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Abstract. In this note, we give characterizations for certain HNN extensions
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1. Introduction

In this note, we give characterizations for certain HNN extensions of polycyclic-
by-finite groups with central associated subgroups to be subgroup separable and
conjugacy separable. We shall do this by showing the equivalence of subgroup
separability and conjugacy separability in this type of HNN extensions.

A group G is called subgroup separable if, for each finitely generated subgroup
M and for each x ∈ G\M , there exists a normal subgroup N of finite index in
G such that x /∈ MN . It is well known that free groups, polycyclic groups and
surface groups are subgroup separable (M. Hall [10], Mal’cev [11], Scott [16, 17]).
Finite extensions of subgroup separable groups are again subgroup separable. Hence,
polycyclic-by-finite groups, free-by-finite groups and Fuchsian groups are subgroup
separable.

A group G is said to be conjugacy separable if for each pair of elements x, y ∈ G
such that x and y are not conjugate in G, there exists a normal subgroup N of
finite index in G such that Nx and Ny are not conjugate in G/N . Blackburn [4]
proved that the finitely generated nilpotent groups are conjugacy separable. Later,
Formanek [9] and Remeslennikov [14] independently extended this result by proving
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that polycyclic-by-finite groups are conjugacy separable. Dyer in [8] proved that
free-by-finite groups are conjugacy separable.

We shall investigate the subgroup separability and conjugacy separability of HNN
extensions since not many HNN extensions are known to be subgroup separable
and conjugacy separable. Indeed one of the simplest type of HNN extensions, the
Baumslag-Solitar group, 〈h, t; t−1h2t = h3〉 is not even residually finite [3]. However,
more recently, Metaftsis and Raptis [12] gave a characterization for the subgroup
separability of HNN extensions of finitely generated abelian groups. Before that,
Raptis, Talelli and Varsos [13] proved that the equivalence of residual finiteness and
conjugacy separability in HNN extensions of finitely generated abelian groups and
certain HNN extensions of finitely generated torsion free nilpotent groups.

Our main results will be Corollary 3.2, Corollary 3.3 and Theorem 3.3. Let
G = 〈t, A; t−1Ht = K, ϕ〉 be an HNN extension where A is a polycyclic-by-finite
group with H and K being proper finitely generated central subgroups of A. Corol-
lary 3.6 and Corollary 3.3 give characterizations for G to subgroup separable and
conjugacy separable respectively. Theorem 3.3 establishes the equivalence of sub-
group separability and conjugacy separability in the HNN extension G.

Theorem 3.3 is proved via Theorem 3.1 and Theorem 3.2. Theorem 3.1 states
that G = 〈t, A; t−1Ht = K, ϕ〉 where H and K are proper central subgroups of A, is
subgroup separable if and only if both the group A and the subgroup (HNN exten-
sion) G1 = 〈t, HK; t−1Ht = K, ϕ〉 are subgroup separable. Theorem 3.1 partially
extends the results of Metaftsis and Raptis [12].

Let G = 〈t, A; t−1Ht = K, ϕ〉 be an HNN extension as in Theorem 3.3. Theorem
3.2 states that if G is subgroup separable and A is a group such that A/D is conju-
gacy separable for each finitely generated central subgroup, D, then G is conjugacy
separable.

The notation used here is standard. In addition, the following will be used for
any group G:
N /f G means N is a normal subgroup of finite index in G.
x ∼G y means x and y are conjugate in G.
{y}G = {g−1yg ; g ∈ G} denotes the conjugacy class of y in G.
G = 〈t, A; t−1Ht = K, ϕ〉 shall denote an HNN extension where A is the base
group, H,K are the associated subgroups, and ϕ is the associated isomorphism
ϕ : H −→ K.
‖g‖ denotes the length of the element g in G = 〈t, A; t−1Ht = K, ϕ〉.

2. Preliminaries

We begin with two definitions.

Definition 2.1. A group G is called H-separable for the subgroup H if for each
x ∈ G\H, there exists N /f G such that x /∈ HN .
Equivalently, G is H-separable if

⋂
N/f A

NH = H.

G is termed subgroup separable if G is H-separable for every finitely generated sub-
group H.
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Definition 2.2. A group G is said to be conjugacy separable if for each pair of
elements x, y ∈ G such that x and y are not conjugate in G, there exists N /f G,
such that Nx and Ny are not conjugate in G/N .
Equivalently, G is conjugacy separable if for each pair x, y ∈ G and x /∈ {y}G, there
exists N /f G such that x /∈ {y}GN .

Next, we state Theorem 2.1 which will be used in the proof of Theorem 3.1.

Theorem 2.1. [7] Let G = 〈t, A; t−1Ht = K, ϕ〉 be an HNN extension. Suppose
x, y ∈ G and x, y are cyclically reduced. If x ∼G y, then ‖x‖ = ‖y‖ and one of the
following holds;

(a) ‖x‖ = ‖y‖ = 0 and there exists a finite sequence z1, z2, . . . , zn of elements in
H ∪K such that x ∼A z1 ∼A,t∗ z2 ∼A,t∗ · · · ∼A,t∗ zn ∼A y where u ∼A,t∗ v
means one of: (u ∼A v) or (u ∈ H and v = t−1ut ∈ K) or (u ∈ K and
v = tut−1 ∈ H).

(b) ‖x‖ = ‖y‖ = n ≥ 1 and x = c−1y∗c where y∗ is a cyclic permutation of
y and c ∈ X with X = H if εn = −1 and X = K if εn = 1, where εn

is the power of t in the last term of x expressed in cyclically reduced form,
x = x0t

ε1 . . . xn−1t
εn .

3. The main results

We begin by stating three lemmas (Lemmas 3.1–3.3) on subgroup separability which
are easily proved and well known to researchers in this area. The three lemmas will
be used in the proof of Theorem 3.1.

Lemma 3.1. Let A be a subgroup separable group and H is a finitely generated
normal subgroup of A. Then A/H is subgroup separable.

Next we state a result given by Romanovskii [15].

Lemma 3.2. [15] Let G = 〈t, A; t−1Ht = K, ϕ〉 be an HNN extension. If K = A
and H 6= A, then G is not H-separable.

Remark 3.1. In this note, we consider the HNN extension G = 〈t, A; t−1Ht = K, ϕ〉
where H and K are subgroups in the center of A. Note that if H = A = K, then A
is abelian. Furthermore, A is normal in G and G/A ∼= < t >. Hence, G is polycyclic
and by [11], G is subgroup separable. From now on we assume that H 6= A 6= K.

Lemma 3.3 is well known and very useful. We also provide a proof.

Lemma 3.3. Let G = 〈t, A; t−1Ht = K, ϕ〉 be an HNN extension. If A is subgroup
separable and H and K are finite, then G is subgroup separable.

Proof. Since A is residually finite, then by [2], G is residually finite. Then there
exists M /f G such that M ∩ H = 1 as H is finite. Now let (G, X) be a graph of
groups with a single vertex v and a single edge e where Gv = A and Ge = H. It is
well known that its fundamental group π1((G, X)) = G. From the structure theorem
of Bass-Serre Theory (see [6]), we know that M is the fundamental group of a graph
of groups where the vertex groups are M ∩x−1Gvx = M ∩x−1Ax, where x runs over
a suitable finite set of (M,A)-double coset representatives and the edge groups are
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M ∩ y−1Gey = M ∩ y−1Hy, where y runs over a suitable finite set of (M,H)-double
coset representatives. But the edge groups M ∩ y−1Hy = 1 since M /f G. So, M
is a free product of M ∩ x−1Ax and possibly a free group. By the choice of M ,
M ∩x−1Ax is some conjugate of M ∩A and M ∩y−1Hy = 1. Therefore, M is a free
product of a finite number of subgroup separable groups and possibly a free group.
By Burns [5] and Romanovskii [15], a free product of a finite number of subgroup
separable groups is again subgroup separable. Therefore, M is subgroup separable.
Since M is of finite index in G, then by [16], G is subgroup separable.

We prove our first main result which is a criterion on subgroup separability. We
shall also use Theorem 2 of Metaftsis and Raptis [12].

Theorem 3.1. Let G = 〈t, A; t−1Ht = K, ϕ〉 be an HNN extension. Suppose H and
K are finitely generated subgroups in the center of A and H 6= A 6= K. Then G is
subgroup separable if and only if A and G1 = 〈t, HK; t−1Ht = K, ϕ〉 are subgroup
separable.

Proof. Suppose G is subgroup separable. Since A and G1 are subgroups of G,
A and G1 are subgroup separable.

Suppose A and G1 are subgroup separable. In order to show that G is subgroup
separable, we shall show that

⋂
N/f G

NL = L for every finitely generated subgroup L

of G. We will do this in several steps.
First, we show that there exists a subgroup U / G such that Un / G and G/Un is

subgroup separable for each n ≥ 1. Since G1 is subgroup separable, then by Theorem
2 of [12], there exists a finitely generated subgroup U such that U / G1 and U has
finite index in H. Furthermore, ϕ(U) = U since U /G1. So as U is in the centre of G
and ϕ(U) = U , we have U/G and U has finite index in K. Since Un is a characteristic
subgroup of U , we have Un/G and hence G/Un = 〈t, A/Un; t−1H/Unt = K/Un, ϕ〉.
By Lemma 3.1, A/Un is subgroup separable since A is subgroup separable and Un

is finitely generated. Furthermore H/Un and K/Un are finite. Therefore by Lemma
3.3, G/Un is subgroup separable. Thus we have shown that there exists a subgroup
U / G such that Un / G and G/Un is subgroup separable for each n ≥ 1.

Next, we show that if P =
⋂

n≥1

UnL, then P ∩ H = L ∩ H. Now P ∩ H =⋂
n≥1

(UnL ∩ H) =
⋂

n≥1

Un(L ∩ H) since Un ⊆ H. Since H is a finitely generated

abelian group and L ∩ H is finitely generated,
⋂

NH/f H

NH(L ∩ H) = L ∩ H. This

implies that
⋂

n≥1

Un(L∩H) = L∩H since given any NH /f H there exists an integer

n ≥ 1 such that Un ⊆ NH . Thus P ∩H = L ∩H.
Next, we show that

⋂
n≥1

UnL = L, for every finitely generated subgroup L of G.

Let p ∈ P =
⋂

n≥1

UnL. Then p = unln for some un ∈ Un and ln ∈ L. So pl−1
n =

un ∈ H. But pl−1
n ∈ P since ln ∈ L ⊆ P . This implies that pl−1

n ∈ P ∩H = L ∩H
and therefore p ∈ L. Hence

⋂
n≥1

UnL = L.
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Finally, we show that
⋂

N/f G

NL = L for every finitely generated subgroup L of G.

Since G/Un is subgroup separable,
⋂

N/f G

(UnN/Un)(UnL/Un) = (UnL/Un). But

⋂
N/f G

(UnN/Un)(UnL/Un) =

( ⋂
N/f G

UnNL

)
/Un. This implies that

⋂
N/f G

NL ⊆

UnL for every n ≥ 1 and therefore
⋂

N/f G

NL ⊆
⋂

n≥1

UnL = L. Hence,
⋂

N/f G

NL = L.

The proof of the theorem is now completed.

Again by applying the results of Metaftsis and Raptis [12], we obtain the following
characterisations on subgroup separability.

Corollary 3.1. Let G = 〈t, A; t−1Ht = K, ϕ〉 be an HNN extension. Suppose H
and K are finitely generated subgroups in the center of A and H 6= A 6= K. Then G
is subgroup separable if and only if A is subgroup separable and H ∩K is a subgroup
of finite index in H and K and there exists a finitely generated subgroup U such that
U has finite index in H ∩K and ϕ(U) = U .

Proof. By Theorem 3.1, G is subgroup separable if and only if A and G1 =
〈t, HK; t−1Ht = K, ϕ〉 are subgroup separable. By Theorem 2 of [12], G1 is subgroup
separable if and only if H ∩ K is a subgroup of finite index in H and K and there
exists a finitely generated normal subgroup U of G1 such that U has finite index in
H ∩K. Since U is normal in G1, we have ϕ(U) = U .

Since polycyclic-by-finite groups, free-by-finite groups and Fuchsian groups are
subgroup separable (M. Hall [10], Mal’cev [11], Scott [16, 17], we have the following
corollary.

Corollary 3.2. Let G = 〈t, A; t−1Ht = K, ϕ〉 be an HNN extension where A is a
polycyclic-by-finite group or a free-by-finite group or a Fuchsian group. Suppose H
and K are finitely generated subgroups in the center of A and H 6= A 6= K. Then
G is subgroup separable if and only if H ∩K is a subgroup of finite index in H and
K and there exists a finitely generated subgroup U of finite index in H such that
ϕ(U) = U .

Next we prove our second main result which shows a connection between subgroup
separability and conjugacy separability in certain HNN extensions.

Theorem 3.2. Let G = 〈t, A; t−1Ht = K, ϕ〉 be an HNN extension where A is a
group such that A/D is conjugacy separable for all finitely generated subgroups D in
the center of A. Suppose H and K are finitely generated subgroups in the center of
A and H 6= A 6= K. If G is subgroup separable then G is conjugacy separable.

Proof. Since G is subgroup separable, then by Corollary 3.1, A is subgroup separable
and there exists a finitely generated subgroup U of finite index in H such that
ϕ(U) = U . Note that Un/f H, Un/G and G/Un = 〈t, A/Un; t−1H/Unt = K/Un, ϕ〉
for all n ≥ 1. Furthermore G/Un is conjugacy separable by [8]. We shall write Gn =
G/Un, An = A/Un, Hn = H/Un and Kn = K/Un. Hence, Gn = 〈t, An; t−1Hnt =
Kn, ϕ〉.
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Let x, y ∈ G and x /∈ {y}G. We may assume x and y have minimal length in
{x}G and {y}G, respectively. If x /∈ {y}GUn for some n ≥ 1, we are done, for G/Un

is conjugacy separable by [8].
Suppose that x ∈ {y}GUn for all n ≥ 1. We shall show that this case cannot occur.

Case 1. x, y ∈ H ∪ K. Since x ∈ {y}GU , we have x = g−1ygu for some u ∈ U ,
g ∈ G. But {y}G = {g−1yg}G and so we may assume that x = yu.

Since x ∼Gm
y in Gm, for each m ≥ 1, then by Theorem 2.1, there exists a

finite sequence z1, z2, . . . , zn of elements in Hm ∪ Km such that x ∼Am
z1 ∼Am,t∗

z2 ∼Am,t∗ · · · ∼Am,t∗ zn ∼Am
y. Since Hm and Km are in the center of Am,

x = t−rmytrm where rm ∈ Z. So for each m ≥ 1,

(3.1) yu = x = t−rmytrmum, where rm ∈ Z and um ∈ Um.

Suppose the set of integers W = {rm} is finite. Since G is subgroup separable,
there exists N /f G such that x /∈ t−wytwN for all w ∈ W . But then Up ⊆ N
for some integer p. From (3.1), x = t−rpytrpup where rp ∈ W , up ∈ Up. Hence
x ∈ t−rpytrpN , a contradiction.

We assume the set W is infinite. From (3.1), t−rmytrm = yuu−1
m ∈ H ∪ K and

trmyt−rm = ytrmumu−1t−rm ∈ H ∪ K, since U / G. Suppose t−syts /∈ H ∪ K for
some s > 0. Since W is infinite, there exists a m1 such that c = |rm1 | > s. But
t−cytc ∈ H ∪ K, a contradiction. Similarly if t−syts /∈ H ∪ K for some s < 0, we
also get a contradiction.

Therefore t−syts ∈ H ∪ K for all integer s. Let P1 be the subgroup generated
by t−syts, s ∈ Z. Suppose x /∈ P1. Since G is subgroup separable, there exists
N1 /f G such that x /∈ P1N1. But then Up1 ⊆ N1 for some integer p1. From
(3.1), x = t−rp1 ytrp1 up1 where rp1 ∈ Z, up1 ∈ Up1 . Hence, x ∈ P1U

p1 ⊆ P1N1, a
contradiction.

Suppose x ∈ P1. Let P2 be the subgroup generated by P1, U and t. Then
x ∈ P1 ( P2. Since P1U is a subgroup of HK, P1U is finitely generated abelian.
Furthermore t−1P1Ut = P1U and hence P2/P1U ∼=< t >. Therefore, P2 is poly-
cyclic and thus is conjugacy separable ([9, 14]). Hence there exists N2/f P2 such that
x /∈ {y}P2N2. But then Up2 ⊆ N2 for some integer p2. From (3.1), x = t−rp2 ytrp2 up2

where rp2 ∈ Z, up2 ∈ Up2 . Hence x ∈ P2U
p2 ⊆ P2N2, a contradiction.

Case 2. x ∈ A − (H ∪ K), y ∈ A or x ∈ A, y ∈ A − (H ∪ K). We shall only show
the case x ∈ A − (H ∪ K), y ∈ A. Since A is subgroup separable and conjugacy
separable, there exists MA /f A such that x /∈ HMA ∪KMA and x /∈ {y}AMA. But
then Up ⊆ MA for some integer p. Since x ∼Gp

y in Gp, then by Theorem 2.3,
x = a−1ya for some a ∈ A, since Hp and Kp are in the center of Ap. But then
x ∈ {y}AUp ⊆ {y}AMA, a contradiction.

Case 3. Suppose that ‖x‖ = n ≥ 1, ‖y‖ = m ≥ 1 where n 6= m. By the
choice of x and y as elements of minimal length in their respective conjugacy
classes, x and y are cyclically reduced. Let x = x0t

ε1x1 . . . tεn−1xn−1t
εn and y =

y0t
ε′1y1 . . . tε

′
m−1ym−1t

ε′m in cyclically reduced forms. Since A is subgroup separable,
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there exists MA /f A such that xi, yj /∈ HMA for those xi, yj /∈ H and xi, yj /∈ KMA

for those xi, yj /∈ K. But then Up ⊆ MA for some integer p. By assumption
x ∈ {y}GUp. Hence in Gp, x and y are cyclically reduced with ‖x‖ = n and
‖y‖ = m and x ∈ {y}Gp . But x /∈ {y}Gp since x has length n while the cyclically
reduced elements in {y}Gp have length m 6= n. Hence, we have a contradiction.

Case 4. Suppose ‖x‖ = ‖y‖ = n ≥ 1. Let x = x0t
ε1x1 . . . tεn−1xn−1t

εn and y =
y0t

ε′1y1 . . . tε
′
n−1yn−1t

ε′n in cyclically reduced forms. Note that x ∈ {y}G if and only
if x ∈ {y(j)}X for some j = 0 . . . , n−1 and y(j) = yjt

ε′j+1yj+1 . . . tε
′
n+j−1yn+j−1t

ε′n+j ,
the subscripts are taken modulo n, where εi = ε′j+i, for all i and X = H if εn = −1
and X = K if εn = 1 (see Theorem 2.1). For each j = 0 . . . , n − 1, we shall show
that there is an integer pj ≥ 1 such that x /∈ {y(j)}XUpj . For simplicity, we shall
only show the case j = 0, that is y(j) = y(0) = y. The other cases are similar.

Clearly x /∈ {y}HK . Suppose that x ∈ {y}HKUp for all p ≥ 1. Since x ∈ {y}HKU
we have x = v−1yvu = v−1yuv for some v ∈ HK, u ∈ U . Therefore, yu /∈ {y}HK

and yu ∈ {y}HKUp for all p ≥ 1. Hence, yu = v−1
p yvpup where vp ∈ HK, up ∈ Up

for all p ≥ 1.
Let Q be the subgroup generated by all the vp. Then Q is a finitely generated

abelian subgroup in the center of A. Note that [y, vp] = y−1v−1
p yvp = uu−1

p ∈ U for
all p ≥ 1. By using the identity [y, vp1vp2 ] = [y, vp2 ]v

−1
p2

[y, vp1 ]vp2 and the fact that
U is in the center of A, we deduce that [y, vp1vp2 ] = [y, vp1 ][y, vp2 ]. Furthermore
[y, vp]−1 = (uu−1

p )−1 = upu
−1 = [y, v−1

p ]. Therefore [y, q1q2] = [y, q1][y, q2] and
[y, q1]−1 = [y, q−1

1 ] for all q1, q2 ∈ Q. Thus [y, Q] = {[y, q] ; q ∈ Q} is a subgroup
in U . Clearly [y, Q] is finitely generated. Now if u ∈ [y, Q], then u = y−1q−1yq for
some q ∈ Q and hence yu = q−1yq ∈ {y}HK , a contradiction. Therefore u /∈ [y, Q].
Since G is subgroup separable, there exists N /f G such that u /∈ [y, Q]N . But then
Up′ ⊆ N for some integer p′ ≥ 1. From above, u = y−1v−1

p′ yvp′up′ where vp′ ∈ Q,
up′ ∈ Up′ . Hence u ∈ [y, Q]Up′ ⊆ [y, Q]N , a contradiction. Hence x /∈ {y}HKUp for
some p ≥ 1. In particular x /∈ {y}XUp for some p ≥ 1.

Thus, we have found integers pj ≥ 1 such that x /∈ {y(j)}XUpj for each j =
0 . . . , n− 1. Let pn ≥ 1 be the integer such that xi, yj /∈ HUpn for those xi, yj /∈ H
and xi, yj /∈ KUpn for those xi, yj /∈ K. Let p = p0p1 . . . pn−1pn. By assumption
x ∈ {y}GUp. Then in Gp, x and y are cyclically reduced with ‖x‖ = ‖y‖ = n and
x ∈ {y}Gp . But this implies that x ∈ {y(j)}XUp ⊆ {y(j)}XUpj , a contradiction.
The proof is now completed.

Lemma 3.4. Let F be a polycyclic-by-finite group. Then F/D is conjugacy separable
for each subgroup D in the center of F .

Proof. Let A be the polycyclic group such that F/A is finite. Note that F/D is
a finite extension of AD/D and AD/D ∼= A/(A ∩ D). Since A/(A ∩ D) is also
polycyclic, F/D is polycyclic-by-finite. Hence F/D is conjugacy separable ([9, 14]).

Now we prove Theorem 3.3 which shows the equivalence of subgroup separability
and conjugacy separability in this type of HNN extensions.
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Theorem 3.3. Let G = 〈t, A; t−1Ht = K, ϕ〉 be an HNN extension where A is a
polycyclic-by-finite group. Suppose H and K are finitely generated subgroups in the
center of A, H 6= A 6= K and H ∩K is a subgroup of finite index in H and K. Then
G is subgroup separable if and only if G is conjugacy separable.

Proof. Suppose G is subgroup separable. Then by Lemma 3.4 and Theorem 3.2, G
is conjugacy separable.

Suppose G is conjugacy separable. Then G is residually finite. By [18], either
H = K or H * K and K * H. Suppose H = K. By taking U = H in Corollary
3.2, G is subgroup separable.

Suppose H * K and K * H. This implies that H 6= HK 6= K. Then G′ =
〈t, HK; t−1Ht = K, ϕ〉 is a subgroup of G and is residually finite. Since H and
K have finite index in HK, by [1], there exists a finitely generated subgroup U of
finite index in H such that ϕ(U) = U . Hence, G is subgroup separable by Corollary
3.2.

From Corollary 3.2 and Theorem 3.3, we obtain the following characterization on
conjugacy separability.

Corollary 3.3. Let G = 〈t, A; t−1Ht = K, ϕ〉 be an HNN extension where A is a
polycyclic-by-finite group. Suppose H and K are finitely generated subgroups in the
center of A, H 6= A 6= K and H ∩K is a subgroup of finite index in H and K. Then
G is conjugacy separable if and only if there exists a finitely generated subgroup U
of finite index in H such that ϕ(U) = U .

By analyzing its proof, Theorem 3.3 can be stated as follows:

Corollary 3.4. Let G = 〈t, A; t−1Ht = K, ϕ〉 be as in Theorem 3.3. Then the
followings are equivalent:

(a) G is residually finite,
(b) G is subgroup separable,
(c) G is conjugacy separable.
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