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1. Introduction and preliminaries

Throughout this paper, we always assume that H be a real Hilbert space, whose
inner product and norm are denoted by (-,-) and || - ||, respectively. Let C be a
nonempty closed convex subset of H and T a nonlinear mapping. We use F(T') to
denote the fixed point set of T. D(T) and R(T') denote the domain and range of the
mapping 7. Recall that T is nonexpansive if

[Tz =Tyl <z —yll, Vz,y € D(T).

Recall that a mapping f is contractive if there exists a constant o € (0,1) such
that

1f(z) = FWll < allz —yll, Yo,y € D(f).

An operator A is said to be strongly positive if there exists a constant ¥ > 0 such
that

(1.1) (Az,z) > 7||z||?, Vz € D(A).
Iterative methods for nonexpansive mappings have recently been applied to solve

convex minimization problems (see [4, 7, 16, 18, 19, 22] and the references therein).
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A typical problem is to minimize a quadratic function over the set of the fixed
points of a nonexpansive mapping on a real Hilbert space H:

1
(1.2) min = (A7, 2) ~ (2,1,
where D is the fixed point set of a nonexpansive mapping T and b is a given point
in H.
In [18], it is proved that the sequence {z,} defined by the iterative method below,
with the initial guess xo € H chosen arbitrarily,

(1.3) Tnt1 = (I — anA)Tx, + apb, Vn >0,

converges strongly to the unique solution of the convex minimization problem (1.2)
provided the sequence {«,, } satisfies certain conditions.

Recently, Marino and Xu [7] considered a general iterative scheme by the viscosity
approximation method, which first introduced by Moudafi [9],

(1.4) 20 € H, zp41={—-a,A)Txy +apyf(z,), VYn>0.

They proved that the sequence {z, } generated by above iterative scheme converges
strongly to the unique solution of the variational inequality

((A=~f)x*,x —2*) >0, VxeD,

which is the optimality condition for the convex minimization problem

1
(1.5) min §<Ax, x) — h(x),
where D is the fixed point set of a nonexpansive mapping T, h is a potential function
for vf (ie., h'(x) =~f(z) for x € H.)
Recall that the normal Mann iterative process was introduced by Mann [8] in
1953. The normal Mann iterative process generates a sequence {x,,} in the following
manner:

(1.6) Ve, € Cy xpg1 = (1 —ap)zy + Tz, Yn>1,

where the sequence {w,} is in (0,1).

If T : C — C is a nonexpansive mapping with a fixed point and the control
sequence {a,} is chosen so that Y > ja,(l — a,) = oo, then the sequence {z,}
generated by the normal Mann iterative process (1.6) converges weakly to a fixed
point of T' (this is also valid in a uniformly convex Banach space with the Fréchet
differentiable norm [12]). In an infinite-dimensional Hilbert space, the normal Mann
iteration algorithm has only weak convergence, in general, even for nonexpansive
mappings. Therefore, many authors try to modify the normal Mann iteration pro-
cess to have the strong convergence for nonlinear operators (see [6, 10, 23] and the
references therein).

Kim and Xu [6] introduced the following iteration process:

xg = x € C' arbitrarily chosen,

(17) Yn = ﬁnxn + (1 - ﬁn)Txnv
Tpt1 = apu+ (1 — an)yn, Yn >0,
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where T is a nonexpansive mapping of C' into itself, u € C is a given point. They
proved that the sequence {x,} defined by (1.7) converges strongly to a fixed point of
T provided that the control sequences {«a,, } and {3, } satisfy appropriate conditions.

Concerning a family of nonexpansive mappings has been considered by many
authors (see [1-4, 11, 15-18, 20, 22, 24] and the references therein). Recently, Shang
et al. [15] improved the results of Kim and Xu [6] from a single mapping to a finite
family of mappings in the framework of Hilbert spaces.

Now, we consider the mapping W,, defined, as in Shimoji and Takahashi [17], by

Un,n+l - I7
Un,n = 'YnTnUn,n+1 + (]- - ’Vn)-[a
Un,nfl = fYnflTnflUn,n + (1 - ’Ynfl)la

(1.8) Unk = % TkUn 1 + (1 =),
Un k=1 = Ye=1Tk—-1Unk + (L — yu-1)1,

Un2 =7%ToUys+ (1 —72)I,
W, = n,1 = ’YlTlUn,Q + (1 - 71)17

where 1,72, -+ are real numbers such that 0 < ~,, < 1, T1,T5,--- be an infinite
family of mappings of H into itself. Nonexpansivity of each T; ensures the nonex-
pansivity of W,.

Concerning W,,, we have the following lemmas in a real Hilbert space which can
be obtained from Shimoji and Takahashi [17].

Lemma 1.1. Let H be a real Hilbert space H. Let Ty,Ts,--- be nonexpansive
mappings from H into itself such that NS, F(T,,) is nonempty, and let y1,72, ... be
real numbers such that 0 < v, < b < 1 for any n > 1. Then, for every x € H and
k € N, the limit lim,,_,oc Uy, @ exists.

Using Lemma 1.1, one can define the mapping W from H into itself as follows

Wz = lim Wyx = lim U, 12, Vze H.

n—0o0 n—oo

Such a W is called the W-mapping generated by 71,75, - and v1, 72, - -
Throughout this paper, we will assume that 0 < ~,, <b <1 for all n > 1.

Lemma 1.2. Let H be a real Hilbert space H. Let T1,T5,--- be nonerpansive
mappings of H into itself such that N2, F(T,) is nonempty and 1,72, be real
numbers such that 0 < v, <b <1 for anyn > 1. Then F(W) =N, F(T,).

In this paper, motivated by Halpern [5], Kim and Xu [6], Marino and Xu [7],
Moudafi [9], Reich [13], Shang et al. [16] and Yao et al. [23], we introduce the
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composite iteration scheme as follows:

x1=a € H arbitrarily chosen,
Yn = B f(2n) + (I — BnA)zn,
Tpi1 = Ty + (1 —an)yn, Vn2>1,

(1.9)

where W, is defined by (1.8), f is a contraction on H, v > 0 is a constant and A is a
strongly positive linear bounded self-adjoint operator with the the coefficient 4 > 0.
We prove, under certain appropriate assumptions on the sequences {ay}, {8,}
and {\,}, that {x,} defined by (1.9) converges strongly to a common fixed point
of the infinite family nonexpansive mappings, which solve some variation inequality
and is also the optimality condition for the convex minimization problem (1.5). Our
results improve and extend the corresponding ones announced by many others.

In order to prove our main results, we need the following lemmas.
Lemma 1.3. In a Hilbert space H, the following inequality holds:
o +yl* < ll«]* + 2y, z +y), Va,ye H.

Lemma 1.4. [14] Let {z,} and {y,} be bounded sequences in a Banach space X
and let {Bn} be a sequence in [0,1] with 0 < liminf,, . B, < limsup,_ ., On < 1.
Suppose that xn11 = (1 — Bn)yn + Brnxy for all integers n > 0 and

limsup([|Yn+1 — Ynll — |Tnt1 — 2nll) < 0.
n—oo

Then lim,, o0 ||yn — 2n|| = 0.

Lemma 1.5. [19] Assume that {a,} is a sequence of nonnegative real numbers such
that

Qpt1 < (1 - ’Yn)an + On,s
where {v,} is a sequence in (0,1) and {5,} is a sequence such that

(i) ZZO:1 Tn = O3

(ii) limsup,,_, % <0 or Y710, < oo.

Then lim,,_, o ¢, = 0.

Lemma 1.6. [7] Assume that A is a strongly positive linear bounded operator on a
Hilbert space H with the coefficient ¥ > 0 and 0 < p < ||A||=t. Then ||I — pA|| <
1—p7.

Lemma 1.7. [7] Let H be a Hilbert space. Let A be a strongly positive linear bounded
self-adjoint operator with the coefficient ¥ > 0. Assume that 0 < v < 7/a. Let
T : H— H be a nonexpansive mapping with a fized point xy € H of the contraction
x> tyf(z) + (1 —tA)Tx. Then {x:} converges strongly ast — 0 to a fized point T
of T, which solves the variational inequality:

(A=vf)z,2—2) <0, VzeF(T).
Equivalently, we have Ppiry(I — A+~f)T = 2.
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2. Main results
Now, we are ready to give our main results in this paper.

Theorem 2.1. Let H be a real Hilbert space H and f be a contraction on H with
the coefficient (0 < aw < 1). Let A be a strongly positive linear bounded self-adjoint
operator on H with coefficient 7 > 0 and {T;}32, be an infinite family of nonexpan-
sive mappings from H into itself. Assume that 0 < v < g and F = N2, F(T;) # 0.
Let {x,}52 1 be the composite process generated by (1.9), where {W,,} is a sequence
defined by (1.8), {an}, {Bn} and {\,} in [0,1]. If the following conditions are
satisfied:

(1) >o0e o Bn =00, lim,_o0 By = 0;

(i) limy— oo [An — Ant1]| = 0;

(iii) 0 < liminf, o oy < limsup,,_, o an < 1;

(iv) there exists a constant X € [0,1) such that A, < X for alln > 1,
then {xz,} converges strongly to q € F, which also uniquely solves the following
variational inequality:

(2.1) (vflq) —Aq,p—q) <0, VpeF.

Proof. We divide the proof into three parts.
Step 1: First, we observe that {x,} is bounded.
Indeed, take a point p € F' and notice that
lzn = pll < Anllzn —pll+ (1= A) [Wazn — pll < [[2n — pl|.

From the condition (i), we may assume, with no loss of generality, that 3, < || Al ~*
for all n > 1. From Lemma 1.6, we know that, if 0 < 8, < ||A]| 71, then || — 3,4 <
1 — 8,7. Therefore, we obtain that
1yn =l = 182 (vf(2n) = Ap) + (I = BnA)(zn = p)
< Bullvf(zn) = Apll + 11 = BaAllll2n — pll
< Bl (zn) = @) + Bullvf (p) = Apll + (1 = Bu)|2n — 1|
<[ =8a(7 = y)llzn = pll + Bullvf(p) = Apl|.
It follows that
[#n+1 = pll < anllzn = pll + (1 = an)llyn — pl|

< allzn = pll + (1 = an)[(1 = Bo(Y = va)llzn — pll + Bullvf (p) — Apll]

_ - 17/ (p) — Ap||
=1- n - 1- n n — n - 1- n)— - -

[1 = Bn(¥ = va)(1 — an)]llzn — pll + B (¥ — ya)(1 — an) "
By simple induction, we have
Ap —
ln — ]l < max{|x1 ol pff(p)”}
Yo

which gives that the sequence {x,} is bounded and so are {y,} and {z,}.

Step 2: In this part, we claim that lim,, . ||[Wa, — z,|| = 0.



166 X.Qin, Y.]. Cho and S. M. Kang

In fact, it follows from (1.9) that
Znt1 — 2n = A1 (Tnt1 — Tn) + (@ — Woan)(Ant1 — An)
+ (1= A1) Wos1Zpg1 — Wazp).
This implies that
||Zn+1 = Zn|l < Aprl|Zngr — oal| + Hxn - annHl/\nJrl - )‘nl
+ (1= A ) [[Wos1Zn g1 — W

Since T; and U, ; are nonexpansive, from (1.8), we have

(2.2)

W12 = Wazn || = I T1Unt1 220 — T1Up 220 |
< 71||Un+1,237n - Un,Q-TnH
=1 |[v2TeUyt1,32n — V2ToUs 32, |
< 7172||Uu+1,3xn - n,an”
< ...

S Y12 'Yn||Un+1,n+1xn - n,n—i—lxn”

n
< M H’Yz',
=1

where M7 > 0 is an appropriate constant such that ||Uy41.n+1%n — Un 12| < M
for all n > 1. Substituting (2.3) into (2.2), we arrive at

2041 = 2ol < |Tns1 — zall + |20 — Wazal[|Ant1 — Anl

(2.4) + (1 — )\n+1)M1 ﬁ%‘-

i=1
On the other hand, we have
yn = Ynt1ll = [(I = Bns1A4)(Znt1 — 2n) — (Bns1 — Bn)Azn
(2.5) + Y Bnt1(f (zns1) = f(zn)) + F(20) (Brtr — Bn)]ll
< lzn+1 = znll + [Bnt1 — BalMa,

where M, is an appropriate constant such that My > sup,,~ 1 {[|Azx| + v f(zn)l}-
Substitute (2.4) into (2.5) yields that

[yn = Ynt1ll < Tns1 — Tall + 20 = Wozn|[[[Ans1 — An|
+ (L= Ay )My [ [ % + 1Bugr = Bul Mo
i=1
Therefore, we have

n
Hyn - yn+1|| - Hanrl - an < Hxn - ann”l)‘nJrl - )‘nl + (1 - )‘n+1)M1 H’Yi

i=1
+ |ﬁn+1 - ﬁn‘M2
Using the conditions (i), (ii) and noting that 0 < ; <b < 1 for all ¢ > 1, we have

lim sup{[|yn = yni1ll = l#ns1 — znl[} < 0.
n—oo
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By virtue of Lemma 1.4, we have
(2.6) i g — ] = 0.
Notice that
Whatn =zl < llzn = yall + llyn = 20l + 120 = W |
<z = ynll + Ballvf(2n) — Aznll + Anllzn — Waza|,

which in turn implies that

(2.7) (L= A)Whzn — 2|l < [l — ynll + Bullvf(2) — Azal|-
It follows from (2.6) and the conditions (i), (iv) that
(2.8) lim [|W,x, — x| =0.

n—oo

On the other hand, we have
[Wap — x| < [Wap — Wozp || + [[Wazn — 20|,

From Remark 3.1 of Yao et al. [24] (see also Remark 2.2 of Ceng and Yao [3]),
it follows that, for any € > 0, there exists N such that |[Wz — Wyz|| < € for all
x € {zp} and for all n > N. Therefore, we have [|[Wx,, — W,a,|| = 0 as n — oo
and so

(2.9) lim |[Wx,, —z,| =0.
n—oo

Step 3: Finally, we show that x,, — q as n — oc.
To this end, first we claim that

(2.10) limsup(yf(q) — Ag, 2, —q) <0,

n—oo

where ¢ = lim;_.g x; with x; being the fixed point of the contraction
x—tyf(z) + (I —tA)Wa.
Thus we have
s = nll = (I = tA)(Wap — 2n) + (7S (21) — Azn) |-
For any ¢t < min{||A| !, 1}, it follows from Lemma 1.3 that

e = |? = (I = tA) Wy — 20) + (7 f(2:) — Azy)|?
o) < (1= P IW e — |+ 200y () = A= 22)
< (=29t + (7)) ||z — @nl® + ful()
+ 2t(yf(xy) — Azy, x4 — Tp) + 26{Axy — ATy, T4 — Tp),
where
(212)  fult) = @lre — a4 rn — Wan)n — Wan =0 (n—0).

Noticing that A is strongly positive linear mapping and using (1.1), we have

(2.13) (Axy — Az, xp — ) = (AT — Tp), Tt — Tp) > |2 — anQ
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Combining (2.11) with (2.13), we have
2t(Axy — yf(x1), 2 — 2n) < (212 = 291) ||z — 20||® + fult) + 2t{Azy — Azpy, 2 — 23,)
< (At = 2)(A(xy — ), 20 — ) + fr(t)
+ 2t(Axy — Ay, 2 — Tp)
<A A(xp — T0), Tt — T0) 4 fr(t).
It follows that
(2.14) (Axy — v f (), 20 — Tp) <

Letting n — oo in (2.14) and noting that (2.12) yields

_t 1
%(Axt — Az, 1 — 1) + ﬂfn(t)

t
(2.15) limsup(Az; — vf(zt), e — xp) < = Ms,

n—oo o 2
where M3 > 0 is a constant such that Mz > ¥(Ax; — Axy, x4 — x,,) for all
t € (0,min{||A4]|7%,1}) and n > 1. Taking ¢t — 0 from (2.15), we have

(2.16) lim sup lim sup(Ax; — vf(x¢), 2¢ — x,) < 0.

t—0 n—00
On the other hand, we have
(vfla) = Aq, 2 — q) = (Vf(@) — Ag, 20 — @) — (Vf(q) — Ag,zn — T4)
— Aq,vn —x¢) — (Vf(q) — Axy, 0 — 24)
— Az, xn — mp) — (Vf(20) — Az, 20 — 24)
+ (vf(@t) — Axg, 2 — 24).
It follows that
limsup(vf(q) — Ag, v — q) < ||vf(q) — Agllllze — gl + | Al |z — gl lim sup (|

n—oo

+7allg — | limsup fa, — ]

n—o0

+ limsup{vyf(z:) — Axe, Ty — X4).

n—oo

Therefore, from (2.16), we have

limsup(vf(q) — Ag, zn — ) = limsup limsup(yf(q) — Ag, , — q)
t—0

n—oo n—oo

< 1irtnS$1p 17f(q) — Aqll|lz¢ — ql]

+ lims(glp |A|lllxs — gl lim sup ||z, — x¢]|
t—

+ limsup yar|lg — @ || lim sup ||z, — ¢
t—0 n— oo

+ lim sup lim sup(y f (z¢) — Az, 2y — 1)
t—0 n— oo

<0.
Hence (2.10) holds. On the other hand, we have
(vf(@) = A, yn — @) = (Vf(@) — Aq,yn — zn) + (Vf(@) — Ag. 20 — q)
< an|vf(q) — Agllllyn — zall + (vf(q) — Ag,zn — q)
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and so, noticing (2.6),

(2.17) limsup(vf(q) — Agq,yn — q) < 0.

n—oo

Now, from Lemma 1.3, we have

1yn = all* = I(I = BnA) (20 — @) + Bu(7f(20) — Ag)|?
< T = BnA) (20 — ONI* + 280 (7f (2n) — Ag, yn — q)
< (I = BaA) (20 — DII? + 2Bve|2n — gllllyn — 4
+ 280 (vf(q) — Ag,yn — @)
< (1= 827 lzn — all® + Buvellzn — all* + llyn — all?)
+ 280 (vf(a) — Ag,yn — @),

(2.18)

which implies that

1- n7 2 n 2 n
lon —a? < S B0, g2y 2Pty - gy -0
26, (7 — a) 2, 263 —an) 1
(219)  <[1- 1~ Govo Nz —all” + T [7_a7<7f(q)—z4q7yn—q>
By’
A
oG —ay) M

where M, is an appropriate constant such that My > sup,,>q{|lz» — ql[}-
On the other hand, we have

(2.20) lznt1 = all* < anllon = al* + (1 = an)llyn — al*.
Substituting (2.19) into (2.20) yields that
26 (Y — a)
n —q|* < I1-(1-ap)——F—— n 2
fonss = alP < 1= (1= a) T =C W, g
Qﬁn(’? — a'y) 1 ﬁniﬂ
2.21 +(1—ay ~ vf(q) — Aq,yn — @) + 57— My,
(221) (1= = (1) )+ g M
. 200, (F—a)
Put jn, = (1 — o) =725 and
1 an:)/Q
th = = V(@) = A yn — @) + 50— Ma.
"= ma ' 3G —an)
Then, from (2.21), it follows that
(2.22) lznr1 = all* < (1 = gn)llzn — all + Jutn-

It follows from the condition (i) and (2.22) that lim, e jn = 0, Y po jn = 00 and
limsup,,_, . t, < 0. Applying Lemma 1.5 to (2.22), we can obtain x,, — ¢ as n — oo.
This completes the proof. 1

If S; = I (the identity mapping) for each ¢ > 1, then W,, = I and so the following
results can be obtained immediately from Theorem 2.1.
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Corollary 2.1. Let H be a real Hilbert space H and f be a contraction on H with
coefficient (0 < a < 1). Let A be a strongly positive linear bounded self-adjoint
operator on H with coefficient ¥ > 0 and T be a nonexpansive mapping from H into
itself such that F(T) # 0. Assume that 0 < v < §/a. Let {x,} be the composite
process generated by the following manner:

xr1=x € H arbitrarily chosen,
Zn = MnZn + (1 = A\p) Ty,
Yn = BV f(2n) + (I = BnA)zy,
Tn+1 = OpTnp + (]- - an)yna n 2 ]-,
where {an}, {Bn} and {\.} are sequences in [0,1]. If the following conditions are
satisfied:
(i) limy— oo [An — Any1]| = 0;
(i) 0 < liminf, o oy < limsup,, o an < 1;
(iv) there exists a constant A € [0,1) such that A, < X for alln > 1,

then {x,} converges strongly to q € F(T), which also uniquely solves the following
variational inequality:

(vfla) — Ag,p—q) <0, Vpe F(T).

If A\, =0foreachn >1,v=1and A =1 (: the identity mapping), then we have
the following result immediately from Corollary 2.1.

Corollary 2.2. Let C' be a nonempty closed convex subset of a Hilbert space H,
T :C — C be a nonexpansive mapping such that F(T) # 0. Let f : C — C be a
contraction with coefficient (0 < o < 1). Let {x,,} be the composite process generated
by the following manner:

1 =a € C arbitrarily chosen,
Yn = ﬁnf(zn) + (1 - ﬁn)Tqu
Tnt1 = CpTn + (1= an)yn, Vn>1,
where {an}, {Bn} and {\,} are sequences in [0,1]. If the following conditions are
satisfied:
(1) ZZO:O ﬂ" = 00, limy, .0 ﬁn =0;
(i) limy,— oo [An — Ang1| = 0;
(iii) 0 < liminf, o vy < limsup,,_, o an <1,
then {x,} converges strongly to q = Pp(r)q.
Acknowledgments. The authors are extremely grateful to the referees for useful
suggestions that improved the contents of the paper.
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