by Theorem 3.13, A is semiopen in Y . Now we show that A is semiclosed in
Y . We have Y \A = Y ∩ (X \A). Since A is regular semiopen in X, by Lemma 2.2,
X \A is also regular semiopen in X and so X \A is semiopen in X. Since Y is open
in X, by Theorem 3.12, Y ∩ (X \ A) is semiopen in X. That is Y \ A is semiopen
in X. Also Y \ A ⊂ Y ⊂ X. By Theorem 3.13, Y \ A is semiopen in Y and so A is
semiclosed in Y . Thus A is both semiopen and semiclosed in Y . Hence A is regular
semiopen in Y .

Theorem 3.14. Suppose B ⊂ A ⊂ X, B is rw-closed set relative to A and A is
both regular open and rw-closed subset of X. Then B is rw-closed set relative to X.

Proof. Let B ⊂ G and G be a regular semiopen set in X. But it is given that
B ⊂ A ⊂ X, and therefore B ⊂ A∩G. Now we show that A∩G is regular semiopen
in A. First we show that A ∩ G is regular semiopen in X. Since A is open and G
is semiopen in X, by Theorem 3.12, A ∩ G is semiopen in X. Since A is regular
open and rw-closed by Theorem 3.7, A is closed and so A is semiclosed in X. Also
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G is semiclosed in X, as every regular semiopen set is semiclosed. Then A ∩ G is
semiclosed in X. Thus A∩G is both semiopen and semiclosed in X and hence A∩G
is a regular semiopen in X. Also A ∩ G ⊂ A ⊂ X and A is open subspace of X,
by Lemma 3.1, A ∩ G is regular semiopen in A. Since B is rw-closed relative to
A, clA(B) ⊂ A ∩ G (i). But clA(B) = A ∩ cl(B) (ii). From (i) and (ii) it follows
that A ∩ cl(B) ⊂ A ∩G. Consequently A ∩ cl(B) ⊂ G. Since A is regular open and
rw-closed, by Theorem 3.7, cl(A) = A and so cl(B) ⊂ A. We have A∩cl(B) = cl(B).
Thus cl(B) ⊂ G and hence B is rw-closed relative to X.

Corollary 3.10. [26] Let A be regular open in X and B be a subset of A. Then B
is regular open in X if and only if B is regular open in the subspace A.

Lemma 3.2. Let Y be regular open in X and U be a subset of Y . Then U is regular
semiopen in X if and only if U is regular semiopen in the subspace Y .

Proof. Suppose U is regular semiopen in X. Then U ⊂ Y ⊂ X and Y is open
subspace of X. By Lemma 3.1, U is regular semiopen in Y . Conversely, suppose U
is regular semiopen in the subspace Y . We prove that U is regular semiopen in X.
By definition, there exists a regular open set V in Y such that V ⊂ U ⊂ clY (V ).
That is V ⊂ U ⊂ clY (V ) = Y ∩ cl(V ) ⊂ cl(V ). Now V ⊂ U ⊂ cl(V ). Also by
Corollary 3.10, V is regular open in X. Therefore U is regular semiopen in X.

Theorem 3.15. Let A ⊂ Y ⊂ X and suppose that A is rw-closed in X. Then A is
rw-closed in Y provided Y is regular open in X.

Proof. Let A be rw-closed in X and Y be regular open subspace of X. Let U be
any regular semiopen set in Y such that A ⊂ U . Then A ⊂ Y ⊂ X. By Lemma
3.2, U is regular semiopen in X. Since A is rw-closed in X, cl(A) ⊂ U . That is
Y ∩ cl(A) ⊂ Y ∩ U = U . Thus clY (A) ⊂ U . Hence A is rw-closed in Y .

Theorem 3.16. If A is both open and g-closed in X, then it is rw-closed in X.

Proof. Let A be an open and g-closed set in X. Let A ⊂ U and let U be regular
semiopen in X. Now A ⊂ A. By hypothesis cl(A) ⊂ A. That is cl(A) ⊂ U . Thus A
is rw-closed in X.

Remark 3.5. If A is both open and rw-closed in X, then A need not be g-closed,
in general, as seen from the following example.

Example 3.7. Consider X = {a, b, c} with the topology τ = {X, ∅, {a}, {b}, {a, b}}.
In this topological space the subset {a, b} is open and rw-closed, but not g-closed.

Theorem 3.17. If a subset A of a topological space is both open and wg-closed, then
it is rw-closed.

Proof. Suppose a subset A of X is both open and wg-closed. Let A ⊂ U with U
regular semiopen in X. Now A ⊃ cl(int(A)) = A, as A is open. That is cl(A) ⊂ A ⊂
U . Thus A is an rw-closed set in X.

Theorem 3.18. In a topological space X, if RSO(X) = {X, ∅}, then every subset
of X is an rw-closed set.
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Proof. Let X be a topological space and RSO(X) = {X, ∅}. Let A be any subset of
X. Suppose A = ∅. Then ∅ is an rw-closed set in X. Suppose A 6= ∅. Then X is the
only regular semiopen set containing A and so cl(A) ⊂ X. Hence A is an rw-closed
set in X.

Remark 3.6. The converse of Theorem 3.18 need not be true in general as seen
from the following example.

Example 3.8. Let X = {a, b, c, d} be with the topology τ = {X, ∅, {a, b}, {c, d}}.Then
every subset of X is an rw-closed set in X, but RSO(X) = {X, ∅, {a, b}, {c, d}}.

Theorem 3.19. In a topological space (X, τ), RSO(X, τ) ⊂ {F ⊂ X : F c ∈ τ} if
and only if every subset of (X, τ) is rw-closed.

Proof. Suppose that RSO(X, τ) ⊂ {F ⊂ X : F c ∈ τ}. Let A be any subset of (X, τ)
such that A ⊂ U , where U is regular semiopen. Then U ∈ RSO(X, τ) ⊂ {F ⊂ X :
F c ∈ τ}. That is U ∈ {F ⊂ X : F c ∈ τ}. Thus U is closed. Then cl(U) = U .
Also cl(A) ⊂ cl(U) = U . Hence A is an rw-closed set in X. Conversely, suppose
that every subset of (X, τ) is rw-closed. Let U ∈ RSO(X, τ). Since U ⊂ U and U
is rw-closed, we have cl(U) ⊂ U . Thus cl(U) = U and U ∈ {F ⊂ X : F c ∈ τ}.
Therefore RSO(X, τ) ⊂ {F ⊂ X : F c ∈ τ}.

Theorem 3.20. Let X be a regular space in which every regular semiopen subset is
open. If A is a compact subset of X, then A is rw-closed.

Proof. Suppose A ⊂ U and U is regular semiopen. By hypothesis U is open. But A
is a compact subset in the regular space X. Hence there exists an open set V such
that A ⊂ V ⊂ cl(V ) ⊂ U . Now A ⊂ cl(V ) implies cl(A) ⊂ cl(cl(V )) = cl(V ) ⊂ U .
That is cl(A) ⊂ U . Hence A is rw-closed in X.

Definition 3.2. The intersection of all regular semiopen subsets of (X, τ) containing
A is called the regular semi-kernel of A and is denoted by rsker(A).

Lemma 3.3. Let X be a topological space and A be a subset of X. If A is regular
semiopen in X, then rsker(A) = A, but not conversely.

Proof. Follows from Definition 3.2.

Lemma 3.4. For any subset A of (X, τ), sker(A) ⊂ rsker(A).

Proof. Follows from the implication RSO(X) ⊂ SO(X).

Lemma 3.5. For any subset A of (X, τ), A ⊂ rsker(A).

Proof. Follows from Definition 3.2.

Theorem 3.21. A subset A of (X, τ) is rw-closed if and only if cl(A) ⊂ rsker(A).

Proof. Suppose that A is rw-closed. Then cl(A) ⊂ U , whenever A ⊂ U and U is
regular semiopen. Let x ∈ cl(A). Suppose x 6∈ rsker(A); then there is a regular
semiopen set U containing A such that x is not in U . Since A is rw-closed, cl(A) ⊂ U .
We have x not in cl(A), which is a contradiction. Hence x ∈ rsker(A) and so
cl(A) ⊂ rsker(A). Conversely, let cl(A) ⊂ rsker(A). If U is any regular semiopen
set containing A, then rsker(A) ⊂ U . That is cl(A) ⊂ rsker(A) ⊂ U . Therefore A
is rw-closed in X.
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Lemma 3.6. [17] Let x be a point of (X, τ). Then {x} is either nowhere dense or
preopen.

Remark 3.7. [13] In the notation of Lemma 3.6, we may consider the following
decomposition of a given topological space (X, τ), namely X = X1 ∪ X2 where
X1 = {x ∈ X : {x} is nowhere dense} and X2 = {x ∈ X : {x} is preopen}.

Lemma 3.7. For any subset A of (X, τ), X2 ∩ cl(A) ⊂ rsker(A).

Proof. Let x ∈ X2 ∩ cl(A) and suppose that x is not in rsker(A). Then there is a
regular semiopen set U containing A such that x is not in U . If F = X \U , then F
is regular semiopen and so F is semiclosed. Now scl({x}) = {x} ∪ int(cl({x})) ⊂ F .
Since cl({x}) ⊂ cl(A), we have int(cl({x}) ⊂ A ∪ int(cl(A)). Again since x ∈ X2,
we have x not in X1 and so int(cl({x}) 6= ∅. Therefore there has to be some point
y ∈ A∪ int(cl({x})) and hence y ∈ F ∩A, which is a contradiction. So x ∈ rsker(A)
and hence X2 ∩ cl(A) ⊂ rsker(A).

Theorem 3.22. For any subset A of (X, τ), if X1 ∩ cl(A) ⊂ A, then A is rw-closed
in X.

Proof. Let A be any subset of (X, τ). Suppose that X1∩cl(A) ⊂ A. We prove that A
is rw-closed in X. Then cl(A) ⊂ rsker(A), since A ⊂ rsker(A), by Lemma 3.5. Now
cl(A) = X∩cl(A) = (X1∪X2)∩cl(A). That is cl(A) = (X1∩cl(A))∪ (X2∩cl(A)) ⊂
rsker(A), since X1 ∩ cl(A) ⊂ rsker(A) and by Lemma 3.7, X2 ∩ cl(A) ⊂ rsker(A).
That is cl(A) ⊂ rsker(A). By Theorem 3.21, A is rw-closed in X.

The converse of the above theorem need not be true in general as seen from the
following example.

Example 3.9. Let X = {a, b, c, d} be with the topology τ = {X, ∅, {a}, {b}, {a, b},
{a, b, c}}. Here X1 = {c, d} and X2 = {a, b}. Take A = {a, b, c}. Then A is rw-closed
in X. But X1 ∩ cl(A) = {c, d} ∩X = {c, d} is not subset in A.

Definition 3.3. A subset A in (X, τ) is called regular w-open (briefly rw-open) in
X if Ac is rw-closed in (X, τ).

Theorem 3.23. Every singleton point set in a space is either rw-open or regular
semiopen.

Proof. Let X be a topological space. Let x ∈ X. We prove {x} is either rw-open or
regular semiopen, i.e. X \ {x} is either rw-closed or regular semiopen, which follows
from Theorem 3.6.
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