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1. Introduction and preliminaries

The notion of fuzzy sets was introduced by Zadeh [23]. Various concepts of fuzzy
metric spaces were considered in [7, 8, 13, 14]. Many authors have studied fixed
point theory in fuzzy metric spaces; see for example [3, 4, 11, 12, 16, 17]. In the
sequel, we shall adopt the usual terminology, notation and conventions of L-fuzzy
metric spaces introduced by Saadati et al. [19] which are a generalization of fuzzy
metric spaces [10] and intuitionistic fuzzy metric spaces [18, 20].

Definition 1.1. [11] Let £ = (L, <) be a complete lattice, and U a non-empty set
called a universe. An L-fuzzy set A on U is defined as a mapping A:U — L. For
each u in U, A(u) represents the degree (in L) to which u satisfies A.

Lemma 1.1. [5, 6] Consider the set L* and the operation <r- defined by:
L* = {(z1,22) : (w1,72) € [0,1]? and z1 + x2 < 1},

(x1,22) <p+ (y1,9y2) < x1 < y1 and x2 > yo, for every (x1,x2), (y1,y2) € L*.
Then (L*,<p«) is a complete lattice .

1], <) is defined as an increasing, commu-

Classically, a triangular norm 7" on ([0, 1],
[0, 1] satisfying T'(1,z) = x, for all z € [0, 1].

tative, associative mapping T : [0,1]* —
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These definitions can be straightforwardly extended to any lattice £ = (L, <p,). De-
fine first 0, = inf L and 1, = sup L.

Definition 1.2. A triangular norm (t-norm) on L is a mapping T : L?> — L
satisfying the following conditions:
(1) Ve e L)(T(z,1z) = x); (boundary condition)
(2) (V(z,y) € L*)(T (x,y) =T (y,x)); (commutativity)
(3) (V(z,y,2) € L3 (T (2, T (y,2)) = T(T(x,y),2)); (associativity)
(4) (W', 9,5/) € LY@ <1 7' ond y <1, y' = T(w,y) <1, T(@,y/)).
(monotonicity)

A t—norm 7 on L is said to be continuous if for any =,y € £ and any sequences
{z,} and {y,} which converge to z and y we have

lim T(:Z:n, yn) = T(x, y)

For example, 7 (x,y) = min(z,y) and 7 (x,y) = xy are two continuous t—norms on

[0,1]. A t-norm can also be defined recursively as an (n + 1)-ary operation (n € N)
by 7' =T and

T (x1, ,Tpy1) = T(T”fl(ml, Ce ), Tpg1)
forn>2and x; € L.

Definition 1.3. A negation on L is any decreasing mapping N : L — L satisfying
N(Og) =1z and N(1z) =0z . IfN(N(x)) =z, for all x € L, then N is called an
involutive negation.

Definition 1.4. The 3-tuple (X, M, T) is said to be an L-fuzzy metric space if X is
an arbitrary (non-empty) set, T is a continuous t-norm on L and M is an L-fuzzy
set on X?x )0, +o0| satisfying the following conditions for every x,y,z in X and t,s
in )0, +oo['
(Z‘, y,t) >1 Of;

(z,y,t) = 1z for allt > 0 if and only if x = y;
(z,y, ) My, z,t);

\_/\_/

Let (X, M, T) be an L-fuzzy metric space. For t € ]0,4+o00[, we define the open
ball B(x,r,t) with center x € X and a fixed radius r € L\ {0z, 1.}, as
B(x,r,t) ={y € X : M(z,y,t) >, N(r)}.

A subset A C X is called open if for each z € A, there exist ¢ > 0 and r € L\{0¢, 1.}
such that B(z,r,t) C A. Let 7o denote the family of all open subsets of X. Then
Tam 1s called the topology induced by the L-fuzzy metric M.

Example 1.1. [21] Let (X, d) be a metric space. Denote 7 (a,b) = (a1by, min(as +
by, 1)) for all a = (a1,a2) and b = (by,b2) in L* and let M and N be fuzzy sets on
X?x]0,4+00[ be defined as follows:

MM,N(x7y>t) = (M(‘T,yat)aN(x Y, )) <

t d(z,y) )
t+d(z,y) t+d(z,y))’
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Then (X, My, n,7T) is an intuitionistic fuzzy metric space.

Example 1.2. [1] Let (X, d) be a metric space. Denote 7 (a,b) = (a1b1, min(ag +
b, 1)) for all a = (a1,a2) and b = (by,be) in L* and let M and N be fuzzy sets on
X2 x (0,00) defined as follows:

MM,N(Z‘,y,t) = (M(xvyvt);N(l‘,yat)) = ( ht" md(aj,y) ) :

™ + md(z,y) ht™ + md(z,y)
for all t,h,m,n € RT. Then (X, My n,7) is an intuitionistic fuzzy metric space.

Lemma 1.2. [10] Let (X, M,T) be an L-fuzzy metric space. Then, M(x,y,t) is
nondecreasing with respect to t, for all x,y in X.

Definition 1.5. A sequence {x, }nen in an L-fuzzy metric space (X, M, T) is called
a Cauchy sequence, if for each e € L\ {0z} and t > 0, there exists ng € N such that
forallm>mn>mng (n >m > ng),

M2, T, t) > N(e).
The sequence {x,}nen s said to be convergent to x € X in the L-fuzzy metric

space (X, M, T) (denoted by x, M, x) if M(zp,x,t) = M(z,zp,t) — 1z whenever
n — 4oo for every t > 0. A L-fuzzy metric space is said to be complete if and only
if every Cauchy sequence is convergent.

Henceforth, we assume that 7 is a continuous ¢-norm on the lattice £ such that
for every € L\ {0z,1.}, thereis a A € L\ {0O¢, 1.} such that

TN, N(N) > N ().
For more information see [19].

Definition 1.6. Let (X, M, T) be an L-fuzzy metric space. M is said to be contin-
uous on X x X x]0, 00| if

llm M(mrwynutn) = M(x>y7t)

whenever a sequence {(xn, Yn,tn)} in X x X x]0,00[ converges to a point (z,y,t) €
X x X x]0,00][ i.e., lim, M(xy,,x,t) =lim, M(yn,y,t) = 1z and lim, M(z,y,t,) =
M(z,y,1).

Lemma 1.3. Let (X, M, T) be an L-fuzzy metric space. Then M is a continuous
function on X x X x]0, 00].

Proof. The proof is the same as that for fuzzy spaces (see Proposition 1 of [15]). 1

Definition 1.7. Let A and S be mappings from an L-fuzzy metric space (X, M, T)
into itself. Then the mappings are said to be weak compatible if they commute at
their coincidence point, that is, Ax = Sx implies that ASx = SAx.

Definition 1.8. Let A and S be mappings from an L-fuzzy metric space (X, M, T)

into itself. Then the mappings are said to be compatible if

lim M(ASx,, SAz,,t)=1,,Yt >0

n—oo
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whenever {x,} is a sequence in X such that

lim Az, = lim Sz, =z € X.

n—oo n—oo

Proposition 1.1. [22] If self-mappings A and S of an L-fuzzy metric space (X, M, T)
are compatible, then they are weak compatible.

Lemma 1.4. [1, 19] Let (X, M,T) be an L-fuzzy metric space. Define Ex a :
X2 — RTU{0} by

Exm(z,y) =inf{t > 0: M(z,y,t) > N(N\)}
for each A € L\ {0z,1.} and x,y € X. Then we have
(i) For any pn € L\ {0z, 1.} there exists A\ € L\ {0¢, 12} such that
Bym(w1,2,) < Ex m(21,22) + Ex pm(w2,23) 4 + Ex pm(Tn—1, %)

for any x1,...,x, € X;
(ii) The sequence {x,}nen 8 convergent to x w.r.t. L-fuzzy metric M if and
only if Ex m(zpn,x) — 0.

Also the sequence {xp}nen is Cauchy w.r.t. L-fuzzy metric M if and only if it is
Cauchy with Ex .

Lemma 1.5. Let (X, M,T) be an L-fuzzy metric space. If
M(xp, Tpi1,t) >0 M(zo, 21, k")
for some k > 1 and n € N. Then {x,} is a Cauchy sequence.
Proof. For every A € L\ {0z,12} and z,, € X, we have
Exm(@pt1,2,) = nf{t >0 : M(zpt1,20,t) > N(A)}
< inf{t >0 : M(zo,z1,k™t) > N(\)}
- inf{kin . M(xo,21,t) > N(V)}

AN

kininf{t>0 i M(zo,21,t) > N(N)}
1

= kjEx,M(xo,I1)-

From Lemma 1.4, for every u € L\ {0, 1.} there exists A € L\ {0z, 12}, such that

E/L,M (‘Tm xm) < EA,M (In, In-‘rl) + E/\,M ('In-‘rlv xn+2) + -+ EA,M (l'm—lv xm)

1 1 1
< kjEAM(wo,$1) anE,\ m(To, 1) + - '+WE>\,M<$0,$1)
= Exm(zo,21) Z 5 0
Hence sequence {z,} is a Cauchy sequence. 1

Definition 1.9. [9] We say that the L-fuzzy metric space (X, M, T) has property
(C), if it satisfies the following condition:

M(z,y,t) =C, forall t >0 implies C =1p.
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2. Main Result

Theorem 2.1. Let A, B,S and T be self-mappings of a complete L-fuzzy metric
space (X, M, T), which has property (C), satisfying:
(i) A(X) CT(X), B(X)C S(X) and T(X),S(X) are two closed subsets of X;
(i) the pairs (A,S) and (B,T) are weak compatible;
(iii) M(Az, By,t) > M(Sz, Ty, kt), for every x,y in X and some k > 1.
Then A, B, S and T have a unique common fixed point in X.
Proof. Let zy € X be an arbitrary point in X. By (i), there exists z1,29 € X

such that yg = Axg = Tx1, y1 = Bxy = Szs. Inductively, construct sequences
{yn} and {.Z’n} in X such that Yon = Al‘gn = TIQn_H, Yon41 = BI2n+1 = S$2n+2,

for n = 0,1,2,---. Now, we prove that {y,} is a Cauchy sequence. Let d,,(t) =
MYy Ym+1,1t), t > 0. Then, we have
dQTL(t) = M(an, Yon+1, t) = M(A$2n, B$2n+1, t)

> M(Szop, Txoni1, kt) = M(Y2n—1, Yon, kt) = don—1(kt).

Thus da, () >1, don—1(kt) for every m = 2n € N and V¢t > 0. Similarly for an odd
integer m = 2n + 1, we have da,,11(¢t) > don(kt). Hence, for every n € N, we have
dn(t) ZL dnfl(kt). That iS,

M(yn,yn+17t) ZL M(ynflayn,kt) ZL tee ZL M(y07y1; knt)

So, by Lemma 1.5, {y,,} is Cauchy and the completeness of X implies {y, } converges
to y in X. That is, lim, .o yp =y

lim y9, = lim Azg, = lim Txo,4q
n—oo n—oo n—oo
= lim yopq1 = lim Bxoyq1 = lim Szopyo =y.
n—oo n—oo n—oo

As B(X) C S(X), there exists u € X such that Su = y. By (iii), we have
M(Au, Bxapi1,t) > M(Su, Txon i1, kt).
Since M is continuous, we get (whenever n — oo in the above inequality):
M(Au,y,t) >, M(y,y,kt) = 1.

Thus M(Au,y,t) = 1., i.e. Au=y. Therefore, Au = Su=y.
Since A(X) C T'(X), there exists v € X, such that Tv = y. Thus,

M(y, Bu,t) = M(Au, Bv,t) >, M(Su,Tv, kt) = 1..

Hence Tv = Bv = Au = Su = y. Since (4,S5) is weak compatible, we conclude
that ASu = SAu, that is Ay = Sy. Also, since (B,T) is weak compatible then,
TBv = BTwv, that is Ty = By. We now prove that Ay = y. By (iii), we have

M(Ay,y,t) = M(Ay, Bu,t) > M(Sy, Tv, kt) = M(Ay,y, kt)

2L M(Aya Y, knt)
On the other hand, from Lemma 1.2 we have that
M(Ayv Y, t) SL M(Ayv Y, knt)
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Hence, M(Ay,y,t) = C for all t > 0. Since (X, M, T) has property (C), it follows
that C = 1., i.e., Ay = y, therefore Ay = Sy = y.
Similarly we prove that By = y. By (iii), we have

2L M(% By7 knt)
On the other hand, from Lemma 1.2 we have that
M(ya Bya t) SL M(y> By7 knt)
Hence, M(y, By,t) = C for all t > 0. Since (X, M, T) has property (C), it follows
that C = 1., i.e., By = y. Therefore, Ay = By = Sy = Ty = y, that is, y is a
common fixed of A, B,S and T. For uniqueness, let & be another common fixed
point of A, B, S and T i.e., x = Az = Bx = Sz = Tz. Hence
M(y,x,t) = M(Ay, Bz, t) >1 M(Sy, Tz, kt) = M(y,x, kt)

2L My, z, k")
On the other hand, from Lemma 1.2 we have that
M(ya Zz, t) <L M(:% Z, knt)

Hence, M(y,z,t) = C for all t > 0. Since (X, M, T) has property (C), it follows
that C'= 1., i.e., y = x. Therefore, y is the unique common fixed point of self-maps
A,B,S and T. 1

Theorem 2.2. Let {A;} and {B;} be two sequences of self-mappings of a complete
L-fuzzy metric space (X, M, T), which has property (C), such that,
(i) there exists io, jo € N such that A7*(X) C T(X), B} (X) C S(X) and T'(X),
S(X) are two closed subsets of X,

all i € N,
(iii) M(AJz, Bjy,t) > M(Sz, Ty, kijt), for every z,y in X, for some n,m €
N; here kijj > k> 1 fori,j=1,2,---, and t > 0.

Then, A;,B;, S and T have a unique common fized point in X for all i,j =
1.9 ...,

) )

Proof. By Theorem 2.1, S,T and A = A" and B = BJ, for some i, jo € N, have
a unique common fixed point in X. That is, there exists a unique x € X such that

S(x) =T (x) = A} (x) = B} (z) = x.
Suppose there exists j € N such that j # jo. Then we have
M(z, Biw,t) = M(Aj 2, Bia,t) > M(Sx,Ta, kijt) = 1,.

Hence, for every j € N we have Bz = x. Similarly for every i € N, we get
ATx = x. Therefore for every i, j € N, we have

Al'v=Bjlr=Sr=Tzr=u.
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To show uniqueness, assume that y is another fixed point of Aj", B}, S and T'. Then
we have

M(z,y,t) = M(Aj"x, Bi'y,t) > M(Sz, Ty, kijt) = M(x,y, kijt) = M(A]"z, Bl'y, ki;t)

ZL M(xvykajt)

> M(z,y,kit)
> Mz, y, k"t).
On the other hand, by Lemma 1.2 we have
M(z,y,t) < M(z,y, k"t).

Hence, M(z,y,t) = C for all t > 0. Since (X, M, T), has property (C), it follows
that C =1, i.e., x = y. Now, we prove that A;x = z. Since

Az = A;(Bl'x) = Bl'(A;x) and Az = A;(A'x) = ATM(Aiz),

also
Ajx = A;Sx = SA;x and Ajx = A;Te = TA;x.

That is A;x is also a common fixed point of A", B}*,.S and T. Therefore A;z = z.
Similarly, one can show that Bjz = z, i.e., x is a unique common fixed point of the

mappings A;, B;, S and T, for 4,5 = 1,2,.... This completes the proof. 1

Corollary 2.1. Let (X, M,T) be a complete L-fuzzy metric space. Let {A,} be
a sequence of mappings A; of a complete L-fuzzy metric space X, M, T) which has
property (C), into itself such that, for any two mappings A;, A;,

M(AT z, ATy, aijt) > M(z,9,1)

for some m; here 0 < a;; < k<1 fori,j=1,2,...,2,y € X andt > 0. Then the
sequence {A,} has a unique common fized point in X.

Proof. By Theorem 2.2, it is enough to set S =T = I, where [ is the identity map

1
and B} = A7'. Also we replace a;; by e 1
ij
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