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Abstract. In this note, we give characterizations for certain HNN extensions
of polycyclic-by-finite groups with central associated subgroups to be subgroup
separable and conjugacy separable. We shall do this by showing the equiva-
lence of subgroup separability and conjugacy separability in this type of HNN
extensions.
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1. Introduction

In this note, we give characterizations for certain HNN extensions of polycyclic-
by-finite groups with central associated subgroups to be subgroup separable and
conjugacy separable. We shall do this by showing the equivalence of subgroup
separability and conjugacy separability in this type of HNN extensions.

A group G is called subgroup separable if, for each finitely generated subgroup
M and for each x € G\M, there exists a normal subgroup N of finite index in
G such that z ¢ MN. Tt is well known that free groups, polycyclic groups and
surface groups are subgroup separable (M. Hall [10], Mal’cev [11], Scott [16, 17]).
Finite extensions of subgroup separable groups are again subgroup separable. Hence,
polycyclic-by-finite groups, free-by-finite groups and Fuchsian groups are subgroup
separable.

A group G is said to be conjugacy separable if for each pair of elements x,y € G
such that = and y are not conjugate in G, there exists a normal subgroup N of
finite index in G such that Nz and Ny are not conjugate in G/N. Blackburn [4]
proved that the finitely generated nilpotent groups are conjugacy separable. Later,
Formanek [9] and Remeslennikov [14] independently extended this result by proving
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that polycyclic-by-finite groups are conjugacy separable. Dyer in [8] proved that
free-by-finite groups are conjugacy separable.

We shall investigate the subgroup separability and conjugacy separability of HNN
extensions since not many HNN extensions are known to be subgroup separable
and conjugacy separable. Indeed one of the simplest type of HNN extensions, the
Baumslag-Solitar group, (h,t;t~*h?t = h3) is not even residually finite [3]. However,
more recently, Metaftsis and Raptis [12] gave a characterization for the subgroup
separability of HNN extensions of finitely generated abelian groups. Before that,
Raptis, Talelli and Varsos [13] proved that the equivalence of residual finiteness and
conjugacy separability in HNN extensions of finitely generated abelian groups and
certain HNN extensions of finitely generated torsion free nilpotent groups.

Our main results will be Corollary 3.2, Corollary 3.3 and Theorem 3.3. Let
G = (t,A;t7'Ht = K, ) be an HNN extension where A is a polycyclic-by-finite
group with H and K being proper finitely generated central subgroups of A. Corol-
lary 3.6 and Corollary 3.3 give characterizations for G to subgroup separable and
conjugacy separable respectively. Theorem 3.3 establishes the equivalence of sub-
group separability and conjugacy separability in the HNN extension G.

Theorem 3.3 is proved via Theorem 3.1 and Theorem 3.2. Theorem 3.1 states
that G = (t, A;t'Ht = K, ¢) where H and K are proper central subgroups of A, is
subgroup separable if and only if both the group A and the subgroup (HNN exten-
sion) G; = (t, HK;t"'Ht = K, ) are subgroup separable. Theorem 3.1 partially
extends the results of Metaftsis and Raptis [12].

Let G = (t, A;t 'Ht = K, ¢) be an HNN extension as in Theorem 3.3. Theorem
3.2 states that if G is subgroup separable and A is a group such that A/D is conju-
gacy separable for each finitely generated central subgroup, D, then G is conjugacy
separable.

The notation used here is standard. In addition, the following will be used for
any group G:

N <y G means N is a normal subgroup of finite index in G.
x ~¢g y means x and y are conjugate in G.
{y}¢ = {g7'yg ; g € G} denotes the conjugacy class of y in G.

G = (t,A;t7'Ht = K, ¢) shall denote an HNN extension where A is the base
group, H, K are the associated subgroups, and ¢ is the associated isomorphism
p:H— K.

llg|| denotes the length of the element g in G = (¢, A;t " *Ht = K, ).

2. Preliminaries
We begin with two definitions.

Definition 2.1. A group G is called H-separable for the subgroup H if for each
x € G\H, there exists N <y G such that x ¢ HN.

Equivalently, G is H-separable if (| NH = H.

N<]fA
G is termed subgroup separable if G is H-separable for every finitely generated sub-
group H.
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Definition 2.2. A group G is said to be conjugacy separable if for each pair of
elements x,y € G such that x and y are not conjugate in G, there exists N <y G,
such that Nx and Ny are not conjugate in G/N.

Equivalently, G is conjugacy separable if for each pair x,y € G and x ¢ {y}“, there
evists N <y G such that x ¢ {y}°N.

Next, we state Theorem 2.1 which will be used in the proof of Theorem 3.1.

Theorem 2.1. [7] Let G = (t, A;t " Ht = K, ) be an HNN extension. Suppose
z,y € G and x,y are cyclically reduced. If x ~g vy, then ||z|| = ||y|| and one of the
following holds;

(a) |lz|]| = |lyll = 0 and there exists a finite sequence z1, 22, . .., zn of elements in
HUK such that © ~4 21 ~ax 22 ~Apr - ~Atx Zn ~A Y wWhere u ~4 i+ v
means one of: (u ~a v) or (u € H andv =t~ 'ut € K) or (u € K and
v=tut~! € H).

() ||zl = |lyll = n > 1 and x = ¢ ty*c where y* is a cyclic permutation of
yand c € X with X = H ife, = —1 and X = K if ¢, = 1, where ¢,
18 the power of t in the last term of x expressed in cyclically reduced form,
T =xot ... xp_1t".

3. The main results

We begin by stating three lemmas (Lemmas 3.1-3.3) on subgroup separability which
are easily proved and well known to researchers in this area. The three lemmas will
be used in the proof of Theorem 3.1.

Lemma 3.1. Let A be a subgroup separable group and H is a finitely generated
normal subgroup of A. Then A/H is subgroup separable.

Next we state a result given by Romanovskii [15].

Lemma 3.2. [15] Let G = (t, A;t " 'Ht = K, ) be an HNN extension. If K = A
and H # A, then G is not H-separable.

Remark 3.1. In this note, we consider the HNN extension G = (¢, A;t "' Ht = K, ¢)
where H and K are subgroups in the center of A. Note that if H = A = K, then A
is abelian. Furthermore, A is normal in G and G/A = < t >. Hence, G is polycyclic
and by [11], G is subgroup separable. From now on we assume that H # A # K.

Lemma 3.3 is well known and very useful. We also provide a proof.

Lemma 3.3. Let G = (t, A;t 1 Ht = K, ) be an HNN extension. If A is subgroup
separable and H and K are finite, then G is subgroup separable.

Proof. Since A is residually finite, then by [2], G is residually finite. Then there
exists M <y G such that M N H =1 as H is finite. Now let (G, X) be a graph of
groups with a single vertex v and a single edge e where G, = A and G, = H. It is
well known that its fundamental group 71 ((G, X)) = G. From the structure theorem
of Bass-Serre Theory (see [6]), we know that M is the fundamental group of a graph
of groups where the vertex groups are M Nz~ G,z = M Nz~ ! Az, where x runs over
a suitable finite set of (M, A)-double coset representatives and the edge groups are
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Mny 'G.y = M Ny tHy, where y runs over a suitable finite set of (M, H)-double
coset representatives. But the edge groups M Ny 'Hy = 1 since M <y G. So, M
is a free product of M N = ' Az and possibly a free group. By the choice of M,
M Nz~ !Ax is some conjugate of M N A and M Ny~ 'Hy = 1. Therefore, M is a free
product of a finite number of subgroup separable groups and possibly a free group.
By Burns [5] and Romanovskii [15], a free product of a finite number of subgroup
separable groups is again subgroup separable. Therefore, M is subgroup separable.
Since M is of finite index in G, then by [16], G is subgroup separable. 1

We prove our first main result which is a criterion on subgroup separability. We
shall also use Theorem 2 of Metaftsis and Raptis [12].

Theorem 3.1. Let G = (t, A;t ' Ht = K, ) be an HNN extension. Suppose H and
K are finitely generated subgroups in the center of A and H # A # K. Then G is
subgroup separable if and only if A and G = {t, HK;t"'Ht = K, ) are subgroup
separable.

Proof. Suppose G is subgroup separable. Since A and G are subgroups of G,
A and G, are subgroup separable.

Suppose A and G are subgroup separable. In order to show that G is subgroup

separable, we shall show that (| NL = L for every finitely generated subgroup L
N<ayG
of G. We will do this in several sfteps.

First, we show that there exists a subgroup U < G such that U" <G and G/U" is
subgroup separable for each n > 1. Since G is subgroup separable, then by Theorem
2 of [12], there exists a finitely generated subgroup U such that U <Gy and U has
finite index in H. Furthermore, ¢(U) = U since U<Gy. So as U is in the centre of G
and ¢(U) = U, we have U<G and U has finite index in K. Since U™ is a characteristic
subgroup of U, we have U"<4G and hence G /U™ = (t, A/U™;t 1 H/U™t = K/U", o).
By Lemma 3.1, A/U™ is subgroup separable since A is subgroup separable and U™
is finitely generated. Furthermore H/U™ and K /U™ are finite. Therefore by Lemma
3.3, G/U™ is subgroup separable. Thus we have shown that there exists a subgroup
U < @G such that U™ <G and G/U™ is subgroup separable for each n > 1.

Next, we show that if P = (| U"L, then PN H = LN H. Now PNH =

n>1
NW"LNH)= () U"LNH)since U™ C H. Since H is a finitely generated
n>1 n>1
abelian group and L N H is finitely generated, (| Ng(LNH) = LN H. This
NH<1fH
implies that (| U"(LNH) = LN H since given any Ny <y H there exists an integer
n>1

n > 1 such that U™ C Ng. Thus PN H =LNH.

Next, we show that (| U"L = L, for every finitely generated subgroup L of G.

n>1
Let p e P = () U"L. Then p = uy,l, for some u, € U" and l,, € L. So pl;! =
n>1

un, € H. But pl;! € P since l,, € L C P. This implies that pl,' € PNH =LNH
and therefore p € L. Hence () U"L = L.

n>1
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Finally, we show that (| NL = L for every finitely generated subgroup L of G.
N<1fG
Since G/U™ is subgroup separable, (| (U"N/U™)(U™L/U™) = (U"L/U™). But
N<1fG

N (U"N/UMU™L/U™) = (N UNL | /U™ This implies that [ NL C
NQ_fG N<1fG NGfG
U™L for every n > 1 and therefore (| NLC () U"L = L. Hence, (| NL=L.
N«yG n>1 N«yG
The proof of the theorem is now completed. 1
Again by applying the results of Metaftsis and Raptis [12], we obtain the following
characterisations on subgroup separability.

Corollary 3.1. Let G = (t,A;t"'Ht = K,¢) be an HNN exstension. Suppose H
and K are finitely generated subgroups in the center of A and H # A # K. Then G
is subgroup separable if and only if A is subgroup separable and H N K is a subgroup

of finite index in H and K and there exists a finitely generated subgroup U such that
U has finite index in H N K and o(U) =U.

Proof. By Theorem 3.1, G is subgroup separable if and only if A and G; =
(t, HK;t 1 Ht = K, ) are subgroup separable. By Theorem 2 of [12], G is subgroup
separable if and only if H N K is a subgroup of finite index in H and K and there
exists a finitely generated normal subgroup U of GG such that U has finite index in
H N K. Since U is normal in Gy, we have p(U) = U. 1

Since polycyclic-by-finite groups, free-by-finite groups and Fuchsian groups are
subgroup separable (M. Hall [10], Mal’cev [11], Scott [16, 17], we have the following
corollary.

Corollary 3.2. Let G = (t, A;t 'Ht = K, p) be an HNN extension where A is a
polycyclic-by-finite group or a free-by-finite group or a Fuchsian group. Suppose H
and K are finitely generated subgroups in the center of A and H # A # K. Then
G is subgroup separable if and only if H N K is a subgroup of finite index in H and
K and there exists a finitely generated subgroup U of finite index in H such that
pU)=U.

Next we prove our second main result which shows a connection between subgroup
separability and conjugacy separability in certain HNN extensions.

Theorem 3.2. Let G = (t, A;t 'Ht = K, ) be an HNN extension where A is a
group such that A/D is conjugacy separable for all finitely generated subgroups D in
the center of A. Suppose H and K are finitely generated subgroups in the center of
A and H # A # K. If G is subgroup separable then G is conjugacy separable.

Proof. Since G is subgroup separable, then by Corollary 3.1, A is subgroup separable
and there exists a finitely generated subgroup U of finite index in H such that
©(U) = U. Note that U"<yH, U"<G and G/U™ = (t, A/U™;t ' H/U"t = K/U", ¢)
for all n > 1. Furthermore G/U™ is conjugacy separable by [8]. We shall write G,, =
G/U" A, = AJU"H, = H/U" and K,, = K/U". Hence, G, = (t,A,;t 'H,t =
K,, ).



30 P. C. Wong and K. B. Wong

Let z,y € G and = ¢ {y}“. We may assume = and y have minimal length in
{2} and {y}©, respectively. If z ¢ {y}CU"™ for some n > 1, we are done, for G /U™
is conjugacy separable by [8].

Suppose that = € {y}“U™ for all n > 1. We shall show that this case cannot occur.

Case 1. z,y € HU K. Since v € {y}“U, we have x = g~ lygu for some u € U,
g € G. But {y}¢ = {g7'yg}¥ and so we may assume that z = yu.

Since T ~z Y in G, for each m > 1, then by Theorem 2.1, there exists a
finite sequence Z1,Za, ..., Zn of elements in H,, U K,, such that T ~AL ZL VA, e

Zo ~F, 4 A, e Zn ~7F, Y. Since Hp, and Ky, are in the center of A,
T =t "myt"™ where r,, € Z. So for each m > 1,

~

(3.1) yu=x =t ""yt""u,y,, where r,, € Z and u,, € U™.

Suppose the set of integers W = {r,,} is finite. Since G is subgroup separable,
there exists N <y G such that = ¢ ¢t "yt“N for all w € W. But then U? C N
for some integer p. From (3.1), x = t~"»yt"ru, where r, € W, u, € UP. Hence
x €t "ryt"™» N, a contradiction.

We assume the set W is infinite. From (3.1), t~"»yt"™ = yuu,! € HU K and
trmyt="m = yt'myu,u~ "™ € HU K, since U <G. Suppose t~*yt* ¢ H U K for
some s > 0. Since W is infinite, there exists a m; such that ¢ = |r,,,| > s. But
t~yt® € HU K, a contradiction. Similarly if t~*yt®* ¢ H U K for some s < 0, we
also get a contradiction.

Therefore t*yt* € H U K for all integer s. Let P; be the subgroup generated
by t~®yt®, s € Z. Suppose x ¢ P;. Since G is subgroup separable, there exists
N1 <y G such that « ¢ PyN;. But then UP* C N; for some integer p;. From
(3.1), x = t~"ryt"r1uy,, where r,, € Z, u,, € UP'. Hence, z € P,UP* C PNy, a
contradiction.

Suppose x € P;. Let P, be the subgroup generated by Py, U and t. Then
x € P C P,. Since P,U is a subgroup of HK, P,U is finitely generated abelian.
Furthermore ¢t ! P,Ut = P,U and hence P,/P,U =< t >. Therefore, P, is poly-
cyclic and thus is conjugacy separable ([9, 14]). Hence there exists No<y P» such that
z & {y}2 No. But then UP2 C N» for some integer po. From (3.1), x = t "2 yt"r2u,,
where 1, € Z, up, € UP2. Hence x € P,UP? C P, N», a contradiction.

Case 2. 1€ A—(HUK),ye Aorxz € A,y € A— (HUK). We shall only show
the case x € A — (HUK),y € A. Since A is subgroup separable and conjugacy
separable, there exists M4 <y A such that x ¢ HM4 UKM4 and x ¢ {y}AMA. But
then UP C M, for some integer p. Since T ~G, U in Gp, then by Theorem 2.3,
7 = @ 'ya for some a € A, since H, and K, are in the center of A,. But then
x € {y}AUP C {y}* M4, a contradiction.

Case 3. Suppose that ||z|| = n > 1, |ly|| = m > 1 where n # m. By the
choice of x and y as elements of minimal length in their respective conjugacy
classes, * and y are cyclically reduced. Let x = xotxy...t" 12, 1t and y =
Yoty . . Aot Ym—1tem in cyclically reduced forms. Since A is subgroup separable,
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there exists M4 <1y A such that z;,y; ¢ HMy4 for those z;,y; ¢ H and z;,y; ¢ KMa
for those z;,y; ¢ K. But then UP C M, for some integer p. By assumption
r € {y}¢UP. Hence in G,, T and y are cyclically reduced with ||Z| = n and
|7l = m and T € {7}C». But T ¢ {7} since Z has length n while the cyclically
reduced elements in {g}ap have length m # n. Hence, we have a contradiction.

Case 4. Suppose Hm

lyl| = n > 1. Let x = zotxy ...t tzy,_1t and y =
yotﬁ Y1 ..ty 1t in cyclically reduced forms. Note that x 6 {y}“ if and only
ifze {y X for some j = 0...,n—1 and y\9) = y;¢° J+1y]+1 tntie Vg1t i,
the subscripts are taken modulo n, where ¢; = ej s foralliand X = H if ¢, = —1
and X = K if ¢, = 1 (see Theorem 2.1). For each j = 0...,n — 1, we shall show
that there is an integer p; > 1 such that = ¢ {y}XUPi. For simplicity, we shall
only show the case j = 0, that is /) = 3(©) = 4. The other cases are similar.

Clearly x ¢ {y}"¥. Suppose that = € {y} K UP for all p > 1. Since z € {y} XU
we have z = v~ yvu = v~ lyuv for some v € HK, u € U. Therefore, yu ¢ {y}1&
and yu € {y}*XUP for all p > 1. Hence, yu = v, *yvyu, where v, € HK, u, € UP
for all p > 1.

Let @ be the subgroup generated by all the v,. Then @ is a finitely generated
abelian subgroup in the center of A. Note that [y, v,] = y’lvzjlyvp = uu;1 e U for
all p > 1. By using the identity [y, vy, vp,] = [y, Vp, )0, [y, Up, JUp, and the fact that
U is in the center of A, we deduce that [y, vp, vp,] = [y, vp, ][y, vp,]. Furthermore
o = ) = ! = oy . Therelore el = (o] and
[y, 1] ™" = [y,q;"] for all q1,q2 € Q. Thus [y,Q] = {[y,q] ; ¢ € Q} is a subgroup
in U. Clearly [y, Q] is finitely generated. Now if u € [y, Q], then v = y~1q lyq for
some ¢ € @ and hence yu = ¢ lyq € {y}*X a contradiction. Therefore u ¢ [y, Q).
Since G is subgroup separable, there exists N <y G such that u ¢ [y, Q]N. But then
UP C N for some integer p’ > 1. From above, u = yilvglyvp/up/ where vy € Q,
u, € UP'. Hence u € [y, QU C [y, Q]N, a contradiction. Hence = ¢ {y}5UP for
some p > 1. In particular z ¢ {y}*UP for some p > 1.

Thus, we have found integers p; > 1 such that = ¢ {y)}XUPi for each j =
0...,n—1. Let p, > 1 be the integer such that z;,y; ¢ HUP" for those z;,y; ¢ H
and z;,y; ¢ KUP for those x;,y; ¢ K. Let p = pop1...pn—1Pn. By assumption
r € {y}“UP. Then in G,, T and ¥ are cyclically reduced with ||Z| = ||7| = n and
7 € {g}. But this implies that x € {yW}XUP C {yW}XUPi  a contradiction.
The proof is now completed. 1

Lemma 3.4. Let F be a polycyclic-by-finite group. Then F/D is conjugacy separable
for each subgroup D in the center of F.

Proof. Let A be the polycyclic group such that F'/A is finite. Note that F/D is
a finite extension of AD/D and AD/D = A/(AN D). Since A/(AN D) is also
polycyclic, F'/D is polycyclic-by-finite. Hence F/D is conjugacy separable ([9, 14]).

1

Now we prove Theorem 3.3 which shows the equivalence of subgroup separability
and conjugacy separability in this type of HNN extensions.
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Theorem 3.3. Let G = (t,A;t"'Ht = K, ) be an HNN extension where A is a
polycyclic-by-finite group. Suppose H and K are finitely generated subgroups in the
center of A, H # A # K and HNK is a subgroup of finite index in H and K. Then
G is subgroup separable if and only if G is conjugacy separable.

Proof. Suppose G is subgroup separable. Then by Lemma 3.4 and Theorem 3.2, G
is conjugacy separable.

Suppose G is conjugacy separable. Then G is residually finite. By [18], either
H=Kor H{ZK and K ¢ H. Suppose H = K. By taking U = H in Corollary
3.2, G is subgroup separable.

Suppose H ¢ K and K ¢ H. This implies that H # HK # K. Then G’ =
(t, HK;t *Ht = K, ) is a subgroup of G and is residually finite. Since H and
K have finite index in HK, by [1], there exists a finitely generated subgroup U of
finite index in H such that ¢(U) = U. Hence, G is subgroup separable by Corollary
3.2. 1

From Corollary 3.2 and Theorem 3.3, we obtain the following characterization on
conjugacy separability.

Corollary 3.3. Let G = (t, A;t " 'Ht = K,¢) be an HNN extension where A is a
polycyclic-by-finite group. Suppose H and K are finitely generated subgroups in the
center of A, H # A # K and HNK 1is a subgroup of finite index in H and K. Then
G is conjugacy separable if and only if there exists a finitely generated subgroup U
of finite index in H such that o(U) =U.

By analyzing its proof, Theorem 3.3 can be stated as follows:

Corollary 3.4. Let G = (t, A;t 7 *Ht = K,¢) be as in Theorem 3.3. Then the
followings are equivalent:

(a) G is residually finite,
(b) G is subgroup separable,
(¢) G is conjugacy separable.

References

(1] S. Andreadkis, E. Raptis and D. Varsos, Residual finiteness and hopficity of certain HNN
extensions, Arch. Math. 47(1986), 1-5. 9-17.

[2] B. Baumslag and M. Tretkoff, Residually finite HNN extensions, Comm. in Algebra 6(1978),
179-194.

[3] G. Baumslag and D. Solitar, Some two-generator non-hopfian groups, Bull. Amer. Math. Soc.
68(1962), 199-201.

[4] N. Blackburn, Conjugacy in nilpotent groups, Proc. Amer. Math. Soc. 16(1965), 143-148.

[5] R. G. Burns, On finitely generated subgroups of free products, J. Austral. Math. Soc. 12(1971),
358-364.

[6] D. E. Cohen, Combinatorial group theory: a topological approach, LMS Student Texts.
14(1989).

[7] D. Collins, Recursively enumerating degree and the conjugacy problem, Acta. Math.
122(1969), 115-160.

[8] J. L. Dyer, Separating conjugates in amalgamated free products and HNN-extensions, J. Aus-
tral. Math. Soc. (Series A), 29(1980), 35-51.

[9] E. Formanek, Conjugate separability in polycylic groups, J. Algebra 42(1976), 1-10.

[10] M. Hall, Coset representation in free groups, Trans. Amer. Math. Soc. 67(1949), 421-432.



(11]
(12]
(13]
[14]
(15]
(16]
(17]

(18]

Subgroup Separability and Conjugacy Separability 33

A. Mal’cev, On homomorphisms onto finite groups, Transl. Amer. Math. Soc. 119(2)(1983),
67-79.

V. Metaftsis and E. Raptis, Subgroup separability of HNN extensions with abelian base group,
J. Algebra 245(2001), 42-49.

E. Raptis, O. Talelli and D. Varsos, On the conjugacy separability of certain graphs of groups,
J. Algebra 199(1998), 327-336.

V. N. Remeslennikov, Groups that are residually finitewith respect to conjugacy, Siberian
Math. J. 12(1971), 783-792.

N. S. Romanovskii, On the finite residuallity of free products, relative to an embedding, Izv.
Akad. Nauk SSSR Ser. Mat. 33(1969), 1324-1329.

P. Scott, Subgroups of surface groups are almost geometric, J. London Math. Soc. 17(1978),
555-565.

P. Scott, Corrections to ”Subgroups of surface groups are almost geometric”, J. London Math.
Soc. 32 (1985), 217-220.

P. C. Wong and K. B. Wong, The residual finiteness of certain HNN extensions, Bull. Korean
Math. Soc. 42(2005), 553-559.



