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Abstract. In this paper we consider the record values of independent and iden-
tically distributed (i.i.d.) random variables. Some basic properties of record
values of univariate distributions are presented. Representation of records as
sum of independent identical random variables are shown. Some characteriza-
tions of distributions using record values are given. The concomitants of record
values of Morgenstern family copula are considered.
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1. Introduction

Let X7, X5,... be a sequence of i.i.d. absolutely continuous random variables with
cumulative distribution function (cdf), F'(x), and probability density function (pdf),
f(x). Let

Y, = max(min){Xy, Xo,..., X}, n>1
We say that Y; is an upper (lower) record value of {X,,, n > 1}, if ¥; > (<)Y;_4,
j > 1. The indices at which the upper record values occur are given by record times
{U(n), n > 0}, where

U(n) = min{j| 7> U(n— 1), Xj > XU(n71)7 n > 1}

and U(1) = 1. We will denote L(n), n > 1, as the indices where lower record values
occur. By our assumption U(1) = L(1) = 1. By definition X; an upper as well
as a lower record value. For i.i.d. discrete random variables we have two types of
record values: ordinary and weak records. Let Xi, Xs,... be a sequence of i.i.d.
discrete random variables taking values on 0, 1, ... with distribution function F(z).
The upper weak record times, U, (n), n > 1, are defined as follows: U, (1) =1 and

Uw(n—|— 1) = mln{j > Uw(n),Xj > maX(Xl, Ce 7Xj—1)}-

The corresponding weak upper record values are defined as Xy, (n+1),n=0,1,2,---.
If in the above expression, we replace > by >, then we obtain ordinary upper record
times and upper record values. We consider an example to clarify the differences.
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Suppose the discrete random variables X7, Xo, ... have geometric distribution with
probability mass function (pmf) of the following form for £k =0,1,2,...,

p(k) = P(X; =k)=pg", 0<p<1, ¢g=1-p

It can be shown that the marginal pmf of Xy, is

Po) = Py =)= (7 )i a =t nz
The marginal pmf of Xy, (z) is as follows

r+n-—1

Pyn(z) = P(Xyyn =) = ( o

)pnqz, z=0,1,2,...; n>1.

In this paper we consider continuous random variables unless mentioned otherwise.

2. Main results

2.1. Distribution of records of continuous random variables

Many properties of the record value sequence can be expressed in terms of the
function R(x) = —InF(z), where F(z) = 1 — F(z). If we define F,(x) as the
distribution function of X,y for n > 1, then Fi(z) = P[Xy) < 2] = F(x) and

If F'(x) has a density f(x), then the pdf of Xy (9) is fa(2) = R(z)f(z). The distri-
bution function F3(x) of Xy (s) is

F3(z) = P(Xy@) < z)

/ / Z dF(u) dF (y)

x u 2
:/m Lg!)) dF (u).

The pdf f3(z) of Xy sy is fa(x) = (R(x))?f(x)/2!, —0o < & < oo. It can similarly
be shown that the cdf F),(x) of Xy (y) is for —co <z < o0

x):/;f(un)dun/z%dun_l.../zlf(gzil)dm
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[T R
=)

This can be expressed as

—o00 (71 - 1)'
n—1
| _ - R@ (R(x))
pr
The pdf f,(x) of Xy is
(R(x))" !
2.1 (z) = SAE)
(21) fula) = L 1@)
The joint pdf f(x1,z2,...,2,) of the n record values Xy (1), Xu(2), - -, Xum) is
given for —oco < 1 <@ < - < Tpo1 < T, < 00, by
(2.2) fio. (@1, me, . ) =r(z1) r(ze) ... r(zp—1) f(zn)

where r(z) = dR(z)/dx = f(x)/(1 — F(z)), 0 < F(z) < 1. The function r(z) is
known as hazard rate.
The joint pdf of Xy(;) and Xy ;) is

R(x;)) 1t R(x;) — R(x; j—i=l
e = S e

for —oo < w; < ;7 < oo. The conditional distribution of Xy ;)| Xy ;) is given by
(R(z;) — R(z))" "1 f(=)

(2-3) fi,j(mi» ij) =

(2.4) fj|i($j|$i)= Gi—1) 1= F(e) for —oo <z <z <oo.
In particular, for j =i+ 1 and —o0 < z; < z;41 < 00, we have
f(@iv1)

f(xiJrl'XU(i) =) = 1_71;(%)

For i >0, 1 <k < m, the joint conditional pdf of X;(j1r) and X (i4m)| Xy is
for —o<z<zr<y< o

firk,ivm(2,yl Xuay = 2)

1 1 ke @)
— R — R m—k—1 R - R k—1 /.
Fon i W) — B A - R R
The marginal pdf of the nth lower record value can be derived by using the
same procedure as that of the mth upper record value. Let H(u) = —InF(u),
0< F(u) <1and h(u) = —dH(u)/du, then
_ (7 {Hw
P(Xpm) <) = oDl dF (u)
and the corresponding pdf f(,) can be written as
(H(z)" 1

(2.5) fny (@) = W f(z).
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The joint pdf of Xy 1), X1(2),- -, XL(m) can be written as

J), @), m) (@1, 2, 2) = h(21)h(22) . W(T—1) f(2m),
for —co < 2y, < -+ < 1 < 0.
The joint pdf of X () and X, is

T r—1 _ T s—r—1
20 foen) = D O ) 1)

for s > r and —oco <y < x < 0.

—T

Example 2.1. Let us consider the exponential distribution with pdf f(z) = e
and cdf F(x) =1—¢7%, 0 <z < oo. Then R(x) =z and

xn—l
n = 57N —x, > 0.
fn(2) Ty © x>
The joint pdf of Xy, and Xy, n > m is
m—1
— CE— o n—m—1_-—y <

The conditional pdf of Xy ()| Xu(m) = ) is

(y _ iv)n—m—l (-
f(y| U(m) :E) F(n — m) e )

Thus the conditional distribution of Xy () — Xy (m) given Xy () is the same as the
unconditional distribution of X (j,—p,) for n > m.

0<xr<y<oo.

Example 2.2. Suppose that the random variable X has the Gumbel distribution
with pdf f(z) = exp{—z}exp{—e "}, —co <z < oco. Let F{;,) and f(,) be the cdf
and pdf of Xy ). It is easy to see that

xT e—nu u e—nJ; .
Foy(z) = e ¢ du and n(E)==—=e° |, —o<z<oo.
(n) (%) /_Oo ) fy () )

Let f(m,n)(x,y) be the joint pdf of X,y and Xy ,), m< n. Using (2.6), we get for

the Gumbel distribution

(e7¥—e e
'(n—m) I'(m)

Thus the conditional pdf fi,m)(ylz) of X1 X1 m) = 2 is given by

—z\n—m—=1 _mg
_e VY

e Ve , —oo<y<ax<oo.

f(m,n) (1’, y) =

(6_ Y_ e~ m)n— m —1

finim)(Wlz) = T(n— m) e Ve T o<y << oo
2.2. Representation of records
Let Y7,Y5, ... ,Y,, ... be a sequence of independent and identically distributed

random variable with cdf Fy(z) = 1 — exp(—=x), = > 0. Further suppose that
X1,Xs,... be a sequence i.i.d. r.v.’s with continuous cdf F'. Then one has

In(1 — F(z)) £ Y5.

The following theorem (Bairamov and Ahsanullah [8]) gives the representation of
the nth record as sum of n independent random variables.
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Theorem 2.1.
(2.7) Xum £ g5 (9r(X1) + gr(X2) + -+ + gr (Xn)),
where gr(z) = —In(1 — F(z)) and gp' () = F~1(1 —e™7).
Proof. Using the result of Example 2.1, we obtain
P(Xym) < )
=PMi+Y+...+Y,)
P(—In(1—=F(z1))+ (-In(1 = F(X2)) + ...+ (—In(1 — F(z,))))
P(gr(X1) + gr(X2) + ... + gr(Xy))
P(gp'{gr(X1) + gp(Xa) + ... + gr(Xa)}).

Therefore
d _
Xvmy=gp (9r(X1) + gr(X2) + -+ + gr(Xn)). 1

We will give here the representation of the nth record value of several well known
distribution (for more details see Ahsanullah [2]).

Example 2.3. For the two parameter exponential distribution, E(u, o), with cdf
F(z)=1—e (@=#/7 2 >0, we obtain

Xum X+ Xo 4+ X, — (n—1)p.

Example 2.4. Consider the Weibull distribution, W(a, 8) with F(z) = 1—e=#*"
(x >0, @ >0,8>0) Using (2.7), we obtain

d a o ayL
Xumy=(X{' + X5 +... + X3)=.

Example 2.5. Consider the Power Function distribution, POW (6, «, 5) with cdf

0, =<0
)

F(z) = 1—(2:2), a<z<p 0>0 -0 < a<f<oo,
L, =>4

For this distribution, the following representation is true

d

Xum=B = (B-a)" "V (8- X1)(B - Xa)... (B Xa).

The following theorem can be proved using the same procedure as in the proof of
Theorem 2.1. For details, see Ahsanullah and Nevzorov [4, page 242].

Theorem 2.2. Suppose that {X1,Xs,...} and {Y1,Ya,...} are two sequences of
i.4.d. r.v.’s with continuous distribution functions F' and H, respectively. Then

(Xu(tys- - » Xum) 2GHYu)))s - - GHYu(m))),

where G is the inverse function of F.
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2.3. Records of discrete distributions

Let X1, Xs,...,X,,... be a sequence independent and identically distributed ran-
dom variables taking values on 0,1,2,... such that F(n) < 1 for alln =0,1,2,...
Let p, = P(X; = k), P(k) = Y5_op(j), k > 0 and P(k) = 1 — P(k) with
P(oc) = 1. The joint probability mass function (pmf) of Xy 1y,... Xy(y) is de-
finedfor 0 <z <...<z, <00 as

P1,2,...n(T1, T2, ..., 2n) = P(Xyay = 21, Xy) = 22,..., Xyn) = Tn)

oy _ g((a;ll)) g((a;?) 113((22_11’)19(%)

The marginal pmf’s of the upper record values are given as

pl(xl) :P(XU(l) :.')31) :p(‘rl); € :O71a27"'7

p2(72) = P(Xy(2) = 22) = Ri(z2)p(22),

where
Ry (k) = Z B(z1) and B(z)= ;tz(m) , xe=1,2,...
P(x)
<z <z2
Finally,
where
Ry _1(xy) = > B(x1)B(z2) ... B(xn_1), apn=n—1,n,...

0<z1 <2< <Tp—-1<Tp

The joint pmf of Xy7(,,,) and Xy, m < n is given by

pm,n(xmaxn) = P(XU(m) = xvaU(n) = xn)

(2.9) = Ri—1(@m) A@m) Rt 1,0 (T, T)P(Tn), M < 2y < 2 —n+m < 00,
where
Rm—f—l,n(xvy) = Z B(xm—&-l) <. B(xn—l)a m < n—1, Rn,n(xvy) =1

T <T m41<<ZTp

The conditional pmf of Xy () given Xy () = o is

p(Tn)
pn\m(XU(n) = xn|XU(m) = xm) = Rm,n(xfmxn)P(x )7
for z,, <x, —n+m < oo and
p(xn)

2.10 Phjn—1(Xvm) = 2n|Xum-1) = Tn-1) = =—, n—1 < Tn.
(2.10) In-1(Xvum) = 2nlXvn-1) = Tn-1) P,y "S?

It follows that the sequence of upper record values Xy (1), Xy () - - - forms a Markov
chain. Let I, = n if n is a record value i.e. Xy =n,form=1,2,... and I, =0
it X1y, Xu(2), - - does not contain the value n.

The following theorem is due to Aliev and Ahsanullah [7].
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Theorem 2.3. Let Xy, Xo,... be a sequence of independent and identically dis-
tributed random variables taking values on 0,1, 2, ... with common distribution func-
tion F such that F(n) < 1 for alln and E(X?) < co. Suppose that {By, k =0,1,.. |
be a sequence of numbers such that 2+ 2By, 1 — Bs — Bs12 > 0}. If there exits F(z)
such that E{(Xy ) — XU(l))2|XU(1)} =Bs,s=0,1,2.... Then F(x) is unique.

2.4. Geometric distribution

A discrete random variable X is said to have geometric distribution if its probability
mass function (pmf) is of the following form:

p(k)=P(X =k)=p¢"', 0<p<l, qg=1-p, keA

where A,, is the set of integers n 4+ 1,n+2,... (n > 0). We say X € GE(p), if the
pmf of X is as given in. For k > 0, we define r(k) = P(X = k|X > k). We choose
to distinguish between GE(p) and the larger class of distributions having geometric
tail (GET). We write X € GET(s, p) if the pmf of X is as follows:

p(k;):P(X:k‘):ch717 q:l—p’ k-EAé,

o0

where cis such that > p(k) = 1. If s = 0, then GET(s,p) = GE(p) with ¢ = p.
k=s+1

The geometric distribution like the exponential distribution possesses the memory

less property, i.e.
P(r+s)=P(r)P(s),
where 7 and s are positive integers and P(j) = Y. p(k). Geometric distribution
k=j+1

is said to be a discrete analogue of the exponential distribution.

If X € GE(p), then P(z) = ¢ and p(z) = pg*~ !, for x € Ag. Substituting the
values of P(z;) and p(x;) in (2.8), we get

p(x1,Ta, ..., Tpy) =D ¢" T, 1< 21 < T2 < v < Ty, < 00

The conditional pmf of Xy ()| Xp(n—1) = Tn_1 is

Tp—Tp—1—1
)

P(Xym) = 2o Xum-1) = Tn-1) = pq n—1<mz, 1 <z, < 00.

Thus Xy (n) — Xyn-1) is independent of Xy(,—1) and Xy () — Xym—1) € GE(p),
n=23,.... Let V] = XU(1)7 Vo = XU(Q) _XU(l) and V,, = XU(n) _XU(n—l)- Then
Vi’s are independent and V; € GE(p). We have

(2.11) Xvmy=Vi+ Vot +V,.
It is known that if X € GE(p), then
E X _ Ty ®—1l ps )
(s) ; s"pq o

Using (2.11) we obtain

E(sXvm) = B(sVitVet+Va) — <1 ps >
—gs
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The coefficient of s* in (ps/(1 — ¢s))™ is (52]) p"¢" ™™ (z > n). Thus the marginal
pmf of Xy () can be written as

r—1

pm(m)=P(XU<m>=w)=< )p’”q’”‘m, r€An_1, m>1

m—1

We see that Xy(,,) has a negative binomial distribution with parameters m and p.
We can write for n > m,

and

n—m
Xv(n _ — o Tm ps
E(s U(>\XU(m)7acm)—$‘r‘c <1—qs)

Considering the coefficient of s¥ in s%» (ps/1 —qs)"™ "

Yy—x— 1 n—m , y—r—n-+m
=P(X =yl X =x)= v
Pnjm (y]T) Xvmy =yl Xu(m) =) (n o — 1>p q
we obtain the conditional pmf of Xy(,) given Xy () as

y—x—1

P(XU(n) = y|XU(m) = LL‘) = ( >pn—mqy—m—n+’m’ O<m<z< y—n+m < o0.

n—m-—1
But we know that the marginal pmf of X (,,) is
r—1 m_or—m

P(Xy(m) =) = m—1)P 1 s TEAp1, m2>1

Thus, the joint pmf of X(,,,) and Xy, is

m—1/\n—m-—1

N\ [(y—z—1
P(XU(m):$7XU(n):y):<x )(y ’ )p”qy_", m < x < y—n+m < co.

Let Zin = Xum) — Xum), 0 <m < n < oo, then

P(Zmn = 2 Xum) =) = P(Xum) = 2 + 2| Xym) = 7)
z—1
— n—m(] _ z—n+m’ c An,m, .
(n_m_ 1)p (1-p) . 1

Thus Zy, 1 and Xy () are independent. Further Zj, ,, and Xy (,—y,) are identically
distributed.

2.5. Characterizations

Here we present some characterizations of discrete distributions. For characteriza-
tions of continuous distributions, see Ahsanullah and Raqab [5]. There are several
characterizations of the geometric distributions based on

(i) independence of X(n) — Xy(m) and Xy (m),
(ii) conditional distribution of Xy ()| Xt (m), and
(iii) moment properties of some functions of X, for n > m.

The following Theorem is proved by Srivastava [12].
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Theorem 2.4. Suppose F(x) is the distribution function of the sequence of i.i.d.
random variables {X,, n > 1} with positive mass function only at 1,2,.... Then
P(XU(Q) — XU(l) S 1|XU(1) = Z) = P(XU(Q) - XU(l) . ].) fOTi = ].,2, ey Zf and
only if X,, has the geometric distribution with pmf given by

pj=P(X=j)=cp(l—p)~2 j=2,3,...
and

plzl—ijzl—c, O<p<l, O<ex<l.
j=2

Theorem 2.5. Let {X,, n > 1} be a sequence of independent and identically dis-
tributed discrete random variables with common distribution function F. Suppose
X, is concentrated on the positive integers and a = sup{z|F(z) < 1} = co. Then
X, € GET(n,p) for some fived n > 1, if and only if Xymi1) — Xvm) and Xy
are independent.

Proof. We have already seen that for u € Ay,
P(Xu(m+1) — Xvm) = ulXum) =y) =pg"~ " = P(Xy = u). |

Does the above condition characterize the geometric distribution? As an answer
to that question we have the following theorem.

Theorem 2.6. Let {X,,n =1,2,...} be a sequence of independent and identically
distributed discrete random variables with common distribution function F'. Suppose
X, is concentrated on the positive integers with a = sup{z|F(z) < 1} = co. Further
if P(Xum+1) — Xvum) = u|Xum) = y) = P(X1 = u) for two fized y € Ap,—1 and y,
and yo are relatively prime and all u € Ay, then X1 € GET(n,p).

Proof. Suppose that P(Xy(nt1) — Xum) = ulXum) = y) = P(X1 = u), then from
(2.10), we have

u +
P(Xy(n-+1) = Xun) = ulXo(n) =) = 2520 = )
for two relatively prime yi,y2 € An—1 and all u € Ag. Summing with respect
to u from ug + 1 to oo, we get P(ug+y)/P(y) = P(ug) for two relatively prime
Y1, Y2 € Ap_1 and all u € Ag. The general solution is

P(x) = cp®, x € Ay,
and since P(00) = 0, we must have
P(z) = cp”, 0<g<l, =z€A,. 1
Srivastava [12] gave a characterization of the geometric distribution using the

condition E(Xy(2)|Xva) = y) = a +y. Ahsanullah and Holland [3] proved the
following theorem which is a generalization of Srivastava’s result.

Theorem 2.7. Let {X,, n > 1} be a sequence of independent and identically dis-
tributed discrete random wvariables with common distribution function F'. Suppose
X, is concentrated on the positive integers with a = sup{z|F(x) < 1} = co. Further
suppose E(XU(n+1))2 <oo. If E(Xyms1)lXvm) =) =y +p~ ! forally € Ay,
then X1 € GET(n,p).
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2.6. Weak records

Vervaat [14] introduced the concept of weak records of discrete distribution. For
simplicity we will assume that the random variables X;, i = 1,2, ... are concentrated
on the non-negative integers. If in the definition of record times and record values
we replace > by >, then we obtain weak record times and weak record values. The
joint prnf of XUw(l)v XUU,(2)7 s aXUw(n) is given by

n—1
p(;)
2.12) py (T, n) = —_— n)y 0<z<... <z, <oo.
(212) puwiz..n(@1,.. . 2n0) <11:[1 P(zi—1)>p(x ) 1 Tn < 00
For any m > 1 and n > m, we can write
P (XUw(n) =Ty .- aXUw(m—i-l) = xnl+1|XUw(m) = Tmy--- aXUw(l) = 1’1)

(2.13) (T p@) p(zn)
B ( H P(x¢1)> Pz, —1)

t=m-+1

It follows easily from (2.12) and (2.13) that the weak records, Xy, (1), Xv, (2), -
form a Markov chain.
The marginal pmf’s of the upper weak records are given by

P(XUwu) = 531) = Pw,1($1) = p(xl), z1=0,1,...,
P(Xy,(2) = 72) = pw2(®2) = Ry1(z2)p(x2), 22=0,1,...

where
p(r1)
Rw,l(xQ) = Z _.
0<z1<x2 P(ml B 1)
Finally,
P(XUU,(n) = xn) = pw,n(xn) = Rw,nfl('rn)p(mn%
where

Rw,n—l(xn) = Z H «Tz — ].

0<z1<zo< - Tp_1 1=1

The joint pmf of Xy, () and Xy, () for m < n is given by

(2-14) P’w,m,n (xm; xn) = Rw,m (xm)Aw (xm)Rw,m—&-l,n(mma xn)p(mn)a
for m < x,, < x, —n+m < 0o, where
Rw,m,n(xay) = Z Aw(xm+1)'~~Aw(xn—l)a m<n—1,

Tm S$m+1 <---<n

Ryn—1n(z,y) =1 and A,(x) = p(x)/P(z — 1). The conditional pmf of Xv, (m)
given XUw(n) is

p(zn)

2.15 Py nim (X n) = Tn|X m) = Tm) = Ry mi1,0(Tm, Tn) =—"—,
(2.15) nlm(Xu, () = 2n| Xu,, (m) = Tm) a1 (T x)P(xmfl)

for m < z,, < x,, < co.

Thus, the pmf of Xy ) given Xy (,—1) and Xy, (n—2) are respectively

w
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p(zn)
P’w,n|n71(XUw(n) = xanUW(n*U = mnil) - m
and

Pw,n|n—2(XUw(n) = $n|XUw(n—2) = xn72)

2.16 Tn
( ) = Rw,n72,n(mn727xn) p( )

p($n_2 — 1)
Theorem 2.8. Let {X;, i = 1,2,...} be sequence of independent and identically
distributed random variables taking values on 0,1,...,n < co with distribution F

such that F(n) < oo for n < oo and E(X;In(l + X;) < co. For some continu-
ous function 1, the condition E(Y(Xy, )| Xv,m-1) = J) = 9(j) determines the
distribution.

Proof. We have from
p
P(w(XUw(n) = y)‘XUw(n—l) = x) = qia
x
where p, = P(X = y) and ¢, = P(X > z). Now

E('(/)(XU (n) |XU (n—1) _.7 Z'(/)

QJ ey
Using the condition as given in the theorem, we can write the above expression as

n
9(3)a; = > ¥(k)pr . Taking first order difference, we obtain from
k=j

9()a; — 9 + 1)gj+1 = ¥(j) p;-
Thus,
9(7)a; — 9(G +1)(g; —pj) = ¥(J)p;
oG +1) —0l)
g(G+1) =)

% -1 @
qj—195—2 QO,

p; =
Since gp = 1 and

;=

we have .
gU+ ) —g0) Ty e
Py - 0) H a
We have
9()a; — 90 + Daj1 = v(5) (g5 — gj+1)
i.e.

Gr1 _ 9(7) — ()
qj 9(j+1) = ()

Then we can write
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Example 2.6. (Geometric distribution) Let Xi, Xs,... be a sequence of inde-
pendent and identically random variables with p(k) = pg® and P(k — 1) = ¢~,
k=0,1,2,.... Here Ry 1(xz2) = >. p(x1)/P(x1 — 1) = zap. Thus,

0<z1< 2

Pu2(k) = Rua(k)p(k) = (k+ 1)p*¢", k=0,1,...

Since
P\Tn Ty —Tp—
Pw,n|n—1(XUw(n) = zn‘XUw(n—l) = xn—l) = 15(1[5“(1)_1) =pg" " la Ty = Tn—1,
we obtain for 3 =0,1,...
3
Puws(@s) = Y (22 +1)p°q"pg"> "
mg:O
x3
= > (@ +1)p’g™
3?2=0
r3+2)(r3+1 )
_ ot
By induction it can be proved that when n > 2 and z,, =0,1,2,...
(@ D(@n+2) . (rtn—1)
Puwn(Tn) = 1) P"q
(a:n +n— 1) n
= g™
n—1
and
— Ty —Tp— q
E(Xu, ) Xvutn-1) = Tn1) = D @apg™ T = 2 + o
Tn==TLn-—1
The conditional pmf of Xy (n) given Xy (n—2) is for 0 <z, o < 2, < 00.
p(zn)
Pwnn— X n) — n| X n—2) — In— = Ryn-2n nydn—-2)57"— >
nln—2(Xu, (n) = TnlXv(n-2) = Tn—2) -2, (Tn, T 2)P(:cn_2—1)
where
Rw,n—Q,n(xa y) = Z A’w(-T'n—l) =z —Tp_o+ 1.

Tp—25Tp_1<T
The conditional expectation of Xy, (n)|Xv, (n—2) = 2 is
E(Xv, )| Xv,(n—2) = Tn-2)

oo

= Z T(x — g+ 1)pPg" " "2

LT=Tn—2

(o)
= Tp—2 + Z (= Zp_2)(x — Tp_o + 1)p?g" " n—2

T=Tp_2

2
:xn—2+£-
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Stepanov [13] and Aliev [6] proved that if E(Xy, (n)|Xv, (1) = Tn-1) = Tn_1+b
then X;’s € GE(1/(1 + b)). This result follows from the equation of p; if we take
Y(xz) = x and g(z) = x + b. A generalization is the following theorem due to
Wesolowski and Ahsanullah [15].

Theorem 2.9. Let X1, Xs,... be a sequence of independent and identically dis-
tributed random variables taking values on 0,1, ..., N with distribution function F
such that F'(n) < 1 for anyn < N and N need not be finite. If E(Xy, n)|Xv, (n—2) =
) =x+b n>2 then X;’s € GE(b/(2+b)). Wesolowski and Ahsanullah [15]
proved that if E(Xy, (n) \XU(,L_Q) =m) = am+b, where a < 1, then the distribution
of the X ’s is Beta-Binomial.

Hijab and Ahsanullah [10] proved the following characterization theorem.

Theorem 2.10. Let {X,, n > 1} be a sequence of independent and identically
distributed random variables with common distribution function F. Suppose X, is
concentrated on 0,1,...00 and a = {z|F(z) < 1} = co. Then X; € GE(p) iff

XUw(n+1)an + W, where W, has the same distribution as the sum of n i.i.d. geo-
metric random variable and W is independent of W,, and has the same distribution
as Xi's. 1> 1.

The following generalization of this Theorem is proved by Ahsanullah [1].

Theorem 2.11. Let {X,,,n > 1} be a sequence of independent and identically
distributed random wvariables with common distribution function F. Suppose X, is
concentrated on 0,1,...00 and a= {z|F(z) < 1} = co. Then X; € GE(p) iff

XUw(n)i Xv,(m) + Wnom, n > m, where Wy, _,,, has the same distribution as the
sum of n-m i.i.d. geometric random variable and W, _p, is independent of Xy, (m)-

It is an open problem whether XUw(n)gXUw(m) + Wy, (n—m) for 1 <m < nisa
characterization property of the geometric distribution.

2.7. Concomitants

Let {X;,Y;,i = 1,2,...} be a sequence of ii.d. bivariate random variables with
cdf Fip(z,y) and pdf fio(z,y). Let Xyay = X1, Xy(),... be the upper record
values of the X’s and Y'(1),Y(2),... be the corresponding values in the sequence
{X;,Y;,i =1,2,...}. Then we will call y(r),r = 1,2,... as the (upper) concomitant
of XU(r) .

The conditional distribution of Y (k)| Xy () is the same as conditional pdf of Y;| X},
j=1,2,...

The joint pdf fi2x of Xy and Y (k) is given by

—In(1 — Fy(x))*t
I'(k) ’

f12,k(x7y) = f(x7y)

where F(z) is the marginal cdf of X’s.
The Morgenstern copula has the joint pdf as

fla,y)=1+a2e—1)2y—1), 0<2<1,0<y<1, -1<ax<l
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and the corresponding cdf is
F(z,y) = zy[l + (1 —z)(1 - y)]
F(0,0)=1, F(0,1)=0= F(1,0) and F(1,1) = 1.
This copula was first proposed by Morgenstern [11]. If « is zero, then the copula

collapses to independence. It is attractive due to its simplicity.
The conditional pdf of Y given X is given by

frix(ylz) =1+ a2z —1)(2y — 1).
The joint pdf fi21 of Xy ) and Y (k) is given by
—In(1 — z)k1
(217) Fro(e) = [+ a2 — 1)(2y — 1) CEE T
L'(k)
The marginal pdf fo ,(y) of Y (k) is given by

! —1In(1 — x)k1
Fosn) = [ 1+ atze = D)2y - 1)]1%(@)@

1 1
1

Hence

Farts) = Faa() = (1 g ) 2y - 1),
(

1 2 1
- 55— — .
2 p+2 p+1

Since
! 1
E(Y (1)) = Pdy = ——,
g
BY(E) = [1—a(1- — )| —— +2a(1- L
B 2k—1 +1 2k=1 ) p42°
Thus
1 « 1 2 1
E(Y(k)) - 5 _ 5 <1 - 2k—1> + ? (1 — Qk_1>
1 lo’ 1
5[5 (7))
o1 _afy 1 a 1
EY(K) =3 3\t T e
_l,af 1
36 2k—1

<
Q
=
—
=
x5
SN—
S—

Il
ol
|
7 N
| R
N
—
|

[\

T =

—

~_

N—
()
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For any fixed o, Var(Y (k)) decreases as k increases and Y (k) — 1/12 — (a/6)2, as
k — oo.

The joint pdf f. s of Y(r) Y(s), r < s, can be obtained from Beg and Ahsanullah
[9, page 18] as a special case for uniform marginals. However we will present here
fr,s for the Morgenstern copula for completeness.

fc,7-,s(y1,yz)=[ /f fyix|(wile1) fy | x (ya|w2) fr.s (21, 22)d21d2o

where f, s(x1,z2) is the joint pdf of rth and sth records. Using (2.16), we get

Foma(nsy2) = / / Pl e - 1)@y - ][+ a2 — 1) — 1))

{— In(1—21)""t 1  [=In(l—22)— (=In(l —zy)))5 "1
(-0l 1-x Gi—1)

To simplify the fa,s(y1,%2), we need the following lemma.

(2.18)

dl‘ldl‘g

Lemma 2.1. Let p and q are real numbers, then

—In(1—z1)""1 1
Tpq = // (1= 21)"(1 = z)" Eil)l!) -z
[~In(1 — 29) — (= In(1 — 2q))]*~ "¢

(J—i—1!
1 1

g+ D) (I+g
Proof. Let w = —1In(1 — 1) and v = —In(1 — z3), then

g~ (1 —=z)t 1
(1- (1-
p7q / / xl 1‘2) (T— 1)' 1—1’1

—In(1 —x9) +In(1 — 2)]*~ "1
(s —r—1)!

! ! ' -1 r—1
_(T—l)!(S—r—l)!/(J(l_Il)p —~In(1 - 1)

[y B O ),

dfﬂld.ZQ

dzridzs

1
On substituting 1 — z3 = (1 — z1)e™ !, we obtain

1 1 L 00
I, ,= 1— Pta _p(1 — r—1 / —(1+q)tys—r—1
pa (7"—1)!(5—7'—1)!/0 (1= 2)"™ —In(1 - 21) [ et dy

1 1 !
S e U R U
i

B 1 1
(p+q+1)r (1+q)

We have, from Lemma 2.1, Ipo =1, I1 o =1/2", [p1 =1/2°, I; ; = 1/372°7".




116

M. Ahsanullah

The joint pdf of of Y (r) and Y (s) is

fc,r,s(yhyQ) - /0 [IQ [1 + Oé(2.’L'1 o 1)(2y1 - 1)][1 + 05(2.'172 - 1)<2y2 - 1)]

[_m(l —z)" 1 [FIn(l =) — (=In(1 — )]t
(i—1)! 1—a (j—i—1)!

=1+ a(2 1—1)( 2T11>+a(2y2—1)(1—2511)

1 1 1
2
2 — 1)(2ys — 1 S 1
+ « ( Y1 )( Y2 ) |:3r25——r or—1 92s—1 + :|
1 1

X .
(p+q+1)" (1+q)"

:| dxldl‘g

For 1 <r<s,

BY ()Y (s) = 7 + (1 - 21_1> + <1 - 281_1>

n a? 1 1 1 1
36 37'28—7‘—2 or—1 2s—1 ’

1 + g 1 L + g 1 1
1712 1) T 12 251
Lot 1 1 L
36 3ros—r—2 or—1 9s—1
1 a 1 o 1
——1+=(1- = 1+-(1-

- a? 1 1 _ a? 1 2\" 1
© 36 |3r2s—r—2  orts—2| 9 25 |\3 or |’
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