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Abstract. We characterize the spectra of bounded weighted composition op-
erators acting on the weighted Banach spaces H° of analytic functions on the
unit disc defined for a radial weight v, when the symbol of the operator has a
fixed point in the open unit disc.
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1. Introduction

Let v be a strictly positive continuous function (weight) on the open unit disc D.
We consider

H® :={f e HD); ||fl := Slelgv(Z)lf(Z)l < oo}
and
H) :={f € HY; ‘ggllv(Z)lf(z)\ =0}

endowed with norm ||.||, where H(D) denotes the space of holomorphic functions
on D. For more information on this type of spaces we refer the reader to [2], [4] and
[11].

Let ¢ : D — D be an analytic self map of the unit disc. Each such map induces
through composition a linear composition operator Cy(f) = f o ¢ acting on this
type of spaces. If we choose ¢ € H(D) we obtain a weighted composition operator
Cw,w(f) =(f o).

Composition operators have been studied on various spaces of analytic functions.
We refer the reader to the monographs [7] and [14]. The case of operators defined
on weighted Banach spaces of the type defined above was treated, for example in [4],
[3] and [6]. The spectrum of a composition operator has recently been investigated
in [8], [15] and [12] as well as in [1] and [5]. More precisely, Aron and Lindstrom
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determined the spectrum of a bounded weighted composition operator acting on
weighted Banach spaces Hp® where vp(2) = (1 — |2|2)P, p > 0 (see [1]). This was
generalized by Bonet, Galindo and Lindstrém in the sense that they were able to
characterize the spectrum of a bounded composition operator defined on a weighted
Banach space Hg°, where v is a typical weight. The aim of this article is to generalize
the results of [1] and [5], i.e. to give the spectrum of a bounded weighted composition
operator acting on weighted Banach spaces HZ2° of holomorphic functions using
methods of [1] and [5].

2. Notations and Definitions

We refer the reader to [7] and [14] for notation on composition operators. The
closed unit ball of H® (resp. H?) is denoted by B® (resp. BY). Many results
on weighted spaces of analytic functions and on operators between them have to
be given in terms of the so-called associated weights (see [2]) and in terms of the
weights. For a weight v the associated weight v is defined as follows

. 1 1
M TG T e B T <11 -l
where §, denotes the point evaluation of z. The associated weights are also con-
tinuous and @ > v > 0 (see [2]). Furthermore, for each z € D there is f, € HS°,
[l fzlv < 1, such that |f.(2)] = ﬁ(lz). A weight v is called essential if there is a
constant C' > 0 with

zeD,

v(z) < 0(z) < Cv(z) for every z € D.

For examples of essential weights and conditions when weights are essential, see [2],
[4] and [3]. Especially interesting are radial weights v, i.e. weights which satisfy
v(z) = v(|z|) for every z € D. Every radial weight v which is non-increasing with
respect to |z| and such that lim, _;v(z) = 0 is called a typical weight. In the
sequel every radial weight is assumed to be non-increasing. For typical weights v
the polynomials lie dense in HY.

The essential spectrum o, x(T') of a bounded operator T' on the Banach space
X is the set of all A € C such that T" — AI is not Fredholm. It is known that
Oe,x(T) = 0e x+(T*), see [9]. The essential spectral radius is given by

Te.x(T) =sup{|A\; A € o x(T)}.
Another way of expressing the essential spectral radius is
e (T) = lim | 777
where ||T'||¢,x denotes the essential norm of T, i.e. the distance from the compact
operators on X,
IT)|e,x = inf{||T — K||; K is a compact operator on X }.

Let A € ox(T') be such that |A| > r. x(T'). Then A lies in the unbounded component
of C\o¢ x(T). Now the Fredholm theory gives that A is an isolated point of ox(T)
which also is an eigenvalue of finite multiplicity. We recall the following well-known
result (see [9]):
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Lemma 2.1. Let T : X — X be a bounded operator. If A\ € ox(T) is such that
|Al > re x(T), then X is an isolated eigenvalue of finite multiplicity.

By [6] Proposition 3.1 weighted composition operators C, 4 : Hy® — HZ° are
continuous if and only if
v(2)
sup [ (z)|=
zeD

—— < o0
0(p(2))

For a similar result see also [13]. If ||C, y|e,» denotes the essential norm of Cy, 4,
then we get

1Ce.y]

e v — lim sup |’L/J(Z)| ~ :
=1 o) > 0(p(2))

(See [6] and [13].)
3. Results

In the case of composition operators the following lemma was given by Bonet,
Galindo and Lindstrom in [5].

Lemma 3.1. Let v be a typical weight and ¢(0) = 0 as well as 0 < [¢'(0)] < 1.
Moreover, we assume that Cy . is bounded. Then ope(Cy ) contains ¢(0)e'(0)™
for non-negative integers n.

Proof. 1f 1(0) = 0, then 1(0)¢'(0)" € ops. Thus we can assume that ¢(0) # 0.
We use an argument of [10] to show that z™ € HS®, n € N, is not in the range of

Cypp —1(0)¢’'(0)"I on Hy°. Let us assume that f € H° and

F(o(2))(z) = £ (0)9(0) f(2) = =.
Then, we obtain f(0)1(0) — ¢’(0)¥(0)f(0) = 0. Since 1(0) # 0 and 0 < |¢'(0)] < 1
we obtain f(0) = 0. Now differentiation on both sides yields

U (2)f(e(2)) +9(2)¢ () (¢(2)) = ¢ (0)(0) f(2) = 1.
With z = 0 we obtain 0 = ¥(0)f/(0)¢’(0) — ¢’ (0)3(0)f'(0) = 1 which is a con-
tradiction. For n > 1, suppose f € H° and ¥(2)f(¢(2)) — ¢(0)¢’'(0)" f(2) = 2™
By repeated differentiation on both sides we get for all £ < n that f(k)(O) = 0.
Then for kK = n and z = 0 we obtain the contradiction 0 = n!. This means that
¥(0)'(0)" € op=(Cypy) for all n > 0. If n = 0, then (0) € op=(C, ), since
Cy. — ¥(0)1 is not onto. 1

For a positive integer m and an arbitrary weight v, let we consider the closed
subspace H,5,, of H;® defined by

Hp,, = {f € H}®; f has a zero of at least order m at 0}.

Let ||.||m,» be the induced norm on HSS,,. The following result can be found in [5].

v,m:*

For standard weights, the result was obtained by Aron and Lindstrém in [1].

Proposition 3.1. Let m € N and v be an arbitrary weight. Then there exists a
constant M,, > 0 such that

F@)] < My —— || o™,

forall f € HX and w € D.

v,m
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Lemma 3.2. Let v be a typical weight. Suppose that p(0) = 0 and that C, y is
bounded on H°. If A # 0 is an eigenvalue of C, y, then A € {(0)¢'(0)"}52,.

Proof. Suppose that A # 0 is an eigenvalue of C 4 with the corresponding eigen-
vector f # 0. Then for all z € D, we have

Couf(2) = ¥(2)f(p(2)) = Af(2).
We obviously get ¢(0)f(0) = Af(0). If f(0) # 0, A = ¢(0) follows. If f(0) =0 by
differentiation on both sides of the equation we obtain:

U (2)f(e(2)) +9(2)¢ () f ((2)) = Af'(2).
Since f(0) = 0, we obtain ¥ (0)¢’(0)f/(0) = Af'(0). If f/(0) # 0, then A = (0)¢’(0).
If £(0) = 0 we proceed by induction until we have found a k such that f)(0) # 0
which must exist. In that case we obtain A = 1(0)¢’(0)¥. Thus, the claim follows. I
We need the following lemma which is taken from [7].

Lemma 3.3. If ¢ is not an automorphism and p(0) = 0, then given 0 < r < 1, there
exists 1 < M < oo such that if (21)32_x s an iteration sequence with |z,| > r for
some non-negative integer n and (wg)Y__ , are arbitrary numbers, then there exists
fe H® with f(zr) = wk, —K <k <n and ||flloc < Msup{|wg|: —K <k <mn}.
Further there exists b < 1 such that for any iteration sequence (zy), i.e. for any
sequence (zy) with zi+1 = @(2) we have |zg41|/|2x| < b whenever |z, < 1/2.

The proof of the following theorem was inspired by [1] and [5].

Theorem 3.1. Let v be a typical weight. Suppose ¢, not an automorphism has fired
point a € D and that Cy y : H)° — HJ° is bounded. Then

or (Co) = {A € C; [Al S e (Cow)} U {b(a)¢ ()" }%0,

Proof. We can assume that a = 0. If a # 0, we consider

a—z
%(Z):(l_az), Y1(2) =Y ope, and @1 =pq0popa.

Then ¢1(0) = 0, ¢1(0) = ¥(a), ¢1(0) = ¢'(a) and

CSOa O Loy, © C;al =Ly
Hence, Cy 4 and C,, 4, are similar. Therefore, they have the same spectrum and
the same essential spectral radius.
By Lemma 3.1, we have that {1(0)¢'(0)"}72y C ons=(Cpy). If X € 0p=(Cypy)
and |A| > ¢ ge, then Lemma 2.1 yields, that X is an eigenvalue. If A # 0 is an

eigenvalue of C, y, then by Lemma 3.2, we can find n such that A = ¢(0)¢’(0)™. It
remains to show that
PeC N < renx(Coy)t Comre(Copy)

If re, g (Cp ) = 0, then we have 0 € 0¢ g (Cpy) C o (Cpy). So, we assume
that p := rc g=(Cpy) > 0. Since (0) = 0 we have that ¢(z) = z¢(z) with
¢ € H*™. Hence H;7, is an invariant subspace under Cy . Further, Hy5, has
finite codimension in HS°. Now Lemma 7.17 in [7] which is also valid for Banach
spaces gives that ope (Cypy) C ops(Cyp ). So it is enough to show that any A
with 0 < [A] < p belongs to oy (Cy ) for some m to be found. Let Cp, denote
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the restriction of C, 4 to the invariant closed subspace H,5,,. Since Cp, — Al is not
invertible if (C,, — AI)* is not bounded from below, we just need to find m with
(Cru — MI)* not bounded from below. Let 1 < M < oo be the constant in Lemma
3.3 for r = 1/4. We will denote iteration sequences by { = (2x)5>_x with K > 0
and |zp| > 1/2. Let n := max{k;|zx| > 1/4}. Then n > 0 and |z;| < 1/4 for k > n.
By Lemma 3.3 there is b < 1 with |z41/2k| < b for all & > n. We may assume that
1/2 < b < 1. This implies

(3.1) |zi| < b*7"|2,| for k > n.

Since ¢ € H(D) is continuous, 0 < C' := max{sup,, <; 4 [¥(2)], [¥)(2)[} < 00. We
now choose m so large that

e 1
(3.2) W < 5.
For every such iteration sequence & = (2x)72 _; we define the linear functional Lg
of HX,, by

Ley(f) = Z AR (ag) - (zeo1) f(2),

k=—K

where we agree that ¥(z_k) - 9¥(2x—1) = 1 in the first term of the sum. Indeed
L¢ y is bounded. Proposition 3.1 yields

> AT k) () f ()
k=K

SMmIIflu{ > TGl ()] B ()

k=—K
()| [ (zam)] Y I)\Iklw(zn)l“'lw(zk_l)IZklmff(Zk)1}-
k=n-+1

Since |z;| < 1 for k > n and ¥ is continuous, there is a constant ¢ > 0 such that
9(zx) "t < ¢ for k > n. Further applying (3.1) and (3.2) we get

D R L | R T e 1 N T 7 R N P Rl e E e
k=n-+1 k=n-+1
< ¢ —_— < 0.
Al 2 Al

k=n-+1

Thus 1z 1) - 16| 5y W) (o) |4 5(2) " < o0, and
L¢ .y is bounded. Let us find next a lower bound for ||L¢ y|lym. There exists
fr € HP with || fsllo < 1, so that |f.,(20)] = 1/9(z0). By Lemma 3.3, there
is f1 € H® with || f1]lee < M, satisfying |f1(z0)] = 1, 25" f1(20)f2(z0) > 0 and

<
fi(zg) = 0 for —K < k < n, k # 0. Now, the function g(z) = 2™ f1(2)fs (%)
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belongs to Hp5,, and [|g[|, < M. Further
Ley(9) = ¥(2—K) - (2-1) 25" f1(20) f2o (20)

+ > ANF(ak) (ko)A i () fa (1),

k=n+1

(3.3)

Since ¥ is not increasing, we get using again (3.1) and (3.2)

Y ACGok) (o)A fi (20 fao (1)

k=n+1
lza™ S b\ 1
S MY(z-k)| - [¥(zn-1) Y =
I 2 AW W
lzn|™ 1 mC
<M - e
< M) W) B s i
If, in addition we choose m so that
1 1 b C 1

My (z—k)] - [P (zn-1)] < [P(zx)| - [ (z-1)]

IA[? ©(z0) [A[ = bC 20(z0)’
then
> NFP(zk) - (zr-1)g(z)| < [b(zok)] - W(Zl);?;:)
k=n+1
< |(z—k)| - |1/)(Z—1)2|§(220)

Hence by (3.3)

2
[Leas (9)] 2 [ (z-r)| -+ [ (- |' 0' S A v gl
(3.4) k=n+1
|ZO|m
> AT B .
> [0es) - )
Therefore using Proposition 3.1, we obtain the desired lower bound
e llom > i)~ )] oy
’ T 2M’l~1(20)
(3.5) 1

> (-l -+ W) g N o

The final step is to estimate ||(C}, — AXI)L¢ y ||v,m for a suitable iteration sequence €.
First observe that

(Coo = M) Leyp = —AT5,
Recall that )
p=Tre e (Cop) = Hm[|(Cpp)" (|
and

(Cop)" f(w) = (W) - P(pn1(w))Co, f(w), weD,feHT,
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where ¢, = @o---0¢ (n times). Hence (Cy )" : H;® — H° is a bounded weighted
composition operator and we get by Theorem 4.2 in [6] that

1(Co)llew = Timy sup  [pw)]--- W (pn-s(w)IF T 5

Pick u so that |[A| < g < p. Thus there exists ng € N such that for all n > ny,
1(Cpp)" e, > ™ > 0.

Hence for any I > ng we can find a w € D so that

v(w)
o(p1(w))
This means that for every K > ng with the above choice of w € D we can form an
iteration sequence (zx)%2_, by letting z_x = w and zx+1 = @(zx) for k > —K.
Then |zo| = |px(w)| > 1/2. By (3.4) and (3.5) we obtain

()] - (-1 (w))] > p' >0 and |gy(w)] =

M\H

L |z™
L > _ B
ILewllom 2 Wil o) g7 oy
Moreover
1 1
52 v,m S 52_ v T/ = S
16l < 16l = 5 < Sy
Finally,
1(Co =MD Lewllom _ o MM NS 5(z0)
L pllv,m (2] [ (z-1) |20 (2- k)

A
< |\ MM, 2™+ ()
o

By choosing K > ng large enough we see that (C, — AI) is not bounded from

m
below. 1
The proof of the following corollary is in fact the same proof as the proof given
in [1], Corollary 8. For the sake of completeness we repeat it here.

Corollary 3.1. Let v be a typical weight. Suppose that @, not an automorphism,
has fized point a € D and that Cy y : H) — HY is bounded. Then

o9 (Cop) = {X € C; [N < 1e mo(Cop)} U {t(a) ' (@)}

Proof. Since Cy y : H) — H,) is bounded, we get that C}%, : Hy° — Hy* is also
bounded, and we can apply the previous theorem. Moreover C’" ., 1s bounded on
H2® and H? and and Co oy f(w) =(w) - P(pn_1(w))C,, (f(w )) Hence C7, , is a
weighted bounded weighted composition operator on H) and HS® and we can apply
Theorem 2 in [13] to get that the essential norm of C’g » on Hy) 0 coincides with the
essential norm of C7 ,, on Hp®.Thus, re mee(Cp ) = e mo(Copyp), and the claim
follows. 1
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