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Abstract. In this paper, we study the class of generalized b-closed sets and
use this notion to consider new weak and stronger forms of continuities asso-

ciated with these sets. We apply these notions to give new characterization of

extremally disconnected spaces and also Tgs-spaces.

2000 Mathematics Subject Classification: 54A10, 54C8, 54C10, 54D10

Key words and phrases: g-closed, gb-closed, contra b-continuous, ap-b-continuous,

ap-b-closed, extremally disconnected, T 1
2

-space, Tgs-space.

1. Introduction and preliminaries

Andrijević [2] introduced a new class of generalized open sets in a topological space,
the so-called b-open sets. This type of sets was discussed by Ekici and Caldas [11]
under the name of γ-open sets. The class of b-open sets is contained in the class of
semi-preopen sets and contains all semi-open sets and preopen sets. The class of b-
open sets generates the same topology as the class of preopen sets. Since the advent
of these notions, several research paper with interesting results in different respects
came to existence (see [1, 2, 5, 11, 13, 17, 18, 27]). Levine [15] introduced the concept
of generalized closed sets in topological space and a class of topological spaces called
T 1

2
-spaces. Extensive research on generalizing closedness was done in recent years

as the notions of a generalized closed, generalized semi-closed, α-generalized closed,
generalized semi-preopen closed sets were investigated in [3, 8, 15, 21, 22].

The aim of this paper is to continue the study of generalized closed sets. In
particular, the notion of generalized b-closed sets and its various characterizations are
given in this paper (see Section 2). In Section 3, we study various forms of continuity
associated to generalized b-closed sets. Finally in Section 4, we characterize the Tgs-
spaces in terms of these notions of continuity.

All through this paper, all spaces X and Y (or (X, τ) and (Y, σ)) stand for
topological spaces with no separation axioms assumed, unless otherwise stated. Let
A ⊆ X, the closure of A and the interior of A will be denoted by Cl(A) and Int(A),
respectively.
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Definition 1.1. A subset A of a space X is said to be:
(1) α-open [19] if A ⊆ Int(Cl(Int(A)));
(2) Semi-open [16] if A ⊆ Cl(Int(A));
(3) Preopen [23] or nearly open [12] if A ⊆ Int(Cl(A));
(4) β-open [25] or semi-preopen [26] if A ⊆ Cl(Int(Cl(A)));
(5) b-open [2] or sp-open [7], γ-open [11] if A ⊆ Cl(Int(A)) ∪ Int(Cl(A)).

The complement of a b-open set is said to be b-closed [2]. The intersection of
all b-closed sets of X containing A is called the b-closure of A and is denoted by
bCl(A). The union of all b-open sets of X contained in A is called b-interior of
A and is denoted by bInt(A). The family of all b-open (resp. α-open, semi-open,
preopen, β-open,, b-closed, preclosed) subsets of a space X is denoted by bO(X)
(resp. αO(X), SO(X), PO(X), βO(X), bC(X), PC(X)) and the collection of all
b-open subsets of X containing a fixed point x is denoted by bO(X,x). The sets
SO(X,x), αO(X,x), PO(X,x), βO(X,x) are defined analogously.

Definition 1.2. A subset A of a space (X, τ) is called
(1) a generalized closed set (briefly g-closed) [15] if Cl(A) ⊆ U whenever A ⊆ U

and U is open;
(2) an α-generalized closed set (briefly αg-closed) [22] if αCl(A) ⊆ U whenever

A ⊆ U and U is open;
(3) a generalized preclosed set (briefly gp-closed) [21] if pCl(A) ⊆ U whenever

A ⊆ U and U is open;
(4) a generalized semi-preclosed set (briefly gsp-closed) [8] if spCl(A) ⊆ U when-

ever A ⊆ U and U is open;
(5) a generalized semiclosed set (briefly gs-closed) [3] if sCl(A) ⊆ U whenever

A ⊆ U and U is open;
(6) a generalized semiclosed set (briefly sg-closed) [4] if sCl(A) ⊆ U whenever

A ⊆ U and U is semi-open.

Complement of g-closed (resp. gp-closed, etc.) sets are called g-open (resp. gp-
open, etc.).

Definition 1.3. A function f : X → Y is said to be b-continuous [11] if for each
x ∈ X and each open set V of Y containing f(x), there exists U ∈ bO(X,x) such
that f(U) ⊆ V .

Definition 1.4. A function f : X → Y is said to be contra continuous [9] (resp.
contra b-continuous [17]) if f−1(V ) closed (resp. b-closed) in X for each open set V
of Y .
Definition 1.5. [11] A function f : X → Y is said to be b-irresolute if for each
b-open set V in Y , f−1(V ) is b-open in X.

Definition 1.6. A function f : X → Y is said to be b-closed (resp. b-open [11]) if
for every b-closed (resp. b-open) subset A of X, f(A) is b-closed (resp. b-open) in Y .

Definition 1.7. A map f : X → Y is said to be contra b-closed (resp. contra b-open)
if f(U) is b-open (resp. b-closed) in Y for each closed (resp. open) set U of X.

We have the following implications for properties of subsets:
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closed ⇒ α-closed ⇒ pre-closed ⇒ b-closed
⇓ ⇓ ⇓ ⇓

g-closed ⇒ αg-closed ⇒ gp-closed ⇒ gb-closed

2. Generalized b-closed sets

In this section, we investigated the class of generalized b-closed sets and study some
of its fundamental properties. Several characterizations of generalized b-closed sets
are given.

Definition 2.1. [14] Let X be a space. A subset A of X is called a generalized
b-closed set (simply; gb-closed set) if bCl(A) ⊆ U , whenever A ⊆ U and U is open.
The complement of a generalized b-closed set is called generalized b-open (simply;
gb-open).

Every b-closed set is gb-closed, but the converse is not true. And the collection of
all gb-closed (resp. gb-open) subsets of X is denoted by gbC(X) (resp. gbO(X)).

Example 2.1. Let X = {a, b, c} and let τ = {φ,X, {a}}, then the family of all
b-closed set of X is bC(X) = {φ,X, {b}, {c}, {b, c}} but the family of all gb-closed
set of X is gbC(X) = {φ,X, {b}, {c}, {a, b}, {b, c}, {a, c}} then it is clear that {a, c}
is gb-closed but not b-closed in X.

Next, we give a necessary and sufficient condition for a gb-closed set to be b-closed.

Theorem 2.1. Let A be a gb-closed subset of (X, τ). Then bCl(A) − A does not
contain any non-empty closed sets.

Proof. Let F ∈ C(X) such that F ⊆ bCl(A)−A. Since X − F is open, A ⊆ X − F
and A is gb-closed, it follows that bCl(A) ⊆ X −F and thus F ⊆ X − bCl(A). This
implies that F ⊆ (X − bCl(A)) ∩ (bCl(A)−A) = φ and hence F = φ.

Corollary 2.1. Let A a gb-closed set. Then A is b-closed if and only if bCl(A)−A
is closed.

Proof. Let A be gb-closed set. If A is b-closed, then we have bCl(A)−A = φ which is
closed set. Conversely, let bCl(A)−A be closed. Then, by Theorem 2.1, bCl(A)−A
does not contain any non-empty closed subset and since bCl(A)−A is closed subset
of itself, then bCl(A) − A = φ. This implies that A = bCl(A) and so A is b-closed
set.

Definition 2.2. Let A be a subset of a space X. A point x ∈ X is said to be a
b-limit point of A if for each b-open set U containing x, we have U ∩ (A−{x}) 6= φ.
The set of all b-limit points of A is called the b-derived set of A and is denoted by
Db(A).

Since every open set is b-open, we have Db(A) ⊆ D(A) for any subset A ⊆ X,
where D(A) is the derived set of A. Moreover, since every closed set is b-closed, we
have A ⊆ bCl(A) ⊆ Cl(A).
The proof of the following result is straightforward and thus omitted.

Lemma 2.1. If D(A) = Db(A), then we have Cl(A) = bCl(A).
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Corollary 2.2. If D(A) ⊆ Db(A) for every subset A of X. Then for any subsets F
and B of X, we have bCl(F ∪B) = bCl(F ) ∪ bCl(B).

Corollary 2.3. If A and B are gb-closed sets such that D(A) ⊆ Db(A) and D(B) ⊆
Db(B). Then A ∪B is gb-closed.

Proof. Let U be an open set such that A ∪ B ⊆ U . Then since A and B be gb-
closed sets we have bCl(A) ⊆ U and bCl(B) ⊆ U . Since D(A) ⊆ Db(A), thus
D(A) = Db(A) and by Lemma 2.1, Cl(A) = bCl(A). Similarly, Cl(B) = bCl(B).
Thus bCl(A ∪ B) ⊆ Cl(A ∪ B) = Cl(A) ∪ Cl(B) = bCl(A) ∪ bCl(B) ⊆ U , which
implies that A ∪B is gb-closed.

Let B ⊆ A ⊆ X. Then we say that B is gb-closed relative to A if bClA(B) ⊆ U
where B ⊆ U and U is open in A.

Theorem 2.2. Let B ⊆ A ⊆ X where A is a gb-closed and open set. Then B is
gb-closed relative to A if and only if B is gb-closed in X.

Proof. We first note that since B ⊆ A and A is both a gb-closed and open set, then
bCl(A) ⊆ A and thus bCl(B) ⊆ bCl(A) ⊆ A. Now from the fact that A∩ bCl(B) =
bClA(B), we have bCl(B) = bClA(B) ⊆ A. If B is gb-closed relative to A and U
is open subset of X such that B ⊆ U , then B = B ∩ A ⊆ U ∩ A where U ∩ A is
open in A. Hence as B is gb-closed relative to A, bCl(B) = bClA(B) ⊆ U ∩A ⊆ U .
Therefore B is gb-closed in X.

Conversely if B is gb-closed in X and U is an open subset of A such that B ⊆ U ,
then U = V ∩ A for some open subset V of X. As B ⊆ V and B is gb-closed in X,
bCl(B) ⊆ V . Thus bClA(B) = bCl(B) ∩ A ⊆ V ∩ A = U . Therefore B is gb-closed
relative to A.

Corollary 2.4. Let A be open gb-closed set. Then A ∩ F is gb-closed whenever
F ∈ bC(X).

Proof. Since A is gb-closed and open, then bCl(A) ⊆ A and thus A is b-closed.
Hence A ∩ F is b-closed in X which implies that A ∩ F is gb-closed in X.

Theorem 2.3. If A is a gb-closed set and B is any set such that A ⊆ B ⊆ bCl(A),
then B is a gb-closed set.

Proof. Let B ⊆ U where U is open set. Since A is gb-closed and A ⊆ U , then
bCl(A) ⊆ U and also bCl(A) = bCl(B). Therefore bCl(B) ⊆ U and hence B is a
gb-closed set.

Theorem 2.4. A subset A ⊆ X is gb-open if and only if F ⊆ bInt(A) whenever F
is closed set and F ⊆ A.

Proof. Let A be a gb-open set and suppose F ⊆ A where F is closed. Then X − A
is a gb-closed set contained in the open set X −F . Hence bCl(X −A) ⊆ X −F and
X − bInt(A) ⊆ X − F . Thus F ⊆ bInt(A).

Conversely if F is a closed set with F ⊆ bInt(A) and F ⊆ A, then X−bInt(A) ⊆
X − F . Thus bCl(X − A) ⊆ X − F . Hence X − A is a gb-closed set and A is a
gb-open set.
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Proposition 2.1. [10] Let A be a subset of a topological space (X, τ). If A ∈
SO(X), then pCl(A) = Cl(A).

Recall that a space (X, τ) is extremally disconnected if the closure of every open
subset of X is open. The following result about the class of extremally disconnected
space was prove in [6].

Theorem 2.5. [6] For a space X, the following statements are equivalent:
(1) (X, τ) is extremally disconnected;
(2) sCl(A ∪B) = sCl(A) ∪ sCl(B) for all A,B ⊆ X;
(3) the union of two semi-closed subsets of X is semi-closed;
(4) the union of two sg-closed subsets of X is sg-closed;
(5) every semi-preclosed subset of X is preclosed;
(6) every sg-closed subset of X is perclosed;
(7) every semi-closed subset of X is preclosed;
(8) every semi-closed subset of X is α-closed;
(9) every semi-closed subset of X is gα-closed.

Next, we present one more characterization of extremally disconnectedness using
generalized closed subsets.

Theorem 2.6. A space X is extremally disconnected if and only if every gb-closed
subset of X is gp-closed.

Proof. Suppose that X is extremally disconnected. Let A be gb-closed and let U be
an open set containing A. Then

bCl(A) = A ∪ [Int(Cl(A)) ∩ Cl(Int(A))] ⊆ U,
i.e. [Int(Cl(A)) ∩ Cl(Int(A))] ⊆ U . Since Int(Cl(A)) is closed, we have

Cl(Int(A)) ⊆ Cl[Int(Cl(A)) ∩ Int(A)] ⊆ [Cl(Int(Cl(A))) ∩ Cl(Int(A))] ⊆ U.
It follows that pCl(A) = A ∪ Cl(Int(A)) ⊆ U . Hence A is gp-closed.
To prove the converse, let every gb-closed subset of X be gp-closed. Let A ⊆ X be
regular open. Then

bCl(A) = A ∪ [Int(Cl(A)) ∩ Cl(Int(A))] = A ∪ [A ∩ Cl(Int(A))] ⊆ A.
Then A is gb-closed and so gp-closed. Since every regular open is semi open set by
Proposition 2.1 and A is gp-closed we have Cl(A) = pCl(A) ⊆ A. Therefore A is
closed and X is extremally disconnected.

3. Ap-b-continuous, ap-b-closed and contra-b-continuous maps

We introduce the following notion:

Definition 3.1. A map f : X → Y is said to be approximately b-continuous (briefly
ap-b-continuous) if bCl(F ) ⊆ f−1(U) whenever U is an open subset of Y and F is
a gb-closed subset of X such that F ⊆ f−1(U).

Definition 3.2. A map f : X → Y is said to be approximately b-closed (briefly
ap-b-closed) if f(F ) ⊆ bInt(V ) whenever V is a gb-open subset of Y , F is an closed
subset of X and f(F ) ⊆ V .
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Definition 3.3. A map f : X → Y is said to be approximately b-open (briefly ap-b-
open) if bCl(F ) ⊆ f(U) whenever U is an open subset of X, F is a gb-closed subset
of Y and F ⊆ f(U).

Theorem 3.1. Let f : X → Y be a function. Then
(1) If f is contra b-continuous, then f is ap-b-continuous.
(2) If f is contra b-closed, then f is ap-b-closed.
(3) If f is contra b-open, then f ap-b-open.

Proof.
(1) Let F ⊆ f−1(U), where U is open in Y and F is a gb-closed subset of X.

Therefore bCl(F ) ⊆ bCl(f−1(U)). Since f is contra b-continuous we have
bCl(F ) ⊆ bCl(f−1(U)) = f−1(U). Thus f is ap-b-continuous.

(2) Let f(F ) ⊆ V ), where F is a closed subset of X and V is a gb-open subset
of Y . Therefore f(F ) = bInt(f(F )) ⊆ bInt(V ). Thus f is ap-b-closed.

(3) Analogous to (1) and (2) making the obvious changes.

The converse of Theorem 3.1 is not true. The following example shows that:

Example 3.1. LetX = {a, b, c}, τ = {φ,X, {b}, {c}, {b, c}}, then bC(X) = {φ,X, {a},
{b}, {c}, {a, c}, {a, b}} = gbC(X). Let f : (X, τ)→ (X, τ) be the identity map. Then
f is ap-b-continuous (since every gb-closed is b-closed) but not contra b-continuous.

Example 3.2. Let X = {a, b, c}, with τ = {φ,X, {a}}, and Y = {a, b, c}, with σ =
{φ, Y, {a}, {a, b}}, then bO(X) = {φ,X, {a}, {a, b}, {a, c}}, gbC(X) = {φ,X, {b}, {c},
{a, b}, {a, c}, {b, c}}. And bO(Y ) = {φ, Y, {a}, {a, b}, {a, c}}, gbC(Y ) = {φ, Y, {b}, {c},
{b, c}, {a, c}}. Let f : (X, τ) → (Y, σ) be the identity map. Then f is ap-b-closed
(since the only gb-open subset of (Y, σ) containing the image of closed set V in X is
Y ) but not contra b-closed.

Also the function in Example 3.2 is ap-b-open, but not contra b-open.

Definition 3.4. [20] A function f : X → Y is said to be perfectly continuous (resp.
perfectly closed ) if the inverse image (resp. image) of every open set in Y (resp.
closed set in X) is clopen in X (resp. clopen in Y ).

A function f : X → Y is said to be pre-closed (resp. pre-open ) if for every
pre-closed (resp. pre-open) subset A of X, f(A) is pre-closed (resp. pre-open) in Y .
Clearly continuous maps are ap-b-continuous, pre-closed maps are ap-b-closed. Also
pre-open maps are ap-b-open. The converse implications do not hold as it is shown
in the following example.

Example 3.3. Let X = {a, b, c}, with τ = {φ,X, {b}, {c}, {b, c}}, and Y = {a, b, c},
with σ = {φ, Y, {a, b}}, then bO(X) = {φ,X, {b}, {c}, {a, b}, {a, c}, {b, c}}, And
bO(Y ) = {φ, Y, {a}, {b}, {a, b}, {a, c}, {b, c}}, Let f : (X, τ)→ (Y, σ) be the identity
map. Then f is ap-b-continuous (since f is contra b-continuous) but not continuous.

Example 3.4. Let X = {a, b, c}, with τ = {φ,X, {b}, {c}, {b, c}}, and Y = {a, b, c},
with σ = {φ, Y, {a}}, then bO(X) = {φ,X, {b}, {c}, {a, b}, {a, c}, {b, c}}. And bO(Y )
= {φ, Y, {a}, {a, b}, {a, c}}, Let f : (X, τ) → (Y, σ) be the identity map. Then f is
ap-b-closed (since f is contra b-closed) but not pre-closed map.
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Clearly, the following two diagrams holds and none of its implications is reversible:

perfectly continuous ⇒ contra-b-continuous
⇓ ⇓

continuous ⇒ ap-b-continuous

perfectly closed ⇒ contra-b-closed
⇓ ⇓

per-closed ⇒ ap-b-closed

Theorem 3.2. Let f : (X, τ)→ (Y, σ) be a map.
(1) If the open and b-closed sets of (X, τ) coincide, then f is ap-b-continuous if

and only if f is contra b-continuous.
(2) If the open and b-closed sets of (Y, σ) coincide , then f is ap-b-closed if and

only if f is contra-b-closed.
(3) If the open and b-closed sets of (Y, σ) coincide, then f is ap-b-open if and

only if f is contra-b-open.

Proof.
(1) Assume f is ap-b-continuous. Let A be an arbitrary subset of (X, τ) such

that A ⊆ U , where U is open in X. Then by hypothesis bCl(A) ⊆ bCl(U) =
U . Therefore all subsets of (X, τ). are gb-closed (and hence all are gb-open).
So for any open set V of (Y, σ), we have f−1(V ) is gb-closed in (X, τ). Since f
ap-b-continuous bCl(f−1(V )) ⊆ f−1(V ). Therefore bCl(f−1(V )) = f−1(V ).
Thus bCl(f−1(V )) is b-closed in (X, τ) and f is contra b-continuous. The
converse is obvious by Theorem 3.1.

(2) Assume f is ap-b-closed. As in (1), we obtain that all subsets of (Y, σ)
are gb-open. Therefore for any closed subset F of (X, τ), f(F ) is gb-open
in Y . Since f is ap-b-closed, we have f(F ) ⊆ b Int(f(F )). Therefore
f(F ) = bInt(f(F )), and f is contra b-closed. The converse is obvious by
Theorem 3.1.

(3) Analogous to (1) and (2) making the obvious changes.

Lemma 3.1. [2] Let A be a subset of a space X. Then
(1) bCl(A) = sCl(A) ∩ pCl(A) = A ∪ [Int(Cl(A)) ∩ Cl(Int(A))];
(2) bInt(A) = sInt(A) ∪ pInt(A) = A ∩ [Int(Cl(A)) ∪ Cl(Int(A));
(3) bCl(X −A) = X − bInt(A);
(4) bInt(X −A) = X − bCl(A).

Theorem 3.3. If a map f : X → Y is surjective b-irresolute and ap-b-closed,
then the inverse image of each gb-closed (resp. gb-open) set in Y is gb-closed (resp.
gb-open) in X.

Proof. Let A be a gb-closed subset of Y . Suppose that f−1(A) ⊆ U where U is
an open subset of X. Taking complements we obtain X − U ⊆ f−1(Y − A) or
f(X − U) ⊆ Y − A. Since f is ap-b-closed and by Lemma 3.1, then f(X − U) ⊆
bInt(Y − A) = Y − bCl(A). It follows that X − U ⊆ X − (f−1(bCl(A)) and hence
f−1(bCl(A) ⊆ U . Since f is b-irresolute f−1(bCl(A)) is b-closed. Thus we have
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bCl(f−1(A)) ⊆ bCl(f−1(bCl(A))) = (f−1(bCl(A)) ⊆ U . This implies that f−1(A)
is gb-closed in X. A similar argument shows that inverse images of gb-open are
gb-open.

Theorem 3.4. If a map f : X → Y is surjective b-irresolute and ap-b-open, then
the inverse image of each gb-open set in Y is gb-open in X.

Proof. Analogous to Theorem 3.3 making the obvious changes.

Theorem 3.5. If a map f : X → Y is ap-b-continuous and b-closed, then the image
of each gb-closed set in X is gb-closed in Y .

Proof. Let F be a gb-closed subset of X. Let f(F ) ⊆ V where V is an open set
of Y . Then F ⊆ f−1(V ) holds. Since f is ap-b-continuous we have bCl(F ) ⊆
f−1(V ). Then f(bCl(F )) ⊆ V . Therefore, we have bCl(f(F )) ⊆ bCl(f(bCl(F ))) =
f(bCl(F )) ⊆ V . Hence f(F ) is gb-closed in Y .

Theorem 3.6. If f : X → Y is a continuous and b-closed function, then f(A) is
gb-closed in Y for every gb-closed set A of X.

Proof. Let A be gb-closed in X. Let f(A) ⊆ V , where V be any open set in Y . Since
f is continuous, f−1(V ) is open in X and A ⊆ f−1(V ). Then we have bCl(A) ⊆
f−1(V ) and so f(bCl(A)) ⊆ V . Since f is b-closed, f(bCl(A)) is b-closed in Y and
hence bCl(f(A) ⊆ bCl(f(bCl(A))) = f(bCl(A)) ⊆ V . This shows that f(A) is
gb-closed in Y .

Definition 3.5. A map f : X → Y is said to be contra-b-irresolute if f−1(U) is
b-closed in X for each U ∈ bO(Y ).

However the following theorem holds. The proof is easy and hence omitted.

Theorem 3.7. Let f : X → Y and g : Y → Z be two maps such that (g◦f) : X → Z,

(1) If g is b-continuous and f is contra-b-irresolute, then (g ◦ f) is contra-b-
continuous.

(2) If g is b-irresolute and f is contra-b-irresolute, then (g ◦ f) is contra-b-
irresolute.

In an analogous way, we have the following.

Theorem 3.8. Let f : X → Y and g : Y → Z be two maps such that (g◦f) : X → Z.

(1) If f is pre-closed and g is ap-b-closed, then (g ◦ f) is ap-b-closed.
(2) If f is ap-b-closed and g is b-open and g−1 preserves gb-open sets, then (g◦f)

is ap-b-closed.
(3) If f is ap-b-continuous and g is continuous, then (g ◦ f) is ap-b-continuous.

Proof.
(1) Suppose B is an arbitrary closed subset in X and A is a gb-open subset of

Z for which (g ◦ f)(B) ⊆ A. Then f(B) is closed in Y because f is pre-
closed. Since g is ap-b-closed, g(f(B)) ⊆ bInt(A). This implies that (g ◦ f)
is ap-b-closed.
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(2) Suppose B is an arbitrary closed subset of X and A is a gb-open subset
of Z for which (g ◦ f)(B) ⊆ A. Hence f(B) ⊆ g−1(A). Then f(B) ⊆
bInt(g−1(A)) because g−1(A) is gb-open and f is ap-b-closed. Thus, (g ◦
f)(B) = g(f(B)) ⊆ g(bInt(g−1(A))) ⊆ bInt(gg−1(A)) ⊆ bInt(A). This
implies that (g ◦ f) is ap-b-closed.

(3) Suppose F is an arbitrary gb-closed subset of X and U ∈ O(Z) for which
F ⊆ (g ◦ f)−1(U). Then g−1(U) ∈ O(Y ) because g is continuous. Since f is
ap-b-continuous, then we have bCl(F ) ⊆ f−1(g−1(U)) = (g ◦ f)−1(U). This
show that (g ◦ f) is ap-b-continuous.

4. A characterization of Tgs-space

In the following theorems, we give a characterization of a class of topological space
called Tgs-space by using the concepts of ap-b-continuous maps and ap-b-closed maps.

Definition 4.1. [14] A topological space X is said to be Tgs-space if every gs-closed
subset of (X, τ) is sg-closed.

Proposition 4.1. [14] A topological space X is said to be Tgs-space if and only if
every gb-closed set is b-closed.

Recall that a space X is T 1
2
-space [15] if every g-closed set is closed or equivalently

if every singleton is open or closed.

Theorem 4.1. Every T 1
2
-space is Tgs-space.

Proof. Let (X, τ) be T 1
2

and suppose A ⊆ X is not a b-closed set. Let x ∈ bCl(A)−A,
Then {x} ⊆ bCl(A)−A. Since X is T 1

2
, {x} is a closed set and hence by Theorem 2.1,

A is not a gb-closed set. This proves the theorem.

Definition 4.2. [24] A space (X, τ) is said to be a b-T 1
2

if every each singleton is
either b-open or b-closed set.

Lemma 4.1. [24] Let (X, τ) be a topological space, then the space bO(X, τ) is
b-T 1

2
-space.

Example 4.1. Let X = {a, b, c} with τ = {φ,X, {a, b}} then bC(X) =gbC(X) =
{φ,X, {a}, {b}, {c}, {a, c}, {b, c}}. Then X is a Tgs-space but not a T 1

2
-space.

Example 4.2. Let X = {a, b, c, d} with τ = {φ,X, {a, b}, {b, c, d}} then bC(X) =
{φ,X, {a}, {c}, {d}, {a, c}, {a, d}, {c, d}, {a, c, d}}. And U = {a, b, c} is gb-closed
since the only open set containing U is X. Therefore X is not a Tgs-space but
b-T 1

2
-space.

Clearly, the following diagram holds and none of its implications is reversible:
T 1

2
-space ⇒ Tgs-space ⇒ b-T 1

2
-space

Theorem 4.2. For a topological space X, if every gb-closed subset of X is closed,
then X is T 1

2
-space.
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Proof. Let x ∈ X. If {x} is not closed, then A = X − {x} is not open and hence A
is gb-closed, since the only open set containing A is X. Thus A is closed, and {x} is
open in X and so X is T 1

2
-space.

Definition 4.3. A function f : X → Y is said to be gb-continuous (resp. gb-
irresolute) if f−1(V ) is gb-closed in X for every closed (resp. gb-closed) set V of
Y .

Clearly, f : X → Y is gb-continuous (resp. gb-irresolute ) if f−1(V ) is gb-open in
(X, τ) for every open (resp. gb-open) set V of Y .

Theorem 4.3. Let f : X → Y be a function.
(1) If f is gb-irresolute and X is Tgs-space, then f is b-irresolute.
(2) If f is gb-continuous and X is Tgs-space, then f is b-continuous.

Proof.
(1) Let V be b-closed in Y . Then V is gb-closed in Y and since f is gb-irresolute,
then f−1(V ) is gb-closed in X. Since X is Tgs-space, f−1(V ) is b-closed in X.
Hence f is b-irresolute.
(2) Similar to (1).

Theorem 4.4. If the bijective f : X → Y is b-irresolute and open, then f is gb-
irresolute.

Proof. Let V be gb-closed and let f−1(V ) ⊆ U , where U is open in X. Clearly
V ⊆ f(U), since f(U) is open (f is open map) and since V is gb-closed in Y ,
then bCl(V ) ⊆ f(U) and thus f−1(bCl(V )) ⊆ U . Since f is b-irresolute and since
bCl(V ) is a b-closed set, then f−1(bCl(V )) is a b-closed in X. Thus bCl(f−1(V )) ⊆
bCl(f−1(bCl(V ))) = f−1(bCl(V )) ⊆ U . So f−1(V ) is gb-closed and f is gb-
irresolute.

The converse of above results need not be true may be seen by the following
examples.

Example 4.3. Let X = {a, b, c}, with τ = {φ,X, {a}, {a, b}}, and Y = {a, b, c},
with σ = {φ, Y, {a}}, then bC(X) = {φ,X, {b}, {c}, {b, c}}, and bC(Y ) = {φ, Y, {b},
{c}, {b, c}}, Let f : (X, τ) → (Y, σ) be the identity map. Then f is b-irresolute but
not gb-irresolute since V = {a, b} ∈ gb-closed of (Y, σ) but not gb-closed of (X, τ).

Example 4.4. LetX = {a, b, c}, with τ = {φ,X, {a}}, then bC(X) = {φ,X, {b}, {c},
{b, c}}, and gbC(X) = {φ,X, {b}, {c}, {b, c}, {a, c}, {a, b}}, Let f : (X, τ) → (X, τ)
be defined by f(a) = f(c) = b,f(b) = c. Then f is gb-irresolute but not b-irresolute
since V = {b} is b-closed and f−1{b} = {a, c} is not b-closed of (X, τ).

Theorem 4.5. If f : X → Y is an open, b-irresolute and b-closed surjection func-
tions. If X is a Tgs-space, then Y is Tgs-space.

Proof. Let F be a gb-closed set of Y . Let G be open subset of X such that f−1(F ) ⊆
G, then F ⊆ f(G) and f(G) is open. Since F is gb-closed, then bCl(F ) ⊆ f(G)
and f−1(bCl(F )) ⊆ G. But f is b-irresolute then f−1(bCl(F )) is b-closed and
bCl(f−1(bCl(F ))) = f−1(bCl(F )) ⊆ G also bCl(f−1(F )) ⊆ bCl(f−1(bCl(F ))) ⊆ G
thus f−1(F ) is gb-closed in X. Since X is a Tgs-space, then f−1(F ) is b-closed in
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X. By the rest of the assumption it follows that F is b-closed in Y . Hence Y is
Tgs-space.

Theorem 4.6. Let X be a topological space. Then the following statements are
equivalent:

(1) X is Tgs-space.
(2) For every space Y and every map f : X → Y , f is ap-b-continuous.

Proof.
(1) ⇒ (2): Let F be a gb-closed subset of X and suppose that F ⊆ f−1(U), where
U is open. Since (X, τ) is Tgs, then F is b-closed. Therefore bCl(F ) = F ⊆ f−1(U).
Then f is ap-b-continuous.
(2) ⇒ (1): Let B be a gb-closed subset of X and let Y be the set X with topology
σ = {φ,B, Y }. Let f : X → Y be the identity map. By assumption f is ap-b-
continuous. Since B is gb-closed in X and open in Y and B ⊆ f−1(B), it follows
that bCl(B) ⊆ f−1(B) = B. Hence B is b-closed in X and hence (X, τ) is Tgs-
space.

Theorem 4.7. Let Y be a topological space. Then the following statements are
equivalent:

(1) Y is Tgs-space.
(2) For every space (X, τ) and every map f : X → Y , f is ap-b-closed (or

ap-b-open).

Proof. Analogous to Theorem 4.6 making the obvious changes.
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