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1. Introduction

In 1966, Imai and Iséki [2, 3] introduced two classes of abstract algebras: BCK-
algebras and BCl-algebras. It is known that the class of BCK-algebras is a proper
subclass of the class of BCI-algebras. As a generalization of a BCK-algebra, Kim and
Kim [4] introduced the notion of a BE-algebra, and investigated several properties.
In [1], Ahn and So introduced the notion of ideals in BE-algebras. They gave several
descriptions of ideals in BE-algebras. In this paper, we consider the fuzzification of
ideals in BE-algebras. We introduce the notion of fuzzy ideals in BE-algebras, and
investigate related properties. We give characterizations of a fuzzy ideal in BE-
algebras.

2. Preliminaries

Let K(7) be the class of all algebras of type 7 = (2,0). By a BE-algebra we mean a
system (X;*,1) € K(7) in which the following axioms hold (see [4]):

(2.1) Ve € X) (xxx=1);
Ve e X) (zx1=1)
Vee X) (1xx =ux);
Va,y,z € X) (x* (y*2) =yx(x=*2)). (exchange)

—~ S /S

(2.2)
(2.3)
(2.4)
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A relation “<” on a BE-algebra X is defined by
(2.5) Ve,ye X)(z<y <= xxy=1).

A BE-algebra (X;x, 1) is said to be transitive (see [1]) if it satisfies:
(2.6) (Va,y,z € X) (y*z < (x*y) * (z*2)).

A BE-algebra (X;#,1) is said to be self distributive (see [4]) if it satisfies:
(2.7) (Vo,y,2 € X) (xx (yx2) = (z*y) * (v 2)).

Note that every self distributive BE-algebra is transitive, but the converse is not
true in general (see [1]).

A nonempty subset I of a BE-algebra X is called an ideal of X (see [1]) if it
satisfies:

(2.8) Vee X) Vael) (xxacl)
(2.9) (Ve e X) Va,be ) ((ax(bxz))*xxz€l).

3. Fuzzy ideals

In what follows, let X denote a BE-algebra unless otherwise specified.
Definition 3.1. A fuzzy set p in X is called a fuzzy ideal of X if it satisfies:

(3.1) (Va,y € X) (uz *y) > p(y));
(3.2) (Va,y, 2 € X) (u((z * (y * 2)) * 2) > min{pu(z), u(y)})-

Theorem 3.1. Let p be a fuzzy set in X. Then u is a fuzzy ideal of X if and only
if it satisfies:
(3.3) (Vo € [0,1])(U(p; ) # 0 = U(p; @) is an ideal of X)
where U(w; o) == {z € X | u(z) > a}.
Proof. Assume that p is a fuzzy ideal of X. Let « € [0, 1] be such that U(u; a) #
Let x,y € X be such that y € U(p; ). Then u(y) > «, and so u(x xy) > u(y) >
by (3.1). Thus x *xy € U(p; ). Let z € X and a,b € U(,u;a). Then u(a) > a an
wu(b) > a. It follows from (3.2) that

pl(as (0= 2)) ) 2 minfua), w0} 2
so that (a* (bxx))*xx € U(; ). Hence U(p; o) is an ideal of X.

Conversely, suppose that p satisfies (3.3). If p(a *b) < p(b) for some a,b € X,
then p(a*b) < ap < p(b) by taking o := (u(a*b) + pu(b))/2. Hence axb ¢ U(u; o)
and b € U(u; ap), which is a contradiction. Let a,b, ¢ € X be such that

(o s () + ) < minfia) n (1))

Taking By := (u((a * (b)) *¢)/2 4+ min{p(a), u(b)}), we have fy € [0, 1] and

u((ax (bx ) *c) < fo < minfu(a), u(d)}.

It follows that a,b € U(w; Bo) and (a* (b*c))*c ¢ U(u; Bo). This is a contradiction,
and therefore u is a fuzzy ideal of X. 1

0.
!
nd
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Example 3.1. Let X = {1,a,b,¢,d,0} be a set with the following Cayley table:

*|1 a b ¢ d 0
1{1 a b ¢ d 0
all 1 a ¢ ¢ d
b1 1 1 ¢ ¢ c
c|l a b 1 a b
di{l 1 a 1 1 a
01 1 1 1 1 1

Then (X;#,1) is a BE-algebra (see [4]).
(1) Let p be a fuzzy set in X defined by

[ 07 if ze{l,a,b},
plr) = { 0.2 if z € {c,d,0}.

Then
0 if a€(0.7,1],
U(p;a) =< {1,a,b} if a€(0.2,0.7],
X if ae0,0.2].

Note that {1,a,b} and X are ideals of X, and so y is a fuzzy ideal of X.

(2) Let v be a fuzzy set in X defined by

[ 06 if ze{1,a},
v(w) = { 04 if € {bc,d,0}.

Then
0 if B e (0.6,1],
U;8) =< {l,a} if € (0.4,0.6],
X if Be0,0.4]
Note that {1,a} is not an ideal of X since
(ax(axb))xb=(axa)xb=1xb=0>b¢ {1,a}.
Hence v is not a fuzzy ideal of X.

Lemma 3.1. FEvery fuzzy ideal p of X satisfies the following inequality:

(3-4) (Vo € X) (u(1) 2 p(x)).
Proof. Using (2.1) and (3.1), we have

p(1) = p( *x) = p(x)
for all x € X. 1
Proposition 3.1. If u is a fuzzy ideal of X, then
(3.5) (Vo,y € X) (u((z xy) xy) = p(x)).
Proof. Taking y =1 and z = y in (3.2) and using (2.3) and Lemma 3.1, we get
p(zy) xy) = p((@x (1 y)) *y) = min{u(z), u(1)} = p(z)
for all z,y € X. ]
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Corollary 3.1. FEvery fuzzy ideal p of X is order preserving, that is, p satisfies:
(3.6) (Vz,y € X) (z <y = p(z) < u(y))
Proof. Let x,y € X be such that x <y. Then xz xy = 1, and so

pu(y) = p(lxy) = p((z+y) *y) > p(x)
by (2.3) and (3.5). 1
Proposition 3.2. Let u be a fuzzy set in X which satisfies (3.4) and
(3.7) (Va,y, 2 € X) (u(x * 2) = min{p(z * (y * 2)), u(y)})-

Then p is order preserving.
Proof. Let x,y € X be such that x <y. Then z xy = 1, and so

m(y) = p(Lxy) > min{p(l « (z +y)), p(x)} = min{p(l * 1), p(z)} = p(z)
by (2.1), (2.3), (3.7) and (3.4). 1
We give a characterization of fuzzy ideals.

Theorem 3.2. Let X be a transitive BE-algebra. A fuzzy set p in X is a fuzzy ideal
of X if and only if it satisfies conditions (3.4) and (3.7).

Proof. Assume that p is a fuzzy ideal of X. By Lemma 3.1, pu satisfies (3.4). Since
X is transitive, we have
(3.8) (yx2)x2z < (v*(yx*2))*(xx*2),
ie, (yx2z)x2)*x((z*x(y*xz2))*(rx2)) =1forall z,y,z € X. It follows from (2.3),
(3.2) and Proposition 3.1 that
p(w* 2) = p(L* (zx 2))

= p((((y x 2) % 2) = (2 (y % 2)) x (% 2))) x (2% 2))

= min{u((y * 2) * 2), p(x * (y * 2))}

= min{pu(z * (y * 2)), u(y)}-
Hence p satisfies (3.7). Conversely suppose that p satisfies two conditions (3.4) and
(3.7). Using (3.7), (2.1), (2.2) and (3.4), we have

p(z *y) = min{u(z + (y = y)), u(y)}
(3.9) = min{u(z * 1), u(y)}
= min{u(1), u(y)} = pu(y)
and
p((z o+ y) *y) = min{u((z +y) * (zxy)), w(z)}

(3.10) — min{p(1), u(2)} = ()

for all z,y € X. Since u is order preserving by Proposition 3.2, it follows from (3.8)
that

pl(y * 2) % 2) < pl(z * (y * 2)) * (2 % 2))
so from (3.7) and (3.10) that

pl( x (y * 2)) * 2) = min{p(((2 * (y * 2)) * (2 % 2)), p(2)}
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> min{p((y * 2) * 2), p(z)}
> min{p(x), p(y)}
for all x,y, 2z € X. Hence pu is a fuzzy ideal of X. 1

Corollary 3.2. Let X be a self distributive BE-algebra. A fuzzy set p in X is a
fuzzy ideal of X if and only if it satisfies conditions (3.4) and (3.7).

Proof. Straightforward. 1
For every a,b € X, let u’ be a fuzzy set in X defined by

by a ifax(bxx)=1,
fho (@) == { B otherwise

for all z € X and «, 8 € [0,1] with a > 3.
The following example shows that there exist a,b € X such that u® is not a fuzzy
ideal of X.

Example 3.2. Let X = {1,a,b,¢,d,0} be a BE-algebra as in Example 3.1. Then
1§ is not a fuzzy ideal of X since

pi((ax (axb)) «b) = pi((axa)«b) = pf(l*b)
= pui(b) =B < a=pui(a)
= min{ui(a), ui(a)}.

Theorem 3.3. If X is self distributive, then the fuzzy set u’ in X is a fuzzy ideal
of X for all a,b € X.

Proof. Let a,b € X. For every x,y € X, if ax (bxy) # 1, then pul(y) = 8 < pb(z*xy).
Assume that a * (b*y) = 1. Then

)

=1
y) > pl(y) for all z,y € X. Now, for

and so pb(z xy) = a = pb(y). Hence pb(z *
eTV}iIl‘ZJ?,y,ZGX, if a* (bxx)#1orax(bxy)#1, then pb(x) = B or pl(y) = 8.
po((z * (y * 2)) * 2) > B = min{ug (x), pg (y)}-
Suppose that a* (b x) =1 and a x (b*y) = 1. Then
ax(bx((xx(y*xz))xz))=ax*x((bx(xx(y*xz)))*(bxz))
=(ax*(bx(xx*(y*2))))*(ax*(bx*2))
=((ax(bxz))x(a*x(bx(y*2))))*(ax(bx*2))
=(1*(ax(bx(y=*2))))*(ax(bxz))
=(ax(bx(y*x2)))*(ax(bxz))
=((a*x(bxy))*(ax(b*2)))*(ax*(bx2))
=Ax(ax(bx2z)))*(ax*x(bxz))
=(ax(bxz2))*(ax(bxz2)) =1,
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which implies that

pa((wx (y  2)) * 2) = a = min{pg (x), g (y)}-

Therefore p ((z * (y % 2)) * 2) > min{ul (z), ub(y)} for all x,y, z € X. Consequently,
u? is a fuzzy ideal of X for all a,b € X. ]

For any a,b € X, the set
A(a,b) ={r e X |ax(bxzx)=1}

is called the upper set of a and b (see [4]). Clearly, 1,a,b € A(a,b) for all a,b € X
(see [4]). Note that A(a,b) is not an ideal of X in general (see [1]).

Lemma 3.2. A nonempty subset I of X is an ideal of X if and only if it satisfies
(3.11) lel,

(3.12) (Ve,ze X) (Wyel) (xx(yxz)el = xxzel).

Proof. Let I be an ideal of X. Using (2.1) and (2.8), we have 1 = a*a € I for all
a € I. We prove the following assertion:

(3.13) Vexel) VyeX) (zxyel = yel).
Let x € I and y € X be such that x xy € I. Then

y=1lxy=(&xy)*(zxy)ryecl

by (2.9). Now, let ,z € X and y € I be such that z* (y*z) € I. Then y*(z*z) € I
by (2.4). Since y € I, it follows from (3.13) that x * z € I. Hence (3.12) is valid.

Conversely, assume that (3.11) and (3.12) are valid. Let € X and a € I. Then
zx(axa)=xx1l=1€cl,andsoxz*a € by (3.12). Since (a*xx)*(axx)=1¢€1,
we have (a x z) xx € I by (3.12). It follows that (a * (b* x)) * (bxz) € I for all
a,b €I and x € X. Using (3.12), we get (a * (b*z)) *x € I. Therefore I is an ideal
of X. 1

Theorem 3.4. Let p be a fuzzy set in X. Then p is a fuzzy ideal of X if and only
if u satisfies the following assertion:

(3.14) (Va,b € X) (Va € [0,1])(a,b € U(u; ) = A(a,b) CU(p;)).

Proof. Assume that u is a fuzzy ideal of X and let a,b € U(u;«). Then p(a) > «
and pu(b) > a. Let © € A(a,b). Then a * (b x) = 1. Hence

p(@) = (L 2) = p((ax (b* ) * ) > min{p(a), u(b)} > a,

and so « € U(u; «). Thus A(a,b) C U(p; ).
Conversely, suppose that p satisfies (3.14). Note that 1 € A(a,b) C U(u;«) for
all a,b € X. Let z,y,z € X be such that zx (yx2) € U(u; ) and y € U(p; o). Since

(xx(yx2)) (yx(zx2)) = (zx(y*2)*(zx(yx2) =1

by (2.4) and (2.1), we have zxz € A(zx (y*2),y) C U(p; ). It follows from Lemma
3.2 that U(u; «) is an ideal of X. Hence p is a fuzzy ideal of X by Theorem 3.1. 1
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Corollary 3.3. If p is a fuzzy ideal of X, then
(3.15) (vae[0,1) (U(ma) £0 = Ulwa) = |J  Ab)).

a,bel(p;a)

Proof. Let « € [0,1] be such that U(u; a) # (. Since 1 € U(u; o), we have
Umwo)S |J A< J Ab).

a€U (p;0x) a,beU (u;a)
Now, let = € U  A(a,b). Then there exist u,v € U(u;a) such that = €
a,belU(p;ax)
A(u,v) C U(p; ) by Theorem 3.4. Thus U  A(a,b) € U(p;«). This com-
a,beU (u;a)
pletes the proof. 1
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